
ct. No. 


Ac. No. 


DELHI UNIVERSITY LIBRARY SYSTEM 

S36NV HS 




Oat# of release of loan 


This book should be returned on or before the date last stamped below. 
An overdue charge of 10 np. will be charged for each day the book is kept 
overtime. 




INTRODUCTION TO THE 
THEORY OF 

FOURIER INTEGRALS 


BY 

E. C. TITCHMARSH 

F.R.S. 

8AT ILIAN PROTESSOB OF GEOMETRY IN THE 
UNIVERSITY OF OXFORD 


SECOND EDITION 


OXFORD 

AT THE CLARENDON PRESS 



Oxford University Press , Ely House , London W. i 

GLASGOW NEW YORK TORONTO MELBOURNE WELLINGTON 
CAPETOWN SALISBURY IBADAN NAIROBI LUSAKA ADDIS ABABA 
BOMBAY CALCUTTA MADRAS KARACHI LAHORE DACCA 
KUALA LUMPUR HONG KONG TOKYO 


FIR8T EDITION X937 
SECOND EDITION 1948 


REPRINTED LITHOGRAPHICALLY IN GREAT BRITAIN 
AT THE UNIVER 8 ITY PRESS, OXFORD 
FROM CORRECTED SHEETS OF THE SECOND EDITION 
1950, 1959, 1962 , X 967 (WITH CORRECTIONS) 



PREFACE 


The object of this book is to give a more systematic aocount of the 
elements of the theory of Fourier integrals than has hitherto been 
given. I have, however, not attempted to deal with a number of 
important topics of recent growth: Wiener’s Tauberian theorems; 
applications to almost periodic functions, quasi-analytic functions, 
and integral functions; Stieltjes integrals; harmonic analysis in 
general; and Bochner’s generalized integrals, and the theory for 
functions of several variables, of which an account is given in 
Bochner’s book. 

The reader requires only a general knowledge of analysis, though 
he will presumably be familiar with the elements of the theory of 
Fourier series. The book may be read as a sequel to my Theory of 
Functions . 

A great variety of applications of Fourier integrals are to be found 
in the literature, often in the form of 'operators’, and often in the 
works of authors who are evidently not specially interested in analy¬ 
sis. As exercises in the theory I have written out a few of these 
applications as it seemed to me that an analyst should. I have 
retained, as having a certain picipresqueness, some references to 
‘heat’, ‘radiation’, and so forth; bufrthe interest is purely analytical, 
and the reader need not know whether such things exist. 


NEW COLLEGE, OXFORD, 

1937. 


E. C. T. 
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CONVERGENCE AND SUMMABILITY 


1.1. Fourier’s formulae. The origin of the theory of Fourier 
integrals is to be found in Fourier’s Analytical Theory of Heatj 
Fourier’s argument, which would not now be called a proof, is sub¬ 
stantially as follows. Suppose that a function f(x), of period 27 tA, is 
represented by the Fourier series 


/(*) = K+ V kcos^+6„sinH). 

The coefficients a m , b m are obtained formally by multiplying by 
cos(mxj\) or sin(ma;/A), and integrating term-by-term over (—7 tA,7tA). 
This gives „a 

a m = ^ j /(<)cos^ dt, b m = -L f /(<)siny dt, 

77 -n\ * -rrA 

and the formula may be written 

m - sS J m « + % 3 J /«)<»»” V’-*, 

— 7rA n 1 — 77 A 

Putting w/A = u , 1/A = 8w, and making A->oo, the sum passes 
formally into an integral, and we obtain 


/(*) = 


-iW 


f(t)cosu(x—t) dt. 


( 1 . 1 . 1 ) 


This is Fourier's integral formula. 

It may also be written in the form (analogous to that of the 
Fourier series) <*> 

f(x) = | (a(tt)cos;rM -f b(u)sinxu} du y (1.1.2) 


where 


a(u) 


00 00 
= - J f(t)cosutdt, b(u) = - J f(t)sinut dt. (1.1.3) 


lf/(£) is an even function, then 


a(u) = - f f(t)cosut dt , 

w J 


o 


f See list of books and monographs, pp. 1170-1. 
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while b(u) vanishes; and the formula becomes 



cos xu du 


cc 

J 


f(t )cos ut dir. 


(1.1.4) 


This is Fourier'8 cosine formula . Similarly, if f(x) is odd, a(u) vanishes, 
and we obtain Fourier's sine formula , 



si nxu du 


J f(t)sinutdt. 


o 


(1.1.5) 


We can also regard (1.1.1) as merely a combination of (1.1.4) and 
(1.1.5); for write 

/(*) = Hf( x )+f(- x )}+W( x )-f(~ x )} = g( x )+H x )> 

so that g(x) is even and h(x) is odd. Then 


J f(t)coQu(x—t) dt 

00 00 00 

= 2 cos MX J g(t)cosutdt +2sinwx J" h(t)sinut dl, 
o o 

and (1.1.1) gives 


0(x)+A(x) 

OO 00 00 oo 

= - J cos aw du J g(t)cosut dt + - J* sinaru du j h(t)&inut dt, 


i.e. the cosine formula for g(x) added to the sine formula for h(x). 

The above formulate were discovered independently by Cauchy! in 
his researches on the propagation of waves. The formal basis given 
by Cauchy is as follows. The right-hand side of (1.1.1) is, formally, 
the limit as 8 0 of 


00 00 00 00 
- J e' 8w du J f(t)co8u{x—t) dt = - 

j mdt / e-* u co8 u(x—t) du 


7T 

— 00 


The factor multiplying/(<) tends to 0 except when t — x. We should 
f Cauchy (1), (2); see list of references at the end of the book. 
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therefore expect the value of the integral to be unaltered if we replace 
f(t) by f(x); and this would give 


/(*) 




S 2 + (x-tf 


dt = f(x), 


again verifying (1.1.1). 

Another equivalent formula, given by Cauchy, is 

00 oo 

f(x) = -L J e~ ixu du J f(t)e iul dt. (1.1.6) 

— oo — oo 

Putting/(x) = g(x)-\-h(x), where g is even and h odd, as before, 

oo oo 00 

J f(t)e iyi dt = 2 j g(t)cosut dt +2 i J h(t)$inut dt 9 
— 00 0 0 

and the right-hand side of (1.1,6) is 

00 oo 00 00 

~ J cos #14 du J g{t)eosut dt -f - J sinxw du J A(£)sinwJ dt 
0 0 0 0 

= g(x)+h(x) =f(x). 

We shall call (1.1.6) the exponential form of Fourier’s formula. 

A formula of a slightly different type is obtained by expressing the 
outer integral in (1.1.1) as the limit of an integral over (0,A), and 
inverting the order of integration. The result is 

f(x) = lira- f/(<) — dt. (1.1.7) 

A—►<» 7 T J X t 

— oo 

The same result may be obtained in the same way from (1.1.6). This 
formula is known as Fourier's single-integral formula. 


1.2. Fourier transforms. It was pointed out by Cauchy that 


these formulae lead to reciprocal relations between pairs of functions. 

If we write 

00 



F e (u) — J J /(<) cos ut dt, 

(1.2.1) 

then (1.1.4) is 

0 

00 



f(x) = Ji^j j F c (u)coaxu du. 

(1.2.2) 


o 


and the relation between f(x) and F c (x) is reciprocal. Such functions 
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were called by Cauchy reciprocal functions of the first kind. We shall 
call functions so related Fourier cosine transforms of each other. Thus 


W l+x 2 

are a pair of Fourier cosine transforms. 

Similarly, from Fourier’s sine formula, we obtain 


00 

■**(“) = y(~) J /(Osin ut dt, 

0 

(1.2.3) 

00 

f(x) — J J F a (u)ainxu du. 

n 

(1.2.4) 

These were called by Cauchy reciprocal functions of the second 
kind. We shall call them Fourier sine transforms of each other. 

Thus e~ x , / (——- are Fourier sine transforms. 

v W i+* 2 

The formula (1.1.6) leads similarly to the unsymmetrical formulae 

— 00 

(1.2.5) 

00 

(1.2.6) 


We shall call such functions simply Fourier transforms of each other. 

TIlU8 // 9 \ 1 

/(*) = e- 1 * 1 , F{x) =./(-) 


7 T/ l^-X 2 

are Fourier transforms of each other. 

If f(x) is even, F(x) = F c (x); if f(x) is odd, F(x) = iF s (x). 


1.3. Generalized Fourier integrals. The existence of the in¬ 
tegral defining F(u) implies a certain restriction on f(x) at infinity. 


Even if F(u ) does not exist, the functions 


00 

0 

(1.3.1) 

n 

— 00 

(1.3.2) 
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where w = u~\~iv } may exist, the former for sufficiently large positive 
v, the latter for sufficiently large negative v . For 

00 

F+{W) = V(2tt) J /(<)e “' VU< (1-3.3) 

0 

so that .F + (w) is the transform of the function equal to f(t)e~ vt for 
t > 0, and to 0 for t < 0. The formula reciprocal to (1.3.3) is 


00 

VOM J ^ 


(M+w)e- ,j:u du 


-15 


f(x)e~ vx (x > 0) 

(* < 0), 


or 




There is a similar formula involving F_. Adding, we may write 

ia- foo ib+oo 

f( x ) = -J*—. f F + (w)e~ ixw dw+ ~ ■ f F_(iv)e~ ixw dw, 

V( 2rr ) J V( 2?r ) J 

ia oo ib — co (13 4) 

where a is a sufficiently large positive number, b a sufficiently large 
negative number. 

For example, if f(x) = e x , then 


F + (w) = - 


1 


F_(w) = 


^(2n) l4 'iw* K J <J(2 tt) 1+ W 

In tliis case (1.3.4) is at once verified by the calculus of residues. 

In this form Fourier's integral formula may be applied to a 
periodic function. Let f(x) havcjthe period 2i r. Then for v > 0 

o° ^ 2(n + l)7T 

w= jk) = V( L) 2 I 

0 n = 0 2mr 

oj 2tt 2tt 

- 3S0 2 J 'W*—’ * - m j m * 


< f>( w ) 


where 


^(277) l—e 2 ”'* 0 ’ 
2ir 

4>{w) - J f($)e^’dt 
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F_(w) = - -± 




Similarly, - V(2lt) 

The reciprocal formula is therefore 


(v < 0). 


ia+oo 


ib+oo 


f(x) = — f -. tty L- e- {xw dw —- f ^ w )-r-e~ iJCW dw. 
JK 1 2ir J l—e 2m, o 2n J \-e 2n,w 


ia— oo 


■ib—oo 


Here <f>(w) is an integral function. If it behaves at infinity so that 
we can evaluate the right-hand side by the calculus of residues in 
the obvious way, we obtain 

f{x)z= b 2 ^ (n)c_<HX - 

n— -oo 

We have thus returned to the Fourier series for f(x). 


1.4. The formulae of Laplace. The formula 


<f>(s) — J f{x)e~* x dx (1.4.1) 

o 


is known as Laplace’s integral. If f{x) is the given function, is 
in general analytic for R(a) > 0. The reciprocal formula is 


k + iao 



k—ioo 


f(x) (x > 0) 
0 (x < 0). 


(1.4.2) 


From a formal point of view the formulae are a particular case of 
those of § 1.2, as is seen on putting s — <j+it. 

As a still more special case we obtain a reciprocity between two 
analytic functions. Let 

f(x) = f a n x n , 

n-0 


and suppose that the integral (1.4.1) can be evaluated by term-by- 
term integration. Then 



dx =2 

n-0 



or 


Mi) -J.” 10 -*’ 


If /(x) is suitably, restricted, <f>(a) will be an analytic function 
regular in the neighbourhood of a = co ; and, if C is a closed curve 
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= S « n 2 n = /(*)• 

n=0 


(1.4.3) 


The function f(z) may therefore be represented as a trigonometrical 
integral, but now along a closed curve. 


1.5. The formulae of Mellin. Still another pair of formulae 
embodying the same formal idea is given by 


m =L I 


'(x)x*- 1 dx, 

(1.5.1) 

C + iao 


1 3(s)a;“* ds. 

J 

(1.5.2) 

C —too 



The idea of such a reciprocity occurs in Riemann’s famous 
memoirf on prime numbers. It was formulated explicitly by Cahen,$ 
and the first accurate discussion was given by Mellin.|| We shall call 
the formulae Mellin’8 inversion formulae. 

These formulae arise naturally in the theory of Dirichlet series in 
the following way. The particular case 

OO C-flaO 

Ha) = J* dx, e~ x = J r(s)ar* ds (c > 0) 

0 c —100 

is well known. Now let <j>{s) be a function expressible as a Dirichlet 
series, 

4(8) = 

Then we have formally 

00 00 00 

4(s) = 21>) J* e_n * x " 1 dx = r^) J* f{x)x '" 1 dx ’ 

00 

where f(x) = £ a»e~ nx ; 

n-0 



t Riemann (1). 


J Cahen (1). 


|| Mellin (1), (2). 
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and reciprocally 

c+i® 


c + ioo 


~ j 4>{8)Y(8)x-» ds = 


c-ioo 

f a n e-"* = f(x). 

n=l 


The forms (1.5.1), (1.5.2) are obtained by putting <f>(8)r(8) = g($). 

Mellin’s formulae may also be obtained by a substitution from the 
exponential form of Fourier’s formula. In fact, putting x = ef and 
s = c+it , (1.5.1) becomes 

00 

5(c+i<) = J /(e*)ef< c +«>d£, 

— 00 

and (1.5.2) becomes 

00 

/(e*) = ^ J S(c+t<)e-f (c+ “><fc. 


The functions ^(2ir)«tff(e£), g(c+i/) 


are thus Fourier transforms of each other. 

Suppose that, in Mellin’s formulae, the function f{x) is analytic at 
the origin and in a region containing the positive real axis. Consider 
the integral 


/ /(z)(-z) 4-1 dz. 


where T is a loop coming from infinity on the positive real axis, 
encircling the origin in the positive direction, and returning to 
infinity. We define (—2)* _1 as e ( * -1)lo(r( “ z) , where log(— z) is real on the 
negative real axis. 

Suppose r compressed into the real axis on both sides. The part 
of the integral above the real axis gives 


00 00 
— J /(£)e ( ®~ lxIog:r_tV) dx — J /(a;)*®- 1 dx, 

0 0 

and that below the real axis gives 

oo oo 

J f[x)e ( ' 8 ~ 1 ^ 0gx+i7T) dx = — e >87T J f(x)x s ~ 1 dx . 

o o 

Hence J /(z)(— z) 8 - 1 dz = — 2i sin st* g(a). 

r 
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Let f‘x( 8 ) — 3(*)8in* w - 

Then we obtain the reciprocal formulae 


x(*) = 



(1.5.3) 


C + tQO 




x(*) z ~ 

sin7T5 


ds. 


c — ioo 


(1.5.4) 


A simple example is f(z) — e - *, x(a) = 1/F(1—«). Such formulae 
have important applications in the theory of functions of a complex 
variable,f but we cannot consider them further here. 


1.6. For the early history of the Fourier-Cauchy formulae we may 
refer to the article by Burkhardt in the Encyklopadie. 

The theorems of this chapter are in the main analogous to classical 
theorems in the theory of Fourier series. We do not actually assume 
. a knowledge of the theory of Fourier series, though the reader will 
presumably be familiar with it. Almost all theorems on Fourier series 
have some sort of analogue for integrals. In some cases the theorems 
are so similar that the extension from series to integrals is hardly 
worth making. In other cases there are new points of interest in 
the integral case, which is even sometimes the simpler. 


1.7. Notation. We use 


| fix) dx 
0 

to denote the Lebesgue integral of f(x) over (0,oo) in the strict sense, 
implying that the integral is absolutely convergent, i.e. that 


/ i/(*)i 


dx 


also exists. If f{x) is integrable over (0,X) for every X, and 


lim f f(x) dx 

X -+00 j 


exists, we denote the limit by 



f Carlson (1). 
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Such an integral is known as a Cauchy integral. A similar notation 
is used in the case of other limits. Thus 

i 

J f(x) dx 

i 

denotes the limit of J f(x) dx 

s 


as S -*■ 0 through positive values. 

00 

In ‘formal’ analysis we use J f(x) dx to denote that the integral 

exists in some sense or other. There is generally little risk of confusion 
between this and the Lebesgue sense. 

We say that f(x) belongs to, or is, L v (a, b) if f(x) is measurable and 


We write L for L 1 . 


J \f(*)\ p dx < oo. 

a 

X 

l.i.m. j f(x,a) dx 

X-+ao } 


(limit in mean) we denote a function <f>(a) such that 


u jy. P 

lim I <f>(a) — f f(XyOi) dx da = 0, 


a , by and p haying prescribed values. 

As complex variables we use 

z = x+iy, w = u+ivy 8 = a+ity $ = 
If f(x) is a given function, we denote by 

F(x), F c (x), F„(x), F + {w), F_(w), 5(a), 


the functions defined in (1.2.5), (1.2.1), (1.2.3), (1.3.1), (1.3.2), (1.5.1) 
respectively. In each case it is assumed that the integral referred 
to exists in some sense or other. The ambiguity of the expression 
‘a Fourier transform’, arising from the asymmetry of the formulae 
(1.2.5), (1.2.6), is avoided by standardizing the use of small and 
capital letters as in these formulae. 

Similarly with other letters (g, 0,0 + , 0_, etc.). 

We denote by A an absolute constant, not necessarily the same 
one at each occurrence; K is used in a similar way for a constant 
depending on the data of the problem in hand. 
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We say that the convergence of a sequence f n (x) to a limit/(a:) is 
bounded if |/„(x) I ^ K for all n and x ; and that it is dominated if 
!/»(*) I ^ where <f>[x) is L over a prescribed set. It is knownf 

lim f f n (x) dx — f /(x) dx 

n-¥ oo J J 

if'the convergence is bounded or dominated. 

1.8. Fundamental theorems. The theorem of Riemann-Lebesgue 
is fundamental in the theory of Fourier integrals, as it is in the 
theory of Fourier series. We shall state it as follows. 

Theorem 1. Letf(x) belong to L(— 00,00). Then the integrals 
00 00 

J /(x)cos Ax dx, J /(x)sin Ax dx, (1.8.1) 

— 00 —00 

tend to zero as A -> oo. 

Consider the cosine integral. Let € be a given positive number. 
Then we can choose X so large that 

oo -x 

J |/(x)| dx <e, J |/(x)| dx < e. 


— 00 
-X 


< t 


I ” IT* 

Hence I /(x)cosAx dx < c, /(x)cosAx dx 

■ X -oo 

for all values of A. 

Next, we can define a function absolutely continuous in the 
interval (— X,X), such that 

J l/(*)—#e)l dx < e. 


Then 


-X 

X 


j {f(x)-<f>(x)}cos\x dx 


-X 


< e 


for all values of A. Finally 
x 

<f>(x )cos Ax dx 


i 

-X 


= <f>(X)mnXX + ^-X)smXXl f mainkcdx 

A A A J 

-x 


and (for a fixed X) we can choose A 0 so large that the modulus of this 

t Titchmarsh, Theory of Functions, §§ 10.5, 10.8. 
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is less than c for A > Aq. Then 


au 

J f{x)cos\xdx 


<U (A > A 0 ). 


This proves the theorem for the cosine integral; a similar proof 
applies to the sine integral. 

Theorem 2 . Let f(x) belong to L(— 00,00). Then a necessary and 
sufficient condition that 


>00 00 


i J du J f(t)coau(x—t) dt — a (1-8.2) 


(1.8.3) 


0 —oo 

is that , for any fixed 8, 

8 

Jim f {f(x+y)+f(x-y)-2a} Bm -^ dy = 0. 

A->-a° J y 

u 

Since \f(t)coau(x —<)| ^ the integral 

00 

J f(t)cosu(x—t) dt 
— 00 

converges uniformly with respect to u over any finite interval. 
Hence 

A oo co A 

J du J f(i)cosu(x—t) dt = J f(t) dt J cos^a;— t) du 


0 —oo 




dt. 


Also 


Since f(t)/(x—t) is integrable over (—oo,x—8) and (x-|-S,oo), it 
follows from the Riemann-Lebesgue theorem that, for a fixed 8, 

Urn _ o, lim >* = (,. 

A~>® J X —t A— ►oo J X —t 

-oo x+8 

- j Wx+y)+f ^ y)) «L>i is , 

-8 o 

8 AS —>oo 

lim ( 2 a« ,,X ?dy = lim 2 a ( e ™d„= 2 a f “ 5 ? d « = a*. 

A—oo J y A - ►oo J V J V 


of-8 

and 5 


These equations together show that (1.8.2) and (1.8.3) are equivalent. 
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1.9. We are now in a position to extend all the ordinary conver¬ 
gence tests for Fourier series to Fourier integrals. We shall, however, 
content ourselves with proving the two following theorems, corre¬ 
sponding to the tests of Jordan and Dini respectively. 

Theorem 3. Let f(t) belong to L(—oo,oo). If f(t) is of bounded 
variation in an interval including the point x , then 

—►QO 00 

J{/(a:+0)+/(x~0)} — - J du J f(t)cosu(x—t)dt. (1.9.1) 

0 — oo 

If f(t) is continuous and of bounded variation in an interval (a, 6),. 
then «> 

f(x) ~~jduj f(t)cosu(x—t) dt, (1.9.2) 

0 — ao 

the integral converging uniformly in any interval interior to (a, b). 

Let 4>(y) = f(x+y)+f(x-y)-f(x+0)-f(x-0). 


Then i/j(y) is of bounded variation over (0,8), if 8 is small enough, 
and ifj(y) 0 as y -> 0. We may therefore write 

•Ply) = &(y)—&(y). 

where $ x {y) and i/j 2 (y) are positive non-decreasing bounded functions 
in (0,8), which tend to 0 as y -> 0. 

Given any positive number e, there is a number rj such that 
i/j x ( y) < € for y < rj. Let 



0 0 7 ] 

By the second mean-value theorem, the first part is equal to 

MV) j^dy^Mv) (0<{<i,). 

( & 

and the last integral is bounded for all A and Hence 


j y 

1 0 1 

for all values of A. Having fixed t), >f>i(y)ly is integrable over 
so that a 

lim f*,(y)5^dy = 0. 

A-*-® J y 

v 
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Since e is arbitrary, it follows that 

lim f ^i(y)—— dy = 0. 

A-® J y 

0 

Similarly, the integral involving tft 2 (y) tends to 0. This proves the 
first clause of the theorem. 

If f(x) is continuous in (a, 6), ${f(%+0)-\-f(x—0)} =/(£); and, the 
function being uniformly continuous in any interval interior to 
(a, b) f the conditions used in the proof hold uniformly, and so the 
convergence is uniform. 


Theorem 4. Let f(t) belong to L(— oo,oo). Then , for a given x , 
(1.9.2) is true if 


/(a:+y)+/(a:-y)-2/(a;) 

y 


dy 


(1.9.3) 


u 

exists for some positive 8; in particular it holds if f(x) is differentiable 
at the point x. 

This follows at once from Theorems 1 and 2, with a = f(x). If 
f(x) is differentiable, the integrand in (1.9.3) is bounded, so that 
the condition is plainly satisfied. 


Theorem G.f Letf(t)l(i+\t\) belong to £(—oo,oo); let 


= - !f(y)^-dy, (1.9.4) 

*• J y 

— 00 

**» - ; J + /W-7% 

— 1 —°0 1 

(1.9.5) 

be absolutely continuous over any finite interval 0 < 8 ^ x ^ A, and 
let a(x), b(x) be their respective derivatives. Let f(t) satisfy the condi¬ 
tions of Theorem 3 or Theorem 4 in the neighbourhood of t = x. Then 


l{/(*+®)+/(*‘”®)} “ J {a(u)coaxu+b(u)sinxu} du. 
-►o 

Suppose.first that f(x) = 0 for \x\ ^ 1. Then 

X 1 1 

~j d *j f(y) C0B ty d y — - J f(y)-~~ y dy = a^x), 

o -1 -1 


t Hahn (2). 
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SO that 


a(x) = ~ f(y)coBxydy 

TT 


J 

-1 


almost everywhere. Similarly, 

i 

&(*) == \ J f(y) 8inx v d y 

-i 

almost everywhere. The result then follows from Theorem 3 or 
Theorem 4. 

Suppose next that f(x) == 0 for \x\ < 1. Then f(x)/x belongs to 
L(—oo, oo). Hence, by Theorem 3 or 4, 


Now 


1 If 

+/(#—- 0 )} = _ {-—b^u^o&xu+a^u^inx^du. 

IX TT J 

0 

—*■« ' ~*«oo 

J b 1 (u)cosxu du = ^('u) j —^ J b(u)B\nxu du 


since -> 0 as u -> oo. 
Also 


—►oo 

=- b{u)B\nxudu y 

x J 
--►o 


—►oo 

J a x (u)Bmxu du = 

o 



-►00 


cl(u)cobxu du 


= i I a(u)voBxu du, 
x J 
-►0 

since a x (u) tends to 0 as u-+ 0 or u-> oo. The result in this case 
thus follows. 

The general result now follows by adding functions of the two 
classes considered. 


1.10. Monotonic functions.*)" The next theorem is based on the 

CO 

fact that, even if | f(t) dt does not exist, the integrals 

—►oo —►oo 

I* f(t)cosutdt, j f(t)sinutdt 
o o 

exist for u > 0 provided that f(t) -> 0 steadily as t-> oo. Here it 

f Pringsheim (1). 
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seems slightly more convenient to take the cosine and sine integrals 
separately. 

Theorem 6. Let f(t ) be non-increasing over (0, oo), integrable over 
any finite interval beginning at 0, and let f(t) -»■ 0 as t -> oo. Then for 
any positive x 

—*■00 —*-00 

K/( x +0)+/(x-0)} = | J cos xu du J f(t)coautdt. 

-*o o 

We have, by the second mean-value theorem, 

T’ T" 

j f(t)ccmutdt = /(T+0) J oos ut dt < 

T T U 

Hence the ^-integral converges uniformly with respect to u over 
0 < A < u < p. Hence 

fi -+>00 —►oo fx 

j cos xu du J /(<)cos utdt = j f(t) dt J cos xu cos ut du 


1 f .... (sin n{x—t) sinA(a:— t) sin fi(x+t) sinA(x-f . 

= 2 J m \— X ~t x^t~ + ~lc+t x+T~) 

0 

Now 

I f dt = f(T+0) f sm /*(*-*) dt < Af(T+0), 

J X — t J X — t 

1 T T 

and similarly for the integrals involving A and x-\-t. We can therefore 
choose T so large that 

<■ 

T 

for T > T 0 (e), for all values of A and fi. Having fixed T > x, 
t 

lim f dt = 0)} 

ft—too J X—l 

0 

by the analysis of Theorem 3, and 

lim f/ (1 )5S£teH) J( = o 

fi-*00 J X-\-t 

0 
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by the Riemann-Lebesgue theorem. Also 




A(a :—t) 


dt\ < A 


J. 

J f(t) dt-* 0 


as A -> 0; and similarly for the remaining part. 

Theorem 7. If f(t) satisfies the conditions of Theorem 0, then for 
any positive x 

Mf(x+0)+f(x-0)} = | J sin xu du J /(<)sin ut dt. 

As u->0 0 0 

I —►co T I 

J" f(t)sin ut dt = /(1+0) J sinu/ dt\ 

i l ' 

_ tn , n\ cosu —cosuT 2/(l+0) 
_ /( l +0 )---^ 

1 

and J f(t)ainut dt = 0(1). 

o 

Hence the ^-integral is absolutely convergent at the lower limit. 
Apart from this, the proof is the same as that of Theorem 6. 

Fourier’s formulae may be established under still more general 
conditions by adding a function of the type of Theorem 3 to one of 
the type of Theorem 6. The results of this process are sufficiently 
obvious. 

1.11. Functions containing a periodic factor.f 

Theorem 8. Let f(t) = g(t)coaat (a > 0), where g(t) is non¬ 
increasing, integrable over (0,1), and g(t) -> 0 as t->co. Then for 
any positive x 

n / —HI —►«» —►00 

Hf(x+Q)+f{x—0)} = -( J + J Jcos xudu J f(t)coButdt . 

77 ' 0 -Hi ' 0 


The inner integral is 


J g(t)cosatcoBut dt, 


which is uniformly convergent over any finite interval not including 
or ending at u = a. We may therefore invert the integral 

o-8 -*co 

J cob xudu J g(t)coBatcoButdt 
o o 

t Pringsheim (1). 
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for every 8 > 0. To prove that 


—►oo —►a 


J cos xudu J g(t)coa at gob utdt = J ... J ... 


it is therefore sufficient to prove that 


lim f g(t)coBatdt f cos xu cos ut du = 0 . 
o a-8 

This is clearly true for the part 0 < < < J 7 , with any finite T. It is 
therefore sufficient to prove that 

—►oo a 

lim f g(t) cos at dt f cos xu cos ut du = 0, 


—►00 

lim I g(t)coaat I 

8-*® J \ 


Clearly, if T > x, 


&ina(x—t)—Bin(a—8)(x—t) 


sin o(a:+<)—sin(o— 8)(x+t) 


| dt = 0 . 


—►00 

J g(t)cos at {sin o(a:— t)— sin(a— 8)(x— 0}^—-> 0, 

T 

since this integral converges uniformly with respect to 8. Similarly 
for the integral involving x+t. Hence it is sufficient to consider 

J {sinsin(a—8)(a?-H)— 

T 

—sina(a:—tf)+sin(a—S)(a;—0} dt 

—►00 

— 2 J ^) . c ° s °* {cos ox sin at—cos(a—8)x sin(a—8)<} dt. 


—►GO —►00 

2 J cos at sin(a—8)< dt = j* ^{sin(2a— 8)t—ain8t}dt, 

T T 

which converges uniformly with respect to 8 as 8 -> 0, since 

T% T’ 

J Ainht = o[g(T x ) j J = 0{g(T t )}: 



1.11 


CONVERGENCE AND SUMMABILITY 


19 


—►OO —►00 

Hence J cos at sin (a— h)t dt -> 

T 

and the result follows. 

A similar argument applies to the integral over (a+8,A). It 
therefore follows that 


j 


cos at Bin at dt, 
t 


Finally 

T 


. — Kl A . —►GO 

I I + Jcos xudu f(t)co$ utdt 

0 —HI 0 

= 1 J /(o| sin _| sinA(x+ 0 ) 


x+t ) 


dt. 


T—x 


J cos at 8 -- ^— dt = J cosa(a;+y)—— dy 


== cosaa; 


T-x 

J \°^yph.dy-Bxnax J d y 


T-x 


T-x 


T-x 


is bounded for fixed a and x, T > 2z, A > 2a. Hence, by the second 
mean-value theorem, 


f g(t)oosat B ^Jldt = 0{g(T)}, 

J X—t 

T 

and the proof concludes as in Theorem 6. 

Theorem 9. Let f(t) == g(t)ain at (a > 0), where g(t) satisfies the 
same conditions as in Theorem 8. Then for any positive x 


A /O— 0 —\ “►<« 

HA*+0)+/(*—0)} == - lim I J + J Jcos xudu J /(<)cos ut dt. 

if 8-»o \ 0 o+8' o 

00 

If, in addition, J dx exists, then 

A “►°°\ m ~ ¥CO 

4{/(x+0)+/(a:—0)} = -I J + J jooaxudu j f(t)coaut dt. 

77 '0 “K* ' 0 

Proceeding as in Theorem 8, we find that, in the first repeated 
integral, the integral over 0 < u < A (A > o) may be inverted if 


—►00 

J g(t)ain a f{ c03 ( a _|_g) x 8 i n (a -}-8)<—cos(a —B)x sin(a—8)<} dt->0 

T 
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as S -* 0, i.e. 
cos ax cos 8a; 


/•? 


sin at cos at sin St dt — 


—sinozsm 


in 8x j ^ ai 


ein 2 at cos St dt -* 0. 


The first integral -> 0 by uniform convergence. In the second, 

—►00 

J cos 2at cos St dt 

T 

is uniformly convergent, and so tends to a finite limit; and 

—►oo . 1/8 \ t £ \ 

J ^cos htdt = oi J + J cos8$<ftj 

T \f I \ 7 i/8 ' 

= 0(logl/8)+0{?(l/8)} = 0( logl/S), 

and sin 8# log 1/8 -> 0. This proves the first part. 

In the second part of the theorem we have to consider 
—►00 

J g (0si n at | C08 ax sin at — cos(a—8)x sin(a— S)t} dt 9 

T 

and this involves uniformly convergent terms, as before, and terms 
involving „ 

/«?* 

T 

This proves the second part. 

There is also a similar pair of theorems in which sines and cosines 
are interchanged. 

Theobem 10. f Let f(t) = g(t)h(t), where g{t) is ultimately steadily 
decreasing to zero, jr(<)/(l+|*l) belongs to L(— 00 , 00 ), and h(t) is 
periodic (with period a) and integrable over a period. Let f(t) be of 
bounded variation, or satisfy one of the alternative conditions in the 
neighbourhood of the point t = x. Then Fourier's formula holds in 
the sense that 

„ ->(2n+2)tr/o -mo 

i{/(*+0)+/(*—0)} = ^ ^ J* du J f(t)coBu(x—t) dt. 

n— ® —►2nw/o oo 

t Hahn (2). 
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If g(t) is steadily decreasing, 


(n+l)a 


(n+l)a 


J m*- / 


\g(tm\ 

1+t 


dt 




gM) 

\+na 


(n + l)a 


f W<)l 


d t< Kp™±<K 

1 +na 


na 

/ 


(n-l)a 


49 dt. 

l+t 


Hence f(t) 1(1+\t\) belongs to L(—-oo,oo). Hence, as in Theorem 5, 

•—*•00 

1 1 f 

5 _ {/( a: +0)4-/(a;—0)} = - I {—6 1 (tt)cosani+o 1 («)sinajtt} du, 

2x TT J 

0 

where %(«)> 6 1 (m) are defined by (1.9.4), (1.9.5). 


Also 


2 f h(x)e ix v dx = 2 f h{x)e« va + x >* dx 

v**m v = m*' 


(v+1 )a 


n 

E 


gLmay _ g i(n +l)ai/ 

1—e*®* 


a 

J h(x)e ixv dx, 


which is bounded in any interval not containing one of the points 

y = 0, ± —, ±—• Hence the integrals 
a a 


•*1 

J 


h(x) C ?*xy dx 
sin 


are bounded, for all and x 2i in any such interval of values of y. 

It then follows from the second mean-value theorem that the 
integrals 

- f g(x)h(x) C ? S xy dx 
it J sin 


are uniformly convergent in any such interval, to a(y), b(y), say; 
a x (y), b x (y) are the integrals of a(y), b(y) in the interior of such an 
interval; and 

(2»+2)w/a 

J b x (u)co*xudu 

2nn/a 

] (2n+2)nfa j 

— I b(u)&mxudu, 


[&i(«)- 


sin xu 

J: 


r 


2 nnta 


and similarly for a(u). 


+2nirla 
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Also a ± and b x are continuous, so that, on summation, all the inte¬ 
grated terms cancel, and the result follows. 


1.12. Oscillating functions. In the above theorems our con¬ 
ditions onf(x) are mostly restrictions on its oscillations. We shall next 
obtain a case of Fourier’s theorem which depends on the oscillations 
of f(x ) being sufficiently rapid, provided they are of a regular kind. 

Theorem ll.f Let f(t) = <f>(t)cosift(t) or <f>(t)einip(t), where <f>(t) is 
integrable over any finite interval , continuous and of bounded variation 
in any interval not containing the origin , and ultimately monotonic. 
Let $(t) be twice differentiable , *fj'(t) and 0'( t)/<f>(t ) ultimately increasing 
steadily to infinity , and 

0(0 = o{M<P”(t)}. (1.12.1) 


f(x )=- r c ? s xudu r f(t) c ? 

n J Bin J sir 


( 1 . 12 . 2 ) 


if (i) #*(t) is non-decreasing , 0*(<+1) = 0{\f>\t )}, <f>(t+ 1) = 0{<f>(t)} y 
or (ii) ift'ff) is decreasing , U(i”{t) > K , <f>(2t) = 0(0(0}. 

We use the following lemma. 

Lemma. If k(t)/h'(t) is monotonic , and g(t) steadily decreasing , then 

J 

Using the second mean-value theorem repeatedly, we have, if 
k(t)/h'(t) increases, 

6 b 

J &(%(<)cosA(<) dt = J ~^g(t)h’(t)cosh(t) dt 

a a 

b 

= ~ J ^(0A'(0cosA(0 dt (a < a < 6) 

OK ^ 

= J A'(0cosA(0 dt («<p <b) 

a 

— ^|g'(a){sinA0)-8 i nA( a )} > 

and similarly for the other cades. Hence the result. 

t Suggested by Landau, Vorlesungen tiber Zahlentheorie, Satz 413. 
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The inner integral in (1.12.2) is convergent if 


Now 


lim f <f>(t) . M*(t)±ut} dt = 0. 
t, T'-+oo £ sin 

m w) 


(1.12.3) 


T 


P (t)±u P(t) P(t)±u 

and the first factor tends steadily to 0, while the second factor is 

u 

and the last term is steadily decreasing in absolute value. Hence 
(1.12.3) follows from the lemma; and the convergence is plainly 
uniform over any finite range of values of u. Hence 
A ->00 ->00 A 

J cos xu du J f(t)co&utdt = J f(t)dt j cosxuco&utdu. 
oo oo 

As in previous cases, it is now sufficient to prove that 


lim f tm“ nMx ~‘ ) dl = 0 

A—>00 J X — t 

T 

for a sufficiently large T. 

Take Case (i), and suppose that <f>(t) is non-decreasing for t > T, 
and consider, e.g. 

OO Vo to~~B /o + S 00 

|lco#)+^-l))<il= j + J + J + J 

T T Vo to-B to+B 


where p(t 0 ) = A. Now <f>(t)l{X—p(t)} is steadily increasing for t < t 0 ; 
hence, by the lemma, 


7 — oi MM 1 — of QMA | = 0 (i) 

1 ” ww-wwJ bo pad [ 


j _ n f ^(<o—8) _| __ pi 

2 “ l<o{f(<o)-f(<o-S)}i \toH"(t 0 -B)j 



(1.12.4) 


provided that 8 = 0(1). For t > t 0 


W) _ W) f, , A ) 
pw-x pm ^pw-xi 


is decreasing, and J A also satisfies (1.12.4). 
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L “ t *’ 

v /,-8 } 

Taking 8 = {^(<o)}”*» the required result follows from (1.12.1). The 
corresponding integral with —A instead of A is simpler, there being 
now no need to introduce t 0 . The result therefore follows in this case. 
If <f>(t) is decreasing, we obtain instead of (1.12.4) 

J = of jw . 1 

2 UoWo)/’ 

and the result follows with 8=1. 

The argument in Case (ii) is substantially the same. Examples 
are = e**, = ef; = 1, \fs(t) = t\ogt. 

1.13. The constant in Fourier’s formula. The constant rr 
enters into Fourier’s formula* according to our proof, through the 
formula 

f sinx , . 

j 

o 

If we take the value of this integral as our fundamental constant, 
and denote it by C, Fourier’s cosine formula, for example, is 

—►00 00 

/<*>=i J cos xu du J cos ut f(t) dt. 
o o 

The values of other familiar integrals are then obtained in terms 
of G ; for example, taking f(t) = e~ i i and x = 0, we obtain 


—►00 00 oc 

1 = — J du J cos ute- 4 dt = ^ J 


du 

1+^*’ 


so that 


l+« a 


Taking/(*) = (x > 0), we obtain (by Theorem 0) 


cob ut 


i i r , r cosMi 

a-© J axiMdu J -vr * 

0 0 

n A ' n ' 



1.13,1.14 


CONVERGENCE AND SU MM ABILITY 


25 


SO that 


—>oo 



0 


Many other such examples may be derived from the formulae 
of Chapter VII. 

Later, §1.27, we shall give another proof of a case of Fourier’s 
formula, in which the constant n comes from the theorem of residues. 


1.14. Fourier’s single-integral formula. This is the formula 
(1.1.7). Conditions for its validity are suggested by several of the 
foregoing theorems; but it holds still more generally, since now it is 
not necessary for the Fourier transform of f(x) to exist. 

Theorem 12.j The formula 

i{/(z+°)+/(x-°)} = lim - f f(lf m ^ x ~ l) dt 

A->oo 7 T J X — t 

holds if 

i(a) f(x)l(l+\x\) belongs to L(— oo,oo), 
or i(b) f(x)/x is of bounded variation in (a, go) and (—oo, —a) for 
some positive a, and tends to 0 at infinity , 

X 

or i (c) ~ (m dt is of bounded variation in (a,oo) and tends to 0 
i 

at infinity , and a similar condition holds in (—co, —a); 
and (ii) in an interval including x, f(t) is of bounded variation, or 
satisfies one of the other conditions for the validity of 
Fourier's series or integral. 

After the analysis of § 1.9 it is sufficient to prove that we can choose 
T so large that 

f<« 

J % — t 

T 

for all values of A > A 0 , with a similar condition for (—oo, — T ). This 
is clearly true if i (a) holds. It follows from the second mean-value 
theorem as in § 1.10 if i (b) holds. 

To prove that i (c) is sufficient, let 


4>(x) = 1 x jf(t) 


dt. 


t Prasad (1). Pringsheim (1), Hobson (1). 


C 
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Then f(x) = x<f>'(x)+<j>(x), 

and x<f>\x) satisfies i (a), while <f>(x) satisfies i (b). Hence the result. 
Condition i (c) includes i (a); for 

1 

The first term belongs to Z(l,oo) if i(a) holds; and so does the 
second, since 

e x £ £ 

J % | 1/(01 dt = -I J 1/(01 dt + J l -\f(x)\ dx 
11 1.1 
( 

< J ^l/(*)l dx < K 
1 

as £ oo. Hence ^'(x) belongs to L(l,oo), and hence i (c) holds. On 
the other hand, i (c) does not include i (b). 


1.15. Summability of integrals. We say that the integral 

co 

j f(x) dx is summable ((7, a), where a ^ 0, to the sum /, if 




f(x) dx — I. 


The case a = 0 is ordinary convergence. In the case a == 1 we have 
A Ax 

J ( 1_ dx — \ J dx J f(y) dy, 

0 0 0 
a form analogous to the sum 

n 


in the definition of (C, 1) summability of a series. The whole process 
is analogous to the C-summation of series, which is too well known 
to need much discussion here. The main points are (i) the process is 
more general than ordinary convergence; for example, 

A 

lim f si naxdx (a > 0) 

A-ccJ 
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does not exist, but 
A 


lim 

A—>-00 



sin ax dx = lim 

A->oo 


e 


sin aX\ __ 1 # 
a 2 A / ~~ a 9 


and (ii) that it is consistent with ordinary convergence, in the sense 
that, if an integral is convergent, it is summable ((7, a) to the same 
value for every a > 0. This is a particular case of the following 
theorem. 


If an integral is summable (C , a), where oc 5? 0, it is summable (C,\ 3), 
where > a, to the same value. 

A 

Let = J dx. 

Then if j3 > a, 


/ ""j ( 1_ “f ^ J (l -?ff(x)dx 


- ■ A 




r(/3— 




i.e. 




n/3+i) 


rfjS-ajrta+l)^ 1 




Hence 


(/>(n fi)—i= . _jwh>_ jl_ f (i_ A _f * 

r(j 3- a )r( a +l)^+ l J \ fi) m ; 


dA. 


If <f>(X,a.)-> /, suppose that |c£(A,«)— /| < 3/ for all A, and < e 
for A > A. Then 


|^(/i,/3)—J| <_ F(P ±}) — l±_ f Ii--Y “ VrfA 

iw.p; ^ r(j3-a)r(a+i)\,*“+ 1 J \ W 




!A + 


+ 


Jf 

,i«+i 


AX^-a-i 


A“dA . 
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The first term is < € (it is € if A = 0), and the second is for 

a fixed A. It follows by choosing first A and then /a that <f>(ii 9 j8) J, 
the required result. 


1.16. Summability of Fourier integrals. We have formally 

A 00 

i/Hh J f(t)coau(x—t) dt 

0 —oo 

oo A 

= - J f(t) dt J ^1— ^jcos«(a;—0 du 

— oo 0 

= (U61) 


This integral is analogous to Fej6r’s integral in the theory of Fourier 
series. We shall deal with it as a particular case of the following 
theorem. 


Theorem 13. Let 


K(z,y, 8 ) = 0 


(l\ 

W 



for some positive <x, and let 


( I *-*/1 < 8 ) 

(\x-y\ > 8) 


oo 

lim f K(x, y, 8) dy = 
$-*o J 


x 


lim f K(x,y,8)dy 
S—o J 


Let /(*)/(! +1«|“ +1 ) belong to L( —oo,oo). Then 


(1.16.2) 

(1.16.3) 


lim f K(x,y,B)f(y) dy — \{<f>{x)+tf,(x)} (1.16.4) 

wherever 

h h 

j l/(*+0— <H*)\ dt = o{h), | \f(x-t)—if>(x)\dt = o(h) 

0 0 

(1.16.5) 

as A->+0. Th e result therefore holds (i) with <f>(x) = /(£+0), 
i/j(x) = f(x— 0) wherever these expressions lmve a meaning , (ii) with 
<f>{x) — ifj(x) =f(x) wherever f(x) is continuous , and (iii) with 

m = Hz) =/(x) 


for almost all values of x. 
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It is sufficient to prove that 

00 

lim f K[x,y,h){J{y)— 4 >(x)}dy — 0, 

8-*o J 
x 

together with a similar result with ip(x)] and by (1.16.2) and (1.16.3) 
this is true if 3.4.5 

8^0 I J dy = 0 

X 

and lim 8“ f dy -- 0. 

8-0 J \x-y\ a ^ * 

a;+8 

The first part follows at once from (1.16.5). Next, let 

h 

x( h ) = | !/(«+<)—<£(*)! dl < eh 


0 


for h ^ 7). Then 


x+rj 

V 

»- f dy 

_ s « r dt 

J t a+i 

x+8 

8 


8 


Having fixed rj, plainly 


< .+.(«+l) 8 “ J < «(l+-+ 1 ). 


lim 8“ f WyhdMi dy = o. 
8-*o J |r-y| a+1 


This proves the theorem. 

As a particular ease, let 8 = 1/A, and 

viv « - 2sin W-y) 

( ,y> ) -rrKx-y)* ’ 

The conditions of the above theorem are satisfied (with a ~ 1). We 
therefore deduce! the analogue of Fear’s theorem on Fourier series: 
Theorem 14. Letf(t) belong to L{— oo,oo). Then the integral 


ijdw J f(t)cosu(x—t) dt 


t Hardy (5). 
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is 8ummable ( G , 1) to %{f(x+0) -\-f(x —0)} wherever this expression has 
a meaning ; to f(x) wherever f(x) is continuous ; and to f(x) for almost 
all values of x. 

An obvious corollary is that if f(t) is L(— oo,oo), and a(u ), b(u), 
defined by (1.1.3), are 0 for all u , then f(x) == 0 for almost all x . 

As another particular case, let 

i J |l-|j cosu(x—y)du 


1 

== - (1—v) a cosA v(x—y)dv 

* J 

o 

i 

= —-———— I (1—v) a_1 sinA v(x—y)dv 

<x—y) J 


Alx-i/j 


nA^lx—yl a+1 


i 


sin{A|a?—y| - w) dw 


w 


,1-a 


The second formula shows that K(x,y, 1/A) is 0(A), and the fourth 
that it is 0(A“ a |x—yl-®- 1 ) for 0 < a < 1. Also 

—►ao —►ao 1 

J K^x,y,^jdy— ^ J j (1— wJ^sinA v(y—x)dv 

x x 0 

1 —►00 1 

= | J (l-v)®- 1 dv J sin * vt dt = la J (1-V)"- 1 dv = J. 

0 0 0 

Hence 

Theorem 15. Theorem 14 is still true if ( C , 1) is replaced by (0, a), 
where 0 < a < 1. 

1.17. Cauchy’s singular integral. | In the theorem of the pre¬ 
vious section we have replaced Fourier’s formula by a limit of the form 


ao oj 

limi f 6(hu) du f f(t)coau(x—t) di. (1.17.1) 

8-*o n J J 

o 

by (O, a) we t 

*<“>-{ 0 


For summability ( C, a) we take 

(1—«)“ (0 < u < 1), 

(« > 1 ). 

t Cauchy (1), Sommorfcld (1), Hardy (4), (5). 


(1.17.2) 
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Next let <f>(u) = e~ u . (1.17.3) 

The integral in (1.17.1) is then formally 

00 CD CO 

; J «(,-/)*-1J 

u -00 (1.17.4) 

Hero *<*.*»>-isqpgzpji. <■•”■«) 

and the conditions of Theorem 13 are again satisfied, with a = 1 . 
In particular it follows that (1.17.4) tends to f(x) almost everywhere. 

This result is the rigorous form of Cauchy’s argument given in § 1 . 1 , 
and the integral (1.17.4) may be called Cauchy's singular integral. 
The type of summability obtained is analogous to ‘summability A 9 
for series. 


1.18. Weierstrass’s singular integral. Now let 

<f>(u) = e-”\ 

The integral (1.17.1) is then 

CO OO 00 

i J f(t) dt J e-*«* cos «(*-*) du = J /(«)exp{- ( ^gi )2 J dt. 

— 00 0 —00 

Here K(x,y,8) = ^-exp{-(1.18.1) 

and the integral is known as Weierstrass's singular integral .f 

The conditions of Theorem 13 are satisfied for any positive a; but 
in fact the result holds still more generally. 


Theorem 16. If K(x,y,h) is defined by (1.18.1), the results of 
Theorem 13 hold if e~ Cxt f(x) belongs to L(— - 00 , 00 ) for some positive 
value of C (and so for all greater values). 

We argue as in § 1.16, with oc = 1 say, for the integrals over 
(#,a;-f 8 ) and (#+ 8 , £+ 77 ). It then remains to prove that, for fixed 
x and 77 , 00 

limi J exp| — + Cy 2 jg(y) dy = 0 , 

x+rf 


where g(y) is L. Now 


(x—y) 2 

48* 


f Cy* = 


(x—y) 2 

48 2 




(x-y) 2 ,(x — y) 2 
48* * r 8 S 2 


f Weieratrass (1), Hobson (1), Lebesgue (1), Hardy (6). 
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if 




1 £ 

88 2 (*+ij) 2 ' 


Hence the modulus of the above expression does not exceed 


and this tends to 0. 


oo 

Ie-V»*9j \g(y)\dy, 

X + 1] 


1.19. General summability. If we merely require to deal with 
the case in which f(x+ 0) and f(x—0) exist, we can use the following 
simpler theorem. 

Theorem 17. Let K(x,y,8) > 0, 

b x 

lim f K(x,y,8)dy = £, lim f K(x,y,8)dy = \ \ (1.19.1) 

8-*o J 8-+0 J 

x a 

and let lim K(x , y , 8) =. 0 (1.19.2) 

8-+o 

uniformly for all x and y for which \x—y\ ^ e > 0, and also , in the 
case a = — oo, 6 — oo, 

x— € oo 

lim I K(x,y,8) dy = 0, lim f K(x,y,8)dy — 0 (1.19.3) 
8-m> J 8-»-o J 

— OO X + € 

/or any fixed positive €. 

Let f(x) belong to L(a,b). Then 

b 

lim f K{x,y,8)f(y) dy = £{/(*+0)+/(a:—0)} (1.19.4) 

8-+o J 

a 

wherever the right-hand side exists . 

If f is continuous at the point x , (1.19.1) can be replaced by 

oo 

lim f K(x,y,8) dy = \. (1.19.5) 

8-*0 J 

— OO 

We have to prove that 

b 

j #(*> y, 8){/(y)—/(*+°)} dy -*■ o, 

x 

with a similar result for (a, a). This integral does not exceed in 
absolute value 
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o 

max \f(y)-f(x+0)\ f K(x,y,h)dy + 

X 

b b 

+ max K(x,y,8) ( \f(y)\dy + \f(x+0)\ f K(x,y,h)dy, 
l/>JC+€ J J 


X + € 


* + € 


which tends to 0 by choosing first e and then 8. Similarly for the 
other part. 

The relevant parts of the summability theorems are clearly cases 
of this theorem. They may, however, be exhibited as direct conse¬ 
quences of the form of the summability factor; the general result is 
as follows. 

Theorem 18. Let belong to jL(0,oo) and have only a finite 
number of maxima and minima in (0,oo); let <£(+0) = 1; and let <f>(x) 
be the integral of <£'(#), which is ultimately negative non-decreasing. 
Let f(x) belong to L(— oo,oo). Then 

CO 00 

lim- f <f>(8u) du f f(t)coau(x—t) dt — l{f(x-{-0)+f(x—0)} 

S—►O TT J J 

0 — oo 

wherever the right-hand side exists . 

This follows from the previous theorem if 


1 


K(x,y, 8) = - </>(8u)coau(x—y) du 


7r 


has the properties stated. 

Suppose first that <f>'(x) is negative non-decreasing for all x. Then 

00 

K(x,y,8) — —-—- f {—<f>'(8u)}sinu(x—y) du 

■n\x—y) J 


= 7 r|i-‘yl 2 J f - *'( 8 “)}sm«l*-yl du. 


( a +1 ) ir 
\x-y\ 


lac—Vl 


The sum is positive, and its value does not exceed that of the first 
term. Hence xr/|x— y\ 

0 < K(x, y, 8) < -f—. f {-f(«»)} du 
n\ x —y\ J 


w|*—y| 


0 

<£(4-0)- 
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which tends to 0 as S -> 0, uniformly for \x—y\ ^ e. Hence (1.19.2) 
holds. Also 

CO GO 00 

J K(z,y, 8) dy — — - J ---- J ^'(Sw)sin u(x—y) du 

X X 0 

= -l J f <8«) du j *!]&-») Jj, 

0 x ^ 

00 

= — £8 J <f>'(8u) du = i<^(+0) = 

0 

the inversion being justified by dominated convergence, since </>'(8u) 
belongs to L(0,oo). Similarly for (— 00 , x), and (1.19.1) follows. 
Similarly, 

J A(s, y, 8) dy = -1 J f (8u) d« J 81n g l ~ y ) dy 

K W 0 Y ^ 

= 0^8 j {- 4>’{8u)} du^+O^ J {-f (S«)} duj 

= Oft(+0)-*(S)}4-0(7-1), 

and (1.19.3) follows from (1.19.2) on choosing first Y sufficiently 
large, and then 8 sufficiently small. 

In the more general case, we can write <f>(x) = where 

<f>'i and <f> 2 are negative non-decreasing. Let K v K 2 be the correspond¬ 
ing If-functions. Then K x and K 2 are positive, and satisfy (1.19.2); 
the integrals «> oo 

J K 1 (x,y,8)dy, j K 2 (x,y,8)dy 

— 00 — 00 

are bounded; and (1.19.1) holds as before. These conditions are 
clearly sufficient for the theorem. 

1.20. In all the particular cases considered, we have 

K(x,y, 8) = K(x-y,8), 

where K(u y 8) is an even function of u, 

00 

J K(u,8) du = 

0 

00 

lim f K(u, 8) du = 0 
8-*o J 


and 
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for every positive rj. With these conditions, not only does 

CJO 

X(x,8)= J K(x—y,S)f(y)dy 
— 00 

tend to f(x) at particular points, but in the sense of the following 
theorem it tends to f(x) on the average . 


Theorem 19. If K(u, 8) is positive and satisfies the above conditions 
and f(x) is L(— oo,oo), then 


lim 

8->o 


For 


J MM)- f(x)\dx = 0. 

— 00 

00 

X(*> 8 )—/(*) = | K(u,8){f(x—u)—f(x)}du, 

— 00 

00 CO oo 

I IxfoS)— f(x)\ dx^ j dx j K(u,h)\f(x—u)—f(x)\du 


— 00 — QO 


Now 


= J K(u,S)du j \f{x—u)—f(x)\dx. 

— 00 —ao 

00 

0(«)= | |/(x— u)—f(x )| da: 


is bounded for all u , and tends to 0 with Let \*p(u)\ ^ € for 
|^| < rj. Then 


y 

J K(u,8)ip(u) du 


-y 

and, if \*p(u)\ < M, 




00 

6 J K(u,h)du 

— 00 


e, 


J K(u,8)ip(u) du ^ M j K(u,8) du, 
v y 

which by hypothesis tends to 0 with 8. Similarly for (—oo, —rj). 
Hence the result. 

For example, in the case of (C, 1) summability, 


I f n y) l JZ™^yldy 
7T J JW \[x-y)* y 
— 00 

converges to f(x) on the average, in the above sense, as A -*■ oo. (Take 
A = 1/8.) 
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1.21. Further summability theorems. In all the foregoing 
theorems we have imposed on f(t) conditions which ensure the 
existence of the inner integral in Fourier’s formula in some sense 
or other. We shall next prove a theorem in which, without imposing 
any particular condition, we merely assume that the inner integral 
exists. 

Here we are not particularly concerned with the behaviour of f(t) 
in finite intervals, and for the sake of simplicity we shall suppose 
that it is continuous. 


Theorem 20.f Let f(t) be integrable over any finite interval , con 
tinuous at t = x, and let 


—►00 

J f(t)co&u(x—t)dt 

—►—ao 


converge uniformly over any finite interval of values of u. If the limit is 
g(x,u), then ^ 

lim ^ J (l— jj9i x > u ) du = /(*)• 

0 

We have 



g(x, u) du 



cos u(x—t) du 


- I r 2 *- J + J + j 

—► — co —►—oo — T T 


say, where T > \x\. The inversion is justified by uniform con¬ 
vergence. 

Let Mt) = J f(v) dv . 

o 


By the case u = 0 of the data ,f x (t) is bounded, say | f x (t) | ^ M . Now 


J z — 


-AW) 


2 sin 2 £A(a;— T) 
A(s-T ) 2 “ 



sinA(a;—£) 

~^ = W~ 


dt 



4sin 2 £A(a;— t) 
\(x—t) z 


dt 


t The analogue for Mellin integrals was proved by Hardy (8). See Macphail and 
Titchmarsh (1). 
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in . 21M , M f dt , ,, f dt 

1 3 ' ^ X(T-x)* +M j ( t-x)* +M J X(t—x) 3 ~ 2 


m _ m 

2\ (T-x) i+ ~T-x 


X(T—x) 2 

T T 

This can be made arbitrarily small by choice of T, for all A > A 0 ; and 
a similar argument applies to J v Having fixed T, J 2 -> irf(x) as in 
§ 1.16. This proves the theorem. 

1.22. The general result of the above type appears to be that, if 
the inner integral is summable (C, k), the outer integral is summable 
(C,k+ 1). The above theorem is the case k = 0, and we shall next 
prove the case k = 1. The proof of the general case does not seem 
to require any new idea, but it would be rather laborious to write out. 

Theorem 21. Letf(t) be integrable over any finite interval , continuous 
at t = x, and let 


lim 

h 


\f(t)co8u(x—t) dt 


and 


ijH) 

0 

0 

J™ J [ l — —^f(t)c08U(x—t) dt 


-/i 


exist, uniformly over any finite interval of values of u. If the sum of 
these limits is g(x, u), 


lim ^ J |l — g{x,u) du =/(s). 


It will be sufficient to consider the case where f(t) = 0 for t < 0. 
By uniform convergence 
A A ft 


o o 

The repeated integral is equal to 


J |l— dt J |l—cos u(x—t)du 
o o 

- / w! *-/+/- 
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say, where \x\ < T < fi. Define /,(<) as before, and let 

t t 

f&) = J A(») dv = t J (l -jjfW dv - 

0 0 

Then f 2 (t)/t is bounded, as a particular case of the data. 

On integrating by parts twice, we obtain 

(TMT)+l{fMfo)-MTMT)}+ 

\ PI P 

fl fl 

fmvm- 2 - j umt) dt + j (i dt, 


+ 


where 




T T 

2 2sinA(a;— t) 

A (x—t) 2 A 2 (x—t) 2 


f W = 


2cosA (x—t) 6sinA(a;— t) 


M) = 


12 


\{x—t) z ' \(x—t)* A 2 (x—t)* 

2sinA(:r— t) 12 cos A(x—t) 24:sinX(x—t) 


A (x-t)* 1 (*-*) 


A(z-*) 4 


A 2 (a;—£) 5 


Making /z ->oo, we obtain 

T 

«7i -> J f(t)</>(t) dt, 

o 

*4 -> -/i(7tf(m/.(ZW)+ J/.(W'W *. 

T 

We can choose T so large that the last two terms are arbitrarily 
small for all A > A 0 . Having fixed T, fi(T)(f>(T) -> 0 as A -> oo, and 

T 

J /W(0 dt -+ irf(x) 

0 

by the theory of Fej&r’s integral, § 1.16, and the consistency theorem 
for C-summability, §1.15. This proves the theorem. 


1.23, We have seen that the (C, 1) of Theorem 14 can be replaced 
by (C, a), where a is arbitrarily small. This is not true of Theorem 20; 
in neither Theorem 20 nor Theorem 21 can the order of summability 
of the outer integral be reduced. We shall now prove this by means 
of examples. ^ 

cos ut du. 
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As in § 1.16, if 0 < a < 1, 

A< 

^ J dv = oU—\ 

o ' 7 

as A -> oo, t -*■ oo. Also 

-a * A< 

^ = °fa+T J «“- lc os(A«-i>) J «“- x 8in(A<-v) dw 

0 0 

—►00 

= -^ J «“- lcos (A^) dv +o(I 2 j + o( A A^) 

0 

= r(a+1 )A 1 -° k «- 1 -«oob(A*— Iitol) + 0(t~ 2 ). 

Suppose that we try to prove Theorem 20 with (C,a), where 
0 < a < 1, instead of (C, 1). We encounter a term 
00 

T 

00 

= -f 1 (T)I a {X,x-T)+ JawI^A,*-*)*- 

T 

Take T fixed (>|a;|). Then everything is bounded except possibly 
the term ^ 

r((x+l)A 1_a J /i(0*~ 1_a cos(Aa;—A£—J7ra) dt. 

T 

Let f(t) = 2 l V- 2 sin2 v < (vrr ^t < (v+l)7r), 

for v = 1 , 2 ,..., and f(t) = 0 elsewhere. Then 

/l(0 “ V“ 2 (l — COS 2^) (v7T ^ £ < (v+l)7r). 

Clearly 

r T 

J f(t)ooQu(x—t) dt = f^T^oaufa— T)—u J f 1 (t)&inu(x--t) dt -> limit 
0 0 

as jT->oo, uniformly with respect to w, so that the conditions of 
Theorem 20 are satisfied. 

Let A = 2 p. Then 


oo 

J /i(0^ -1- “ cos ^ dt 

IT 


(v+1 )ir 

1 j* (1—cos 2 "^cos 2ft ^ 

<«+i 

V as 1 * 
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The term v = p is 

(p+Dw 


(p + l)w 


1 C cos 2Pt, 1 f 

p a J <“ +1 2p a J 

prr pTr 


1+COS2 P+ X t 

l*+i~ 




< 


The remaining terms are 

(v+l )ir 


21 i J 

•’’‘p 


2p2(p+l)“^' 
cos 2H~ \ cos(2*’—2 p)<—| cos(2 , ’+2^)< 


+0 




t®+i 




2°t«+8|2^-2-i) °[p)' 


Similarly, 


a 

J 


oll\. 


t “+ 1 


Hence |J 3 | > A|cos(Az-^^-“(logAJ-^+OCl), 


for A = 2 p. Finally, the sequence cos(2p#—^ 7 ra) does not tend to 0, 
since, if one term is small, the next is approximately — cos^rra. 
Hence J z is unbounded. 

Also, by Theorem 15, J 2 tends to a limit. It follows that, in Theorem 
20, (Cy 1) cannot be replaced by (C7, a), if a < 1. 

If 1 < a < 2, we can write 

At 

4(M) = J V^COS(M-v) dv. 

0 

Hence d 2 Ijdt 2 contains a term 
A t 

— — J v a ~ 2 cos(\t—v) dv 

= sin(A 

and, in the argument with ( C , a) analogous to that of § 1.22, we 
obtain the term 

00 

r(ot4-l)A*-“J /,(<)<"“ _1 8in(Aa:—Ai—iwa) dt. 

f(t) = 2 s, V-*cos 2*'tf (vTT^t< (v-f-l)w) 


Let 
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for v = I, 2 ,..., and f(t) = 0 elsewhere. Then 

/,(<) = V-*(l-COS 2 v t) (vir^t< (v+ 1 )tt). 

Since 

J (l-^)/(0cos«(*-<) 

0 

-//.«) |^sinM(a:—<)+|i—ij« 2 cos«(x—<)J dt, 

0 

which clearly tends to a limit as p -* oo, the conditions of Theorem 21 
are fulfilled. 

The proof that the selected term is unbounded now proceeds as 
before. The remaining terms are easily seen to be bounded, and the 
desired result follows. 


1.24. The integrated form of Fourier’s formula. It is well 
known that the result of formally integrating a Fourier series term- 
by-term is true, whether the original series is convergent or not. 
The corresponding theorem for integrals is as follows. 

Theorem 22. If f(x) belongs to L(— oo,oo), then 

£ —►00 00 

jf(x)dx = - j ~ j f(t){ainu(£~t)+8iniU} dt, (1.24.1) 

0 0 —00 

i A oo 

J /(*) dx = J e -~^~ du J dt (1.24.2) 

0 -A -oo 

for all values of f; and 

( —>00 oo 

f(t)cosuldt, (1.24.3) 

o oo 




£ —►00 CO 

jf(*)dx = l 

for ^ ^ 0. 

The formulae correspond to (1.1.1), (1.1.6), (1.1.4), (1.1.6) respec¬ 
tively. Consider for example (1.24.2). We have 
A oo 00 A 

J - - j — du J f(t)e iui dt = I f(t) dt J —— du 

— A — 00 —CO —A 


j* 1— ?PlyJ^du jf(t)&mutdt (1.24.4) 


D 
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by uniform convergence. The inner integral is 

A 

sin to—sin($— £)u 

u ’ 

o 

which is bounded for all t and A, and, as A -> oo, tends to 2it (0 < t < £), 
0 (t < 0 or t > |). The result therefore follows by dominated con¬ 
vergence. The other formulae are easily deduced from this, or proved 
in a similar way. 

1.25. The complex form of Fourier’s integral. The theory of 
the complex form of Fourier’s integral is substantially the same as 
that of the forms already considered. We shall state briefly the most 
important results. 

We have so far supposed that all the functions are real. There is, 
however, no additional difficulty in dealing with complex functions 
of a real variable, and it is natural to apply the complex form of the 
theorem to these. The extension of all the definitions is immediate; 
a complex function f(x) is integrable, of bounded variation, etc., if 
its real and imaginary parts separately have these properties. 

Theorem 23. Letf(t) belong to L(— oo,oo), and let it be of bounded 
variation in the neighbourhood of t = x. Then 

A 00 

k{f(x+0)+f(x— 0)} = J-lim J e~ ixu du J f(t)e ivt dt. (1.25.1) 

—A —oo 

If f(t) satisfies the conditions of Theorem 4 in the neighbourhood of 
t = x, the left-hand side may be replaced by f(x). 

We may invert by uniform convergence, and obtain 
A oo oo A 

f(t)e iut dt = J f(t)dt j e-"**-*>du 

-00 -A 

= 2 f }(t f nMx 7 ,) di, 

J x—t 

— oo 

and the result follows as in the proof of Theorem 3. 

As a particular case, suppose in addition that f{z) is analytic for 
y > 0, and f{z) -> 0 as \z\ -> oo uniformly for 0 < arg z < it. Then 
by Jordan’s lemma (Whittaker and Watson, Modem Analysis, 
§ 6.222) F(u) = 0 for u > 0. The formulae reduce by a change of 
variable to those of Laplace, (1.4.1), (1.4.2). 


J e~ ixu du J 
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If we use the functions F + (w) and F_(w), we obtain a theorem in 
which /(x) is less restricted at infinity. 

Theorem 24. Let e-**f(t) belong to L(—oo,oo) for some positive c, 
so that F+(w), F.(w), defined by (1.3.1), (1.3.2), exist for v > c, 
v ^ —c, respectively. Then, if f(t) satisfies conditions corresponding 
to those of Theorems 3 or 4 in the neighbourhood of t — x, 

ia+X 

*{/(x+0)+/(x-0)} = ^lim J F + (w)e-<*»dw + 


XO + 

lim f 
(2w)A-® J 


F_(w)e~ ixw dw, 


where a > c. 6 < —c. 

Let g(x) = e _ox /(x) (x > 0), 0 (x < 0). Then by the previous 
theorem \ „ 

i{ff(x+ 0 )+jr(x— 0 )} = ^-lim J e-**" du J g(t)e ivl dt 

-A -<c 

A oo 

= — lim f e~ ixu du [ f{t)e^+^ dt 
27T A->00 J J 

-A o 

A 

= —j-—— lim f e~ ixu F.(u+ia) du> 

V(2tt)a-oo J + ' r ; 1 

ia+A 

or £e < “{ 0 (x+O)+ 0 (x— 0 )} = lim J F + (w)e~ ixw dw. 

ia-A 

Similarly, if A(x) = e bx f(x) (x < 0), 0 (x > 0), then 

ifc+A 

£e -6x {A(x+0)-)-A(x—0)} = -r-i—lim f F_{w)e~ ixw dw. 

^ * ~*°°ib-X 

The result stated follows on addition. 

1.26. Perron’s formula.f The formula known as Perron’s formula 
in .the theory of Dirichlet series can be deduced from Theorem 24. 

00 

Theorem 25. Let f(s) = 2 « n e_A “* 

n-1 

be convergent for a > cr 0 , where the are real and steadily increasing 
to infinity , and let A(x) = £ a n- 

t See Hardy and Biesz, The General Theory of Dirichlet'e Series, 12-14. 
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Then if k > 0, k > a 0 , 

k+iT 

k-iT 

Let A 0 = 0, A n = a 1 +a 2 4“ ••• +® n * 

m 

If /} > a 0 , 2 is bounded for all m, and hence, if also j3 > 0, 

-4 n = 2 a v e~KP.eKP = 0(e**P). 

V—1 

Hence, if JV is the greatest » for which A„ < a:, 

.4 (a;) = = 0(e*«P) = 0{eP x ). 

Hence for a > j8, 

/(«) = 2 = | a4„(e-^*-e-V..) 

n—1 n—1 

00 ^»+l » 

= 2 J 4 n s f e-** dy = « f -4(y)e-w dy. 

n ” 1 a. o 

Since A(y) is of bounded variation in any finite interval, the result 
follows from Theorem 24. 


1.27. Fourier’s theorem for analytic functions. The following 
form of Fourier’s theorem applies to a class of analytic functions. 

Theorem 26. Let f(z) be an analytic function, regular for 

—a<y<b, 


where a > 0, 6 > 0.' In any strip interior to —a < y < b, let 

fM = I °(«" (A “‘ )X ) ( x -> ° 0 ) 
n 1 \ 0(efr-<*) (x -> —oo) 


(1.27.1) 


for every positive e, where A > 0, p > 0. Then F(w), defined by (1.2.5), 
satisfies conditions similar to those imposed on f(z), with a, b, A, p. 
replaced by A, /*, b, a; and 

oo 

J F(w)e~ Uw dw (1.27.2) 

— 00 

for every z in the strip —a <y < b. 




V( 2") 


00 

We have F{w) = J M)e^ w d£, 
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and the integral converges uniformly for — A < v < \i. Hence F(w) 
is analytic in this strip. By an obvious application of Cauchy’s 
theorem we may take the integral along any line of the strip parallel 
to the real axis. Thus 


00 

F(w) = J /(f+<«*«+<.) # = 0 (c -d«), 

— 00 


and by taking ij arbitrarily near to —a or 6 the order-results for 
F(w) follow. 

The reciprocal formula (1.27.2) can be deduced from Theorem 23; 
it can also be proved directly by the theorem of residues. Let 
—a < —a < y < < 6. Then 


1 

V(2v) 


J F(w)e~ Uw dw = A- J e~ ixw dw J f(l)e^ w 

0 0 ifi-co 

ifi -f 00 00 

= A- J* mdzje-«*-0"dw 


ip+oo 

= - f 

2»r» J 

ip-00 


m 

z-i 


<K, 


the inversion being justified by absolute convergence. Similarly, 

0 —ia+oo 

- A . f F(w)e- tm> dw = -— f dl, 

V(2v) J ( > 2ni J C-z h 

— ao — ia — ao 

and, by an obvious application of the theorem of residues, the sum 
of the right-hand sides is f(z). 


1.28. Summability of the complex form. The various sum- 
mability theorems have obvious extensions to the complex form of 
the theorem. It will be sufficient to state one of them. 

Theorem 27. Letf(t) belong to L(— oo,oo), or, more generally , let 

J f(t)e^dt 

-* — 00 

converge uniformly in any finite interval. Then 

-A -a-oo 
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m equal to Hf(x+ 0) +/(*— 0)} wherever this expression has a meaning; 
to fix) wherever f(x) is continuous; and to f(x) for almost all values of x. 

On inverting the order of integration the integral reduces to (1.16.1), 
and the result then follows from Theorems 14 and 20. 


1.29. Mellin’s inversion formula. Theorems on Mellin’s formula 
may be obtained from theorems on Fourier’s formula by a change of 
variable, as the formula itself was obtained in §1.6; and of course 
there is no difficulty in adapting the arguments to give a direct proof 
in each case. 

We shall state only the most important theorems. 

Theorem 28. Let y* -1 /(y) belong to L(0,co), and let f{y) be of 
bounded variation in the neighbourhood of the point y — x. Let 


5(a) = J /(*)*•-! dx (s = k+it). (1.29.1) 

0 

k+iT 

Then Uf(*+0)+f{x— 0)} = — lim f 'S(s)x~ t ds. (1.29.2) 

Z7Tl JW ao J 

k-iT 

Theorem 29. Let g(&-f-itt) belong to L(— oo.oo), and let it be of 
bounded variation in the neighbourhood of the point u = t. Let 

fc + ioo 

/( * )== ds J (129.3) 

k-ia> 

Then * 

M3{fc+ t (*+°)}+3{*+ i (*—°)}] = hm f f(x)x k + u ~ 1 dx. 

(1.29.4) 

Both theorems are obtained by changes of the variable in 
Theorem 23. 

In some examples the following theorem is required. 

Theorem 30. Let 

m+it) = 4(t)e<W, 

where and <fi(t) satisfy the conditions of Theorem 11, both as 
t -roo and t -> —oo; or let 


e**/(e») = <f>(x)e {l f* x \ 

where <f> and >fi satisfy such conditions. Then Mellin’s formulae hold, 
the integrals being non-absolutely convergent. 

This follows from Theorem 11 by the usual substitutions. 
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Theorem 31. Let f(z) be an analytic function of z = re 1 **, regular 
for — ol < d < J3, where 0 < a < tt, 0 < 0 < tt; and let f(z) be 
0( \z\~ a ~ € )for email z , and 0( \z\~ b+€ )for large z, where a < 6, uniformly 
in any angle interior to the above . 

TAen $($), defined by (1.29.1), is an analytic function of 8, regular for 
a < a <b; and f 0( e -tf-«X) (< -> oo) 

(0(e<“-**) (*->- oo) 

/or every positive c, uniformly in any strip interior to a < a < b; and 
(1.29.3) holds for a < k < b. 

Conversely , t/ g(s) is a given function satisfying the above conditions 
and f(x) is defined by (1.29.3), then f(x) satisfies the conditions pre¬ 
viously imposed on it , and (1.29.1) holds . 

This follows from Theorem 26, or it may easily be proved by an 
analogous argument. 

Theorem 32. Letf(x)x k ~ l be L( 0,oo); or, more generally , let 


— 

J /(x)a ^- 1 da: = g(s) 


(1.29.6) 


—►0 


6e uniformly convergent for 8 = k+it, t in any finite interval . Then 

k+iX 

k—iX 

is equal to i{f(x+0)+f(x—0)} wherever this expression has a meaning , 
and in particular to f(x) wherever f(x) is continuous; and to f(x) for 
almost all x. 

In the inverse form the assumption is that ^(k+it) is L, and the 
conclusion u 

|l°ga:|' 


1/M 


lim 


m 


almost everywhere . 

This follows from Theorem 27 by the usual changes of variable. 
A particular casef is that, if 


—►ou 

J f(x)x a - 1 dx , J f(x)xt>- 1 dx. 


-*o 


where a < 6, converge, then the result holds for a < k < 6; for then 

f Hardy (8). 
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(1.29.5) converges uniformly in any finite region interior to the strip 
a < a <b. In this case $($) is analytic in the strip. 


1.30* The Laplace formulae. The simplest theorem on the 
formula (1.4.3) is 

Theorem 33. A necessary and sufficient condition that f(z) should 
be of the form 1 » 

/(*) = <f>(w)e™dw, (1.30.1) 

r 

where T is a closed contour surrounding the origin , is that it should be 
an integral function of exponential type , i.e. such that f{z) = 0(efM) 
for some c. 

The formula (1.30.1) plainly defines an integral function of z; and, 
if \w\ < c on the contour, f(z) = 0(eP^). Hence the condition is 
necessary. 

Conversely, suppose that it is satisfied, and let 


/(«) = 2 ®n 2 " 


n—0 


Then by Cauchy’s inequality 


1 K(f r 

|o | < — max|/(z)| < — 

for all values of r. Taking r — n, 

Kl < KeF n n~ n . 

Hence the series <f>(w) = ^ ””” 

n« 0 

is convergent if w is sufficiently large, say for \w\ > M . Let T be a 
simple closed curve surrounding the origin, and lying entirely outside 
the circle \w\ = M. Then by uniform convergence 

25 f dw - 2 isr I =„f - ■«*>• 

r w “° r 

the required result. 

The reciprocal formula is 

00 

<j>(w) = J f(x)e~ xw dx 
o 

as in § 1.4, but in general this holds for R(w>) > c only. 
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For/(z) in (1.30.1) to vanish identically, it is plainly not necessary 
for to vanish; it is sufficient for <f>(w) to be regular within I\ 
Hence, if we are given/(z) and T, (1.30.1) does not determine <f>(w) 
uniquely. It does so, however, if (f>(w) is given to be regular and zero 
at infinity; and there is a more general result of the same kind. 

Theorem 34. Let be regular for sufficiently large w, except for 
a pole of order n at infinity , and let 

J <f>(w)e ui dw — 0 
r 

for all t y r being a simple closed contour surrounding the origin . Then 
<j>{w) = a 0 +a 1 w+...-fa n w n . 

Let *fs{w) — <f>(w)—a 0 —...—a n w n , 

where a 0 +...+a H w n is the principal part of <f>(w) at infinity. Then 

J ifj(w)e' ct dw = 0, 
r 

and -> 0 as \w\ oo. 

Multiply by e~ rf , where R(z) > max R(k;), and integrate over 

r 

(0,oo). We obtain ^ , 

ih (w) - dw — 0, 

J z—w 
r 


and this holds by analytic continuation for any z outside T. 

Hence, by the calculus of residues, if T' is a circle of radius 
R > \z\, l r 




and, making R -> co f the right-hand side tends to 0. Hence if/(z) = 0. 
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AUXILIARY FORMULAE 

2.1. Formalities. If F(x) and 0(x) are the Fourier transforms of 
f(x) and g(x), we have formally 

oo oo 00 

J F(x)G(x) dx = j 0(x) dx J f(t)e {3C, dt 

—* 00 — 00 — 00 

oo oo oo 

J mdt J G w etxldx = J /(%(-*)<*<• (2.i.i) 

— 00 — 00 — 00 

If g(t) is replaced by g(—t), 0(x) is replaced by G(x), so that an 
equivalent formula is 

OO 00 

J F(x)G(x) dx = j f(x)g(x) dx. 

— 00 —00 

If g = f, we obtain 

j \F(x)\*dx= J \f(x)\*dx. 

— 00 —00 

For even functions the formulae reduce to 

J F e (x)G e (x) dx = J f(x)g(x) dx, 

0 0 

and J {F c (x)} 2 *-/■ {f(x)}* dx; 

o o 

for odd functions they reduce to 

oo oo 

J F,{x)G,{x) dx = j f(x)g(x) dx 
0 0 

J W*)} 1 dx = j {/(x)} 2 dx. 


and 


These formulae are analogous to Parseval’s formula 


( 2 . 1 . 2 ) 

(2.1.3) 

(2.1.4) 

(2.1.5) 

( 2 . 1 . 6 ) 
(2.1.7) 


2ir 

Ijmydx-ial+iM+b*) 
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in the theory of Fourier series. They will be known generally as the 
Parseval formulae, f Again, 

00 00 oo 

-p-j J F(t)0{t)e~^dt = 1 J J g(u)e«*du 

— 00 —00 —oo 

00 oo 

= J g(u) du j F(t)e-<* x -*) dt 

— oo —oo 

00 

= V(L) J ?(“)/(*—“) du - ( 2 . 1 . 8 ) 

Thus the functions 

00 

J g(u)f(x-u) du, F(x)G{x), (2.1.9) 

— 00 

are Fourier transforms. The integral obtained is called the restdtonf 
off(x) and g(x). 

The process may clearly be repeated. The functions 


W DO 

J h(v)dv J g(u)f(x—u—v) du, F(x)G(x)H(x) 


2ir 

— 00 —00 

are transforms. So generally are 

00 00 

(2irji* J dUn J du n-V X 


( 2 . 1 . 10 ) 


00 

X J A(«x)/(*-«i-...-«„) 


du t 


( 2 . 1 . 11 ) 


and F(x)F 1 {x)..F n {x). 

There are analogous formulae for Mellin transforms, which may be 
obtained by transformation from the above, or directly as follows. 
If $(«), ©(«) are the Mellin transforms of f(x) and g(x), 

*+<oo Af+ioo oo 

2 ^ J 0K«)©(l-«) da = J ©(1 -8) ds j fWx- 1 dx 


Jfc-ioo 


fc—<00 


As+ioo 


= 2wi J ^ dx J ®( 1— d* — J /(*)?(*) (2.1.12) 

0 k—iao 0 

t The earliest reference to the formulae of which I know is in Rayleigh (1). See 
also Hardy (3-5), Ramanujan (1). 
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*+<oo 


*+<oo 


T K T w 

J 3r(«)©( 1 -*)<&= J %{a) da ^ g{x)x-* dot 

*—<00 *-<oo 0 

00 * + <00 00 

= ^ J 0(*) * J 8K*)* - * ^ = J ?(*)/(*) <&• 


Similarly, 


*-<00 


Also 


*+<00 00 * + <00 

2^J J <$(«)©(«) * = ^ J y(«) d* J 5(«)** _1 <*» 

*—<oo 0 *—<00 

<2113) 

0 

If g = f 9 and both are real, (2.1.12) with k = J gives 

GO 00 

^ J l0f(RiOI*^= J {/(*)}*<&• (2.1.14) 

— 00 0 
00 00 *+<ao 

J /(*)^(r)** _1 dr = J g(x)x , ~ 1 dx J ft(w)x~ w dw 

0 0 k-i oo 

* + <00 00 

= ^ J g(«;) dw J g(x)x , ~ w ~ 1 dx 

k—ico 0 

*+<oo 

= 2wt J %(w)<S(8—w) dw, (2.1.15) 


fc-i® 
*+<oo 


i.e. 


are Mellin transforms. 
Again, 

* + <00 


f(x)g{x), 2 ^. j $(w)<S(8—w) dw (2.1.16) 

*-<00 


*TW «J * + <0O 

2 ^ J 3(s)(5(a)x-« da — ^ J g(u) du J da 

L/ 0 *-<00 

< 2 ’”> 


**-<oo 


another sort of resultant.' 
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Hence we obtain as Mellin transforms 

00 

J iF* 5(«)®(«). (2.1.18) 

Repeating the process, we obtain as Mellin transforms 

J/»K) ^ f /n-l(«„-l) ^ ^-)-- 1 , 

J «» J «»-l J \«iJ tt, 

(2.1.19) 

8 MS»M...»,(«). 

Prom the Laplace integral formulae we derive similarly the 
formulae 

&+iaO qo 

2 ^ J ^(«)<A(«)e* x da == -L, J ^>(a)e“ da f f(y)e~ ,v dy 

k-i<x> 0 

00 

= J ^)e* x -v>da 

0 

a? 

= J f(y)9(x-y) dy, (2.1.20) 

0 

00 

2 ^ J *«*(-«)** ds = J-, J/(y) dy J 0(-a)e^-») da 


and 


= J f(y)u(y—x) dy. (2.1.21) 

mar(aj, 0) 

We can also introduce parameters into the formulae without altering 
them essentially. Since 

co co 

m J J 

— 00 — 00 

the transform of/(ay) is Thus e.g. 

oo oo 

J W)g(-bt) dt = ± J d*. (2.1.22) 

— oo —00 

Similar changes may be made in the other formulae; e.g. 

J f(ax)x > ~ 1 dx — a~‘ jfit )?- 1 dg, 
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so that the Mellin transform oif{ax) is Thus 

ao k+ioo 

j f(ax)g(bx) d* = 2-. J Of (s)<5(l-s)a-b-'ds, (2.1.23) 

0 If—<00 

and similarly in the other formulae. 

2.2. Conditions for validity. We shall now give some sets of 
conditions for the validity of the above formulae. Some of the most 
important conditions depend on the theory of mean convergence, and 
must be postponed until later chapters. The conditions which we give 
here depend on analysis resembling that of Chapter I. 

We begin with (2.1.1) and its special cases. 

Theorem 36. If f(x) and Q(x) belong to L(—co,co), and F(x) and 
g(x) are their transforms, then (2.1.1) holds. 

For the inversions used in obtaining (2.1.1) are justified by absolute 
convergence. The theorem implies that / and O are the given func¬ 
tions, and F and g defined in terms of them. 

The theorem of course includes the corresponding theorems for 
cosine and sine transforms. 

It follows also that, if f(x) and g(x) are L(— oo,oo), and 0(x), defined 
as the transform of g(x), is L(— oo,oo), then (2.1.1) holds. For, by 
Theorem 27, g(x) is the transform of 0(x). 

2.3. We next take some cases of Parseval’s formula suggested by 
Theorem 6. Here the conditions are more appropriate to the half¬ 
line (0,oo), and we consider cosine and sine transforms separately. 

Theorem 36.f Let f(x) belong to L( 0,oo), and, in some interval ending 
at 0, tend steadily to a limit as x -*■ 0. Let g(x) be the cosine transform of 
Q c (x), which is integrable over any finite interval, and tends steadily to 
0 as x -> oo. Then 


J F c (x)O e (x) dx= j f(x)g(x) dx. 


(2.3.1) 


We have to justify the inversion 


—woo oo oo -woo 

J G e (y) dy j f(x)coexy dx = J f(x) dx j O e (y)coaxy dy. 


(2.3.2) 


f Hardy (5). 
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Now X <x> oo A 

f G c(y) d V f f(x)cosxy dx = j f(x) dx J G e (y)coaxy dy, 

0 * 8 0 ( 2 . 3 . 3 ) 

for every finite A, by uniform convergence. By the second mean-value 
theorem 

J G 0 (y)coaxy dy = G c {\) J cos xy dy — oj?^J. 

00 —>00 

Hence fim jf(x)dx j G e {y)coaxy dy — 0, (2.3.4) 

8 A 

and (2.3.3), (2.3.4) give 


—►oo oo oo —►oo 

J G c (y) dy J f(x) cos xydx — j f(x) dx | G e (y) cos xy dy 
os i o 


(2.3.5) 


for every 8 > 0. It is now sufficient to prove that 
—►00 8 

lim J G c (y) dy J f(x)coaxy dx = 0. (2.3.6) 

If, e.g.,/(*) is steadily decreasing in (0,8), 

V* 8 8 v, 

j G c(y) d y J /(*)cos xy dx = j f(x) dx J G c (y)coaxy dy 

Vx 0 0 V X 

f Hr 

= f(+0)JdxjG e (y)coBxydy 


o V, 


where 0 < f < 8; and 


= /(+0) jGM^dy, 


O c (ydy = G e (Y) J dy = 0{G C (7)} 


for all £, while, for a fixed Y, 


Vx 

as f 0. The result therefore follows on choosing first F sufficiently 
large and then 8 sufficiently small. 
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Theorem 37. The corresponding theorem for sine transforms holds 
provided that , in addition , 0 8 (z)/x belongs to L(l,oo). 

In this case we encounter 
v% 

C „ . . 1—cos iy , 

J 0,(y) - 

Vi 

at the last stage of the proof, and the extra condition is required here. 


2.4. In the above theorems the functions on which the conditions 
bear are on opposite sides of the Parseval formula. We next prove 
a theorem in which they are on the same side.f 

Theorem 38. Let f(x) belong to L( 0,oo). Let g(x) be positive , non¬ 
increasing , and tend to 0 as x oo, and let 
i t 

J I/?)! dt J g(u) du < oo. (2.4.2) 

o o 

—►(30 00 

Then J F c (x)O c {x) dx = J f(x)g(x) dx, (2.4.3) 

-»o o 

and similarly for sine transforms. 

We have 


J F c (x)G c (x) dx = Ml G c (x) dx J f(t)cosxt dt 

( ( » 

® A' 

= J(~\ j /(O dt J G c (x)cosxt dx 
7 o f 

00 X ->00 

= ?jf(t)dtj cos xt dx J g(u) cos xu du 

0 £ o 

oo —►oo X 

= ljf(t)dt J g{u) du J cos xt cos xu dx 
0 0 £ 

= j f{t){g{t, X)—g(t, £)+g(-t, X)—g(—t, f)} dt, 

0 _ (2.4.6) 


where 


9(t 


■*> “ ; J 


gW 


sin #( 24 — t) 
u—t 


du . 


t See Hardy and Titchmarsh (5). 
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The inversion of the x and t integrations is justified by the uniform 
convergence of the ^-integral, and that of the x and u integrations by 
that of the ^-integral. 

Since g(t) is non-increasing, g(t, X) -> g(t) as X -* oo for almost all 
positive t, and g{—t, X) -> 0. Also as £ -* 0 

9(t,Z) = J 9(u) +0{g(U)} 

0 

= j g(u) diij+0{g(U)} = o(l) 

by choosing first U and then 
Now 


J 

it 




and 


Hence 


it ' 

n t 

< Ag(\t) < ^ J 9( u )du < j j* ?(«) du, 
0 0 

f g ( M ) 8 m * ( V - ^ f du < J f g(u) du 

J 'll t J t Vf * J 

0 I 0 0 

t 

< IJ 0(m) <*«• 

0 

< 

!/(%(<,*) I < ^ M J g(u) du, 


which belongs to L( 0,1), by hypothesis; and it belongs to 2/(1,oo), 
since f(t) belongs to 2/(1,oo), and 

t 

i J g{u) du -> 0. 

0 

The result now follows from (2.4.5) on making X->co, f->0, by 
dominated convergence. 

Immediate corollaries are: 


(i) If f(x) belongs to L(0,oo), and g(x) is of bounded variation in 
(0,oo), and tends to 0 at infinity, then (2.4.3) holds. 

(ii) If / is L and g bounded in (0,1), then (2.4.2) holds and the 
theorem follows. 

E 
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(iii) If / is bounded and g(x) log(l/x) is L in (0,1), (2.4.2) holds and 
the theorem follows. 

Apparently / bounded and g L in (0,1) is not sufficient. 


2.5. In a later chapter we find some examples of Parse val’s 
formula which evade all the above theorems. These are cases where 
the existence of the transforms and the convergence of the integrals 
involved is obvious enough, and all that is needed is to prove the 
equality of the two sides of Parsevars formula. We can deal with 
some such cases by means of the following theorem. 

Theorem 39. Let f(x) and g(x) be integrable over any finite interval. 

^ a a 

™ - v<L) j M 8 "*- °<*’“ ) -J 

—a —a 

b 

X(x,a,b)= J g(u)f(x—u) du 


and 


be all 0(e M ) for some positive c, independently of a and b> and tend to 
F(x), G(x), and x(s) as a -> oo, b -> oo, for almost all x. Then 
A 

fin | F ( x )°( x ) dx = i{x(+°)+x(-<>)} 

provided that the limits indicated exist. 

Let A > 0. Then by dominated convergence 
00 00 
f F(t)e-^+^dt = lim f F(t,a)e~V‘l x + iut dt 

-i °- a> -oo 

a oo 

= [ f(x)dx f e-W+M+ixi dt 

a->ooy(27r) J J 


—a 

a 


= lim V(2A) f f(x)e-^ x +^ dx, 

a->® J 

—a 

and the convergence is uniform over a finite ^-interval. Hence 

b <*> b a 

j g(u) du j F(t)e-W x+iui dt — lim ^(2A) J g(u) du j f(x)e~^ +u ^ dx 

—oo fl_M ° —6 —a 

b a+u 

= lim yl( 2A) f g{u) du f f(x— u)e- to * dx 

a—►oo J J. 


-6 


—b 
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a+b minor+a,6) 

= limV(2A) f e-^'dx f g(u)f(x-u) du 

a—>oo J J 

-a-o maxC x-a,-b) 

oo 

= V(2A) / e-^ x (x,b,b)dx, 

— oo 

by dominated convergence. Also we may invert the left-hand side, 

by uniform convergence, and obtain 

00 

V(2w) J F(t)G(t,b)e-W x dt. 

— 00 

Hence, making b -> oo, and using dominated convergence, 

00 oo 

J F(t)G(t)e-U'i* dt = M)S e ~**‘x( x ) dx. 

— 00 — CO 

Making A -> oo, the result now follows from Theorem 16. 

In particular, the result holds if / and g belong to £(—oo,oo), and 
one of them is bounded. 

2.6. Transform of a resultant. We now turn to (2.1.8), giving 
the Fourier transform of a product, or of a resultant. From one point 
of view this is merely a case of Parsevars formula, since f(x—u) is the 
transform of F(t)e~ ixi . A new problem arises, however, when we 
consider all values of x at once. We then ask whether (2.1.9) are 
transforms belonging to one of the general classes already considered. 

Theorem 40. Let f(x) be the transform of a function F(x) of 
L(— oo,oo), and let g(x) belong to £(—oo,oo) (so that its transform 0(x) 
is bounded). Then <J(2n)F{x)G(x) belongs to L(— oo,oo), and its trans¬ 
form is ® 

k(x) =5 j g(u)f(x—u) du. 

— oo 

For the inversion in (2.1.8) is justified by absolute convergence. 
Theorem 41. Let f(x) and g(x) belong to L(—co,oo). Then so does 
k(x), and its transform is J(2ir)F(x)G(x). 

For a aw 

j k(u)e ixu du = j e ixu du J f(v)g(u—v) dv 

—a —a —oo 

oo a 

— j fi v ) dv j g{u—v)e iux du 

— oo —a 

oo -a—v 

= J f(v)e irx dv J g(t)e ixl dt. 

— oo —a—v 
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The inner integral converges boundedly to <J(2tt)Q(x). Hence 
00 00 

J k(u)e ixu du — aJ(2tt) J f(v)e ivx 0(x) dv = 2rrF(x)Q(x). 

— 00 —00 

2.7. Mellin transforms. 

Theorem 42. Let x k ~ 1 j(x) be L( 0,oo), and (5(1—k—it) be L(—co,co), 
or alternatively let JJr(fc+i<) be L(— oo.oo), and x~ k g(x) be 1/(0,co). Then 
(2.1.12) holds. 

For the inversion which gives the formula is justified by absolute 
convergence. 

Theorem 43. Let f(x) and g(x) be integrable over any finite interval 
not ending at x — 0. Let 

a a 

<$(s, a) = f f(x)x 8 ^ 1 dx i (5(8, a) = f g(x)x 8 ~ 1 dx 

1 la 1/a 

tend to g(s), ©( 5 ) for 0 — k, 0 = 1 —lc respectively , for almost all t , 
in such a way that e^ ]8l< S(s,a), e~ r,8, ©(5 3 a) are, for some positive c, 
bounded independently of a . Let 

b 

J /<*>»<**) dx - 

a 

be bounded for all a , 6, f, and , as a 0, b 00 , converge to a continuous 
limit in the neighbourhood of £ = 1. Then 

k 4-1A —►00 

—. lim f 5(«)©(l--s) ds = f f(x)g(x) dx, 

I'M A~+oo J J 

Ai — i A —>0 

provided the left-hand side exists. 

This follows by a change of variable from Theorem 39. 

The analogue of Theorem 41 is 

Theorem 44/ Let x k f(x) and x k g(x) belong to L( 0,oo), and let 

0 

Then x k h(x) belongs to L( 0,oo), and its Mellin transform is g(«)©($), 
with o = fc+l. 

2.8. Poisson’s formula. Tliis is 

V)5{JF C (0)+J F c (nfl)) = V«(*/(0)+J/(««)j, 
where a/? = 2n, a > 0. 


( 2 . 8 . 1 ) 
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We shall prove*)* 

Theorem 45. Let f(x) be of bounded variation in (0,oo), and tend 
to 0 as x ->co. Then 


| F c (np) 

= Va lim U/(°+°)+ 2 Kf( mot— 0)+/(ma+0)}— - f f(t)dt . 

M-+co 1 m=l « J 

( 2 . 8 . 2 ) 

If also J /(£) dt exists, then 

^[mo)+jtfc(nfl)) 

= • V«[ 1/(0+0) + f 0) +f(ma+ 0)}]. (2.8.3) 

If also f(x) is continuous, then (2.8.1) holds. 

Since /(<) is the difference between two non-increasing functions, 
each of which -> 0 as x -*■ oo, we may take it to be one such function. 
The integral 

F e {x) = J(9j J f(t)cosxtdt 

exists for x > 0, and 0 


J F c (mp) 


m= 1 

- J® fair-*- y(¥) HtSJM* 


which is the limit as M -> oo of 


7 ( 1)2 J Mx +# H. 3 ?* + 

2mnlfi 

. . M 11 r 2mnl8 


+ 


+ y(# (0+0,+ J 1 KT ,+0 ) +/ ( ? r- 0 )l]- 

(23/+l)7r//3 

Aj J /(«)*. ( 2 . 8 . 4 ) 

0 

t I do not know whether this version of the theorem has been published previously. 
I obtained it by combining one of my own with one communicated to me by Dr. W. L. 
Ferrar. For other methods see Linfoot (1), Mordell (1). 
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Now 

( 2m+l)irlp 


2 mnlfi 


j {,<o-/(^ + o)}M* 


- /' 


{f^-«)_/(^ + «)} 


by the second mean-value theorem. The last integral is bounded 
for all n and £, e.g. as 


nip (n+i)ir 

( (n + i)/?£ 

- 2|/(“-°)^(t l +°)| 

ia convergent. Hence the first series on the right-hand side of (2.8.4) 
is convergent as JIT ->• oo, uniformly with respect to n; and each term 
tends to 0 as n -*-oo. Hence the limit of the sum is 0. Similarly for 
the second series. This proves (2.8.2); and (2.8.3) and (2.8.1) clearly 
follow from (2.8.2) in the cases stated. 

There are also more complicated formulae of the same type. For 
example, Ramanujanf gives 

^{F c (P)-F c m-F c (5f})+F c W)+...} 

= Va{/(a) —/(3a) —/(5a)+...}, 


where a/? = \tt\ and 

^{F c (p)-FM)-F c m+m^)+F c (m----} 

= Va{/(a) /(5ot) ...}, 


where a/3 = and 1, 5, 7, 11, 13,... are the numbers prime to 6. 
These formulae are easily verified by the above method. 


2.9. There is another interesting formal method of procedure.! 
Suppose that f(x) is represented by Mellin’s integral 

C + ia 0 

/(*) — ^ 

C —<00 


f Ramanujan (2). 


J Ferrar (2). 
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C + ioo 


Then formally 

£/(»<*) = - 1 . f 5 (a) 2 (not)-* da (c > 1 ) 

n -1 J n~l 


r-ioo 

c+i<x> 


= f 

2rri J 


8 (s)C(8)ot-'da. 


Move the line of integration from a = c to cr = —6, where 6 > 0; 
£(a) has a simple pole at a = 1, with residue 1; and 

3(«) = + J {/(*)—/(O)}.^- 1 dx + J /(x)x*- 1 dx 

0 1 

has in general a simple pole at 5 = 0, with residue /(0). Since 
£(0) = we obtain 

W 0)+ |/(wa)-«- 1 3(l) 

»=1 

— 6 + iao 

= 2^ J 3WC(*)«- 4 <k 

— ft ~ ioo 

1 + 6 + iqo 

= 2^ J 

g(l-s)r»cos £airC(a)|^j 


1 + 6- ico 
1 + 6 + ioo 


-i r 

OWTt J 


ds 


1 + 6—ioo 

1 + 6+ioo 


= —.. V f g(l—s)r( 5 )cos^S 7 r/^^] da. 

But by (2.1.23), with / and <7 interchanged, and 

< 7 (x) = cosx, (5(a) = r(a)cos$a 7 r, 6=1, 

Ar + ioo 

^(o) = -L f 5(1 -a)r(a)cos^37ra-»da. 

27 n J 

k-ioo 

We have therefore obtained ( 2 . 8 . 1 ) again. 

We shall not attempt to justify this process here. The main interest 
of it is that it suggests a method of dealing with sums such as 


2 d(n)f(n), 

n«= 1 
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where d(n) is the number of divisors of ri. This sum, for example, 
gives 


c+<oo 


^ J mm da 

i/(0)+8f'(l)-2y3f(l)+2^ J mm da, 


C-i 00 


-6 + <ao 


and the last term is 

l+6+<oo 


—6—<ao 


i, f 5(i-«)i*(i-«)d» 

TTl J 

',00 

l+6+<oo 

= —. f 5(1 —«)r 2 («)cos a iS7r 2 -*»t r~»m da 

7Tl J 


1 + 6—<oo 


1 + 6—<oo 


1 + 6 +<oo 


— ^ f S(l—a)r 2 (a)coaHair(4ir 2 n)- 1 da. 

W"1 i 


l + 6-<oo 

From (7.9.7) and (7.9.11) we deduce 

Jfe +<00 


?K 0 (x)-Y 0 (z) = f r 2 (i«)cos 2 is7r2«z-*(& (k > 1 ), 

k — ico 

and, proceeding as before, the result is 
2 d(n)f(n) = J/( 0 )+5'(l)-2y5(l)+ 

n-1 

+ 2 d(n) F f(x)[K 0 {4irJ(nz)}—lnY 0 {4irJ(nx)}] dx. 
"- 1 ^ 

2.10. Examples. (i)Let f(x) = e~ x , F e (x) = J |-j Then 

^+JrW(?)Kti+y- 

(u) Let/(a;) = e-** 1 , F e (x) = e-»**. Then 

V«(|+= rf(i+te-W*'). 

(iii) Let /(*) = e~ ix 'coa kx. Then F e (x) = e _Mfc,+ac,, cosh kx. Hence 
Vai(l+ J e-*“ ,n, coa k<xnj — V/8e~* fc, (£-f- 2 e - *^’"’oosli &/?«). 
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(iv) The function/(a:) = satisfies the conditions of Theorem 

l+x 

45, but does not belong to 1,(0, oo). 

(v) Let/(x) = *-*sin*a; (1 < a < 2). Then 

F d x ) = ^r(l—«)sin Jaw (x , - 1 —^\x—2\ , - 1 —^\x+2\»- 1 ) (x > 2), 

F c (0) = ^~ r (l-s)sini a7 r(-2-i). 

Hence, taking a = ^tp, jS = 4, 

Mtir + &r + -) 

= 2 ~ 1 ~^~ i87r (- 2 ‘ _2 + J i ((4n)»- 1 -i(4n-2)- 1 -i(4«+2)- 1 )j, 


or 


1+ ^ + ^ + "' = r (l-«)sinjs7r ff »- 1 x 


X { 2 + 2 i ((2nji-» 2 (2»—l) 1- ® 2 (2W+1) 1 -*)}* 


This is the functional equation for (1—2-*)£(«). 

(vi) Let 


/(*) = rf~TT\ ( 1 —(0 < x < 1), 0 (x > 1). 

l>+*) 


Thenf 


Hence 


TO = x->J y (x) (x > 0), TO = 2-/I>+1). 


2" +i r(v+1) Z, (np) 

fl™ 1 1 


f /to * r _| j + I o -» v )’-, 

2 * (nfty \ W r(v+J)l n<l/a 


where, in the case v = the term w = 1/a, if it occurs, is to be 
halved. 

This is a case of Theorem 45 if v ^ J. Actually it is easy to see that 
the same proof applies if —\ < v < provided that a is not the 
reciprocal of an integer. 


t See (7.1.11). 
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2.11. Sine transforms. The corresponding theorem is 
Theorem 46. Let f(x) be integrable over (0, 8), of bounded variation 
over (8,oo), where 0 < 8 < and tend to 0 at infinity . Then 

= Va[i{/(a+0)+/(a~0)}—|{/(3a+0)+/(3o£—0)}+...], (2.11.1) 
where a/J = 

In this case the right-hand side is necessarily convergent. 
Proceding as before, we obtain 


V/W08 )-ii(W+...+(-l) w Ji{(2»+l)fl] 


(-l) n V,8 v f m Bin(2n+2)pt , 

~ V(2vr) 2 J /( ) COS fit d 

- 1 V# ,)»-! f sin(2n+2)t;, 

“»)2 ( 1} J'l ? 

—177 

This differs from the right-hand side of (2.11.1) by 

^2 (- 1 )- 1 J ~/{ ( - - ~ i), r +o)] sin( ^| 2)l > <*»> + 

m-1 0 

+(-D-> f r / ( ( "-^+» }- / ((g=ij;_o)]!!^ta’ d „, 

-*7T 

and the result follows as before. 


Example. Let f(x) = x~ 8 (0 < a < 1). Then 
F a {x) = y T(1 — s)cos fanx*- 1 , 


and 


— Irfl—^cos^TT^- 1 — (3f3)*- l +...} = Va{cr*---(3c0 "*+•••}> 


° r 1 r(i—«) cos|sttX(i—«) = i(«), X(«) = r—i+i—.... 

2.12. More general conditions. The next theorem is a more 
general one, in which f(x) is not necessarily of bounded variation. 
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Theorem 47. Let f{x) be integrable over any finite interval, let 
aj8 = 2 it, and N 

x N (y) = 2 f(y+n<x) -> x(y)> (2.12.1) 




and Ixjv(y)l < 4>(y)> where <j>(y) is L (—\«,$<*). Then 

00 

f(x)coenf}x dx 


( 2 . 12 . 2 ) 


W) = 

exists for every n, and 

KmwUF c (0)+2* , cW)e-* nft ] = W(+0)+ x (+0)+x(-0)} 

o-+0 l n-1 ) 


provided that the right-hand side exists .f 
We have 

(N+i)ot N (m+Uot 

J f(x)coanfix dx = J J f(x)co&nfix dx 

la W “1 (m —J)a 

la 


(2.12.3) 


(m-J)a 


j 2 i }/(y+wia)cosn^t/ dy = / XN(y) COBn Py d V- 


-U 


Hence 


|UV + l)a la 

I f(x)cosnfix dx < |^(y)di/. 

la “la 


Also, if (#+*)« < X < (N+i)*, 

X (AT + |)a 

J f(x)co& npx dx ^ I/(*) I dx 


tV+l)a 


I <iV + l)a 

la 


Hence 


= f IXjv+iM-XjvO*)! dx^2 

-la 

X 

j f(x )cos nfix dx 


is bounded for all n and X. Also 

(N'+l) a la 

J f(x )cos nfa dx = J {x;v'(y) - Xiv( 2 /)) c <>s npy dy 

0V+!)a —|a 

tends to 0 as A" -> oo, iV' -► oo, by Lebesgue’s convergence theorem; 
and similarly 
<JV+i)« 


T 


f(x )cos nfix dx -> 0, 


T* 

j 

<2V'+l)a 


f (x)co& nfix dx->0 


t Borgen (1). 
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if < T < (#+*)«, (N'+D* < T' < (tf'+f) a , T-*oo, 

J 7 ' —> oo. Hence (2.12.2) converges boundedly for every n. 

In (2.8.1) with a and j8 interchanged, take f(x) = e^cos xy. Then 

** (<) = { s *+( y -/) 2 + 3 *+( 2 /+<) 2 ) ’ 

and we obtain 


say. Hence 

f y oo Y 

cosn/3y/(y)dy| 

o n=1 o 

r 

= J f{y) K iy> 8) dy. 


By the bounded convergence of (2.12.2), the left-hand side tends 
to that of (2.12.3) as F-*oo. Also since K(y,8) is periodic, with 
period a, 


~p° i“ * < m t*M 

f f(y)K(y,*)dy = J+ S / fly) K ly>*)dy 

0 0 m “ 1 (m-i)a , 


= f f(y)K(y, 8) dy + f f /(y+maJA^, 8) dy 
o m “ 1 -V 


= J7(y)#(y>8)dy + J x(y) K (y>*)dy, 

0 -*a 

by the dominated convergence of the series, K(y, 8) being bounded 
for a fixed 8. The result now follows from Theorem 17, with x = 0, 
a = — 6 = £a, and #(0,y,8) = tf(y,8). 
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TRANSFORMS OF THE CLASS L 2 

3.1. Plancherel’s theory of Fourier transforms. The formulae 
(1.2.1), (1.2.2), connecting a pair of Fourier cosine transforms/(x), 
F c (x), express a relation between these functions which is formally 
symmetrical. But in all the theorems which we have proved so far, 
the two functions satisfy quite different conditions, so that the 
symmetry is only formal. 

A theory of the reciprocity which is completely symmetrical was 
first given by Plancherel.f It depends, not on ordinary convergence 
or summability, but on mean convergence. 

For complex transforms Plancherers theorem is 

Theorem 48. Let f(x) be a (real or complex) function of the class 
L 2 (— oo,co), and let a 

F(x, a) = Lj J f(y)e<*v dy. (3.1.1) 

—a 

Then , as a -> oo, F(x , a) converges in mean over (—00,00) to a function 
F(x) of L 2 (—00,00); and reciprocally 

a 

fix, a) = jL J F(y)e~<*v dy (3.1.2) 

— a 

converges in mean to f(x). 

The transforms f(x), F(x) are connected by the formulae 

— co 

— 00 

for almost all values of x. 

It will be seen from the proof that we might replace F(x } a) by 

b 

F(x, a, b) = j f(y)e ixv dy, 

—a 

where a -> oo, b -> oo, in any manner. 

t Plancherel (l), (2), (3), (4). 
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At the same time we obtain 


Theorem 49. If f(x), F(x) and g(x), 0(x) are Fourier transforms 
as in the above theorem , (2.1.1.), (2.1.2), and (2.1.3) hold . 

For cosine and sine transforms the theory is as follows. 

Theorem 50. Let f(x) belong to L 2 (0,oo), and let 


F e (x,a) = 



f(y)cosxydy. 


Then , as a->co f F c (x,a) converges in mean over (0,oo) to a function 
F c (x) of L 2 ( 0,oo); and reciprocally 

a 

fcM = J(=\ J F c (y)cosxydy 
0 

converges in mean to f(x). We have almost everywhere 


™ - y© a /*>-**■ «=y© | j 
0 0 

Theorem 51 . The analogue of Theorem 50 for sine transforms holds, 
with cos xy replaced by sin xy, and sin xy by l—co&xy. 

Theorem 52. (2.1.4), (2.1.5), (2.1.6), and (2.1.7) hold for transforms 
of L\ 

The cosine and sine theorems may be obtained by taking /( x) even 
or odd in the ‘complex’ theorem. 

We shall give several different proofs of these theorems. 


3.2. Fourier transforms, first method .f This is suggested by 
Fourier’s formal process (§ 1.1). Let 

(»+ 1)/A 

a v = J /(*) dx (v = 0, ±1,...), 


»IX 


and <J>„(a;) = 2 ®„e <w:/A . 

v— —n 

Then if 6 > 0 and » = [A6J— 1, 

b 

£“•»(*)= / /(y)« tew dy 


—b 


t Titchmarah (1), (2). 
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uniformly in any finite interval. For 

? n . (’+»» 

<M*)— f f(y)e txv dy = £ f f(y)(e ivxlX —e ixv ) dy — 

a V— —n ft 


WA 


—n/A 


— J f(y)e lxv dy— j f(y)e ixv dy 


(n+l)lX 


b b —»/A 

< J J l/(y)l dy + J 1/(2/)I dy + J |/(y)| dy -* 0, 

—b (n+l)/A -6 

since |e^ x,A —e lxl/ | < rc/A in each integral. 

Als° (f+D/A (k+1)/A (v+D/A 

Kl 2 < J m\ 2 dx J = i J \f(x)\ 2 dx. 


v/A 

Hence, if X < 7rA, 

Jf ttA 


J |<D n (x)| 2 dx< J* |<D n (x)| 2 dx = J ( 2 

—JC — 7rA —ttA Vma ~ n J*— n 


— 7tA 

(n+l)/A 


= 2ttX ^ KI 2 <2tt f |/(x)|2^<2tt f |/(x)| 2 rfz. 

v**■ —n J 


-n/A 


Keeping X fixed and making A -> oo, it follows that 


.X b 2 b 

J J f(y)e ixv dy dx^.2irj \f(x)\ 2 dx. 

-X -b -b 

Making X -* oo, 

00 I b 2 b 

J J f(y) eixv dy dx < 2tt J |/(x)| 2 dx. (3.2.1) 

— oo —6 —5 

If we take/(y) = 0 for —a <y < a, this gives 

J IF(x, b)—F(x,a)\*dx < ( jV J W(x)| 2 dx, 

— oo ' — b a 

which tends to 0 as o-> oo, 6 ->• oo. Hence F(x,a) converges in 
mean, to a function F(x), say, of Z*(—oo,oo); and, making b -»-oo in 
(3.2.1), 

j" |F(x)| 2 dx< J |/(x)| 2 dx. (3.2.2) 


A similar argument now shows that /(x, a) converges in mean, to 
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<f>(x) say. We have to prove that <f>(x) = f(x) almost everywhere, 
and for this it is sufficient to show that 

( ( 

J <f>(x) dx — J f(x) dx 
o o 


for all values of f. Now 


{ t f a 

J <f>(x) dx = lim J* f(x, a) dx = lim J* da: J* F(y)e~ ixv dy 


- S d,, = mS F{y) ~-= L y 


-*iv— i 


On the other hand, Theorem 22 (1.24.2), with f(x) = 0 for |x| > a, 
gives $ 

J f{x) dx = jL- J - i L^}- F(u, a) du (|f | < a). 

0 —oo 

°0 00 

c _i r _i 

But lim *- -F{u,a)du = -- F(u) du, 

a-+ oo J U J U 

— 00 —00 


since (e-^—l )ju belongs to L 2 (— 00 , 00 ). The result stated therefore 
follows. 

Incidentally we have proved (3.1.4); since we may now argue 
similarly with (3.1.2) instead of (3.1.1), (3.1.3) also follows. 

Also we may interchange / and F in (3.2.2). Hence in fact 

J \F(x)\*dx = J \f(x)[*dx. 

— 00 —00 

If G(x) is the transform of g(x) in the same sense, F+Q is the 
transform of f+g; hence 

J \F(x)+Q(x)\* dx = j \f(x)+g(x)\*dx, 

— 00 —OO 

i.e. 

00 

J {|^(*)| a +|G'(a:)|*+2RJ'(*)0(a : )}da: 

— 00 

= J {1/0*01*4- |jK*)l*+2R/(*)^(*)} dx. 
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Hence R J* F(x)0(x) dx = R J f(x)g{x) dx. 

— CO —00 

Arguing in the same way with/-j-tgr, we see that the imaginary parts 
are also equal. Hence 

— 00 

J F(x)0(x) dx = J f(x)g(x) dx. 

— 00 —00 

3.3. Fourier transforms, second method.f Let f(x) belong to 
L 2 (—€ 0 , 00 ). Then we can construct a sequence of functions f n (x), 
each of which is continuous and of bounded variation over a finite 
interval, and zero outside this interval, and such that 


f I f(x)-fn(*)l 2 dx ^ 0. 

— 00 

CO 


A A oo oo 

J \F n (x)\ 2 dx = j dx j f n (u)e ixu du J / r »e- to ’ dv 

—A —A -oo -oo 

00 oo A 

= ^ J /„(«) du J f n (v) dv J e <J * u - t ’> dx 

— 00 — ao —A 

— oo —CO 

By the theory of § 1.9, the inner integral tends to 2ir/ n («) uniformly 
over any finite range, as A -*■ oo; and hence 


Similarly 


J \F n (x)\ i dx= j \f n (u)\ 2 du. 

— 00 —00 

00 oo 

j \F m {x)—F n (x)\*dx = J |/ m (u)-/n(«)l*dtt, 


t Bochner, Vorleaungen Uber Fourier ache Integrate, § 41. 


F 
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and the right-hand side tends to 0 as m and n tend to infinity. 
Hence F n (x) converges in mean, to F(x) say; and 

f \F(x)\*dx = lim f \F n (x)\*dx 

J n->oo J 

— 00 —00 

= lim J \f n (x)\*dx= f \f(x )|* dx. 

n-+ oo J J 

— 00 —00 

This function F(x) is the Fourier transform of f(x). It is of course 
not yet obvious that it is equivalent to the transform obtained before, 
or even that it is unique, since the sequence f n (x) is not unique. 
However, we have 

J jy.) & = J & J /,(»)«"“ *•=^ *• 


(the range of integration being really finite). Making w -> oo, 

0 —oo 

since (e*'f u —1)/(»«) belongs to L 2 . Hence 

00 

v 7 J(2ir)dx J ’ xu 

— 00 

almost everywhere. Hence F(a:) is unique (apart from sets of measure 
zero), and is equivalent to the transform obtained by the first method. 

In the first method we deduced the Parseval formula from the 
reciprocity; in this method we have proved the Parseval formula 
already, and we deduce the reciprocity from it. As before, the 
Parseval formula gives 

00 00 
J F(x)0(x) dx = j f(x)g(x) dx. 

— oo —00 

Let g(x) = 1 (0 < x < £), g(x) — 0 (x < 0 or x > £). Then 
«... 1 d C e ixu —l , 


. Id f e ixu 

^ V( 2ir) dx J i 


- 1 A f e<tt — 1 d _ 1 1 

<J(2n) dx J itt W ^{2-n) ix 
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V(2 


s> j jnx)dx, 


so that f(x) is the transform of F(x). 

Again, let h(x) — f(z) (—a < * < a), 0 (|a:| > a). Then 

—a —a 

with the usual notation. Hence the transform of F(x)—F(x,a) is 
f(x)—h(x), i.e. it is 0 (|« | < a )> /(*) (1*1 > a). Hence 

j IF(x)—F(x,a)l 2 dx = ( ]“ + j\\f(x)\*dx, 

which tends to 0 as a -> oo. Hence 

.F(a;) = l.i.m. F(x, o). 

a-^oo 

3.4. Fourier transforms, third method.f Suppose first that 
f(x) belongs to both L and L 2 , and let 


Then 

00 


J e-* 8 ‘ x ’|F(a;)| 2 dx — J e~ iS ' x 'dx J f(u)e ixu du J f(v)e~ ixv dv 

— 00 —00 —00 —oo 

00 00 00 

= J f(u)du j f(v) dv J e-* s ' x '+ i ^-^ dx 

— 00 — 00 — 00 

00 oo 

- J /(*)*» J /(v)e-«“- , ’W 8, dr, (3.4.1) 

— oo —oo 

and by Schwarz’s inequality for double integrals 
| J / /( u )/( v ) e-1(u_ * >,/8 ' dvdv 

oo 

J J f(u)e-U u - v * l *‘f(v)e-U u - v ?l*‘ dudv 


t F. Riesz (2). 
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( 00 00 00 00 \ i 

/ / |dudv I J l/(v)l 2 e-i< u -^ s ‘ dudvV 

— oo —oo — oo —oo ' 

oo oo 

= / J dudv 

— 00 —00 

00 00 00 

= J l/(w)| 2 du j e-w/8* = 8V(2 tt) J |/(«)| 2 d«. 

— oo —00 —oo 

00 00 

Hence J e-» 8, * , |.F(a:)| a <fcr < J |/(«)| a d«, 


and, making 8 -> 0, it follows that F(x) belongs to L 2 (—co,co). 
Also (3.4.1) is equal to 

OO 00 

/ /<“>■*« J 

— 00 —00 


= J J /<*>/<«+<> J •*’•¥«* 

— 00 — 00 — 00 

say. Since / belongs to L 2 , if/ is bounded and continuous. Hence 

oo 00 oo 

|>(*)l a <fe = lim f e-JS‘x*| F(x )|* da: = lim ^ - f 
J 8—►o J &-+o o*J(27t) J 

— 00 — OO —oo 

= -A(O) = J \f(u)l°du, 

— 00 

by the theory of Weierstrass’s singular integral (§ 1.18). 

The existence of F for any / of L 2 , and the reciprocity, may now 
be proved as in the previous method. 


3.5. The Hermite polynomials.f The Hermite polynomial of 
degree n is defined by 

H n (x) = (-l)»e**^)V*, (3.6.1) 

and we write 

U*) = e~ ix 'H n (x) = (-l)»e***(^)V*‘. (3.6.2) 

The interest of these functions for our theory is that they form an 
orthogonal sequence, each member of which is, apart from a trivial 
factor, its own Fourier transform. 


t See Wiener, The Fourier Integral, 51-71. 
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We have 

* 

and 


we nave 


e -1 *—2(»+l) 


(r-=(r<-—-r‘‘ 

He ““ «<») - (- !)"{(**+1 - 2<»+1 )(^)“«—}' 

= (x 2 —2n—l)<f> n (x). 

Thus y = <f> n (x) is a solution of the differential equation 

= —(2n+\)y. 

Putting y — e~i x ‘u, we obtain 

dhi „ du 
~-2x-f = -2nu, 
dx 2 ax 


/d\“ • 

(dx) 


.1** 


(3.5.3) 

(3.6.4) 

(3.5.5) 


so that H„(x) is a solution of this equation. 

Further, it is the only polynomial solution. For let 
u — Uo+^X-)- ... 

be a solution. Then 

2 a r r(r—l^ -2 —2 2 a r r3ir ~ ~ 2n 2 °r* ,> 

Hence (r+l)(r+2)a r+2 = 2 {r—n)a r , 

and the general solution is the sum of two series, of which the one 

in which r has the same parity as n terminates, and the other does not. 

The Hermite functions <f> n (x) form an orthogonal set. For by (3.5.3) 

„ 4>m(x)<t>n(*)-<l>n(x)<f>m( x ) = 2(»-TO# m (x)^ n (x). 

Hence 


ao 

J <f>m( x )4>n 


ifm^n. 

3.6. Thkobbm 63.f If |<| < 1, 
W n (x)tf n (y) 


(*) dx = ^]^^(x)4> n (x)-^(x)<f>Jx)Y 
= 0 


2 n »! 


n-*0 

We have 


V(i-< 2 ) 

00 

I* _ _L J e -«*+2 ixu du, 

— CO V 

t See Watson (3). 


,3.6..) 
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Now let f(x) be any function of Z 2 (— 00 , 00 ). Let f„(x) be a continu¬ 
ous function, vanishing outside a finite range, such that 

J m-f v {x)\ i dx<€, 

— 00 

00 

and let a H V = f f v (x)ifi n {x) dx. 

Then 

00 

/ ... -On,vlA»(*)} a dx 

— 00 

00 

= J {/(*)}* dx + 2 a m,v 2 | a rn.v a m 

— ao 

> J {/(*)}* dx - f < = J {/(*)—... -o n ^ n (*)}* <*r, 

— 00 1 —00 

and also 

<2 J if(x)-f v {x)} 2 dx + 2 J {/„(*)-«!.„ <M*)- ... -a n ^Jx)Y dx 

— 00 —00 

00 

< 2 «+ 2 / {/„(*)}* dx -2o? >v - ... -2o 2 v < 3« 

— 00 

for n sufficiently large. This proves (3.7.2). 

Theobem 66. If a v a 2 ,... arc given numbers such, that ]£ a* is 
convergent , iAere is a function f(x) of L 2 (— 00 , 00 ) cacA $Aa$ (3.7.1). 
Aofcfo. 

This is the Riesz-Fischer theorem for the set ifr n (x). By Theorem 64 

J I f «m &»(*)!*<&= 2 <> 

“ 00 

which tends to 0 as n and N tend to infinity. Hence, as n->oo, 

2 “aW*) 

m-0 

converges in mean, to f(x) say; and 

00 00 n 

f f(x)tfi T (x) dx = lim f 2 a m ifi m (x)ift r (x) dx 

•L n->® m—0 

— 00 —ao 

= o r . 
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3.8. Theorem 57. The Fourier transform of <f> n (x) is i n <f> n (x). 

For 

OO 00 

J <f> n (x)e ix v dx = (—1)» J e1xv+ix ‘{^j n e~ x ' dx 

— oo — oo 

00 

= J e ix >>+t*' dx 

— 00 

oo 

= J eH * +iv) ' dx 

— 00 

oo 

= (— i) n e** J e«*+ { >>r dx 

— 00 

00 

= (—i)»e‘ J e-* x ' +ixv -* v ' dx 
— 00 

= (~i) n e*'^ n J(2n)e~v' 

= i n J(2ir)<f> n (y). 

Alternatively, let 

®n(y) = J 4>n( x )e iXU dx. 

— 00 

00 

Then <t>^(y) = — J x*<f> n (x)e ix « dx. 

— oo 

Also, integrating by parts twice, 

oo 

®-<»> = S 

— 00 

Hence 

on(y)— y*®»(y)+(2n+i)®„(y) 

00 

= J(h) J + ( 2 «+ 1 )<f>n( x )}e iXV dx 

— 00 

= 0 . 


Thus <D n (x) satisfies the same differential equation as <f> n (x); and it is 
easily seen that, if e* x ‘<f> n (x) is a polynomial, so is e ix 'Q> n (x). 
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- im \ iy - 

— oo 

— 00 

= {(—l) n z n +...}e- lx \ 

\dxj 
00 

Hence - f e~^ v 'y n e txv dy — {(—l) n x n -f-...}e~ l *\ 

v(" 7r ) J 


and also 


and hence 




_ t"(2»a; n +...)e-* :r ’. 


Hence 


c„ = i». 


3.9. Fourier transforms, fourth method. Take, for example, 
an even function f(x) of L 2 (0,oo), and let 


Then 


«» = J f(x)>p n (x) dx. 
— 00 

®1 =: ®3 == ••• === 0 , 

oo 

a 2n = 2 J f(x)f 2n (x) dx, 


and n ?o°* n = 2 J W*)}* d ** 

By Theorem 56 there is an even function g(x) such that 

00 

(~ = 2 J g(x)>J) 2n [x) dx (n = 0,1,...); 

0 

and J {?(*)}* dx = |«S n = / {/(*)}* dx. 

The relation between/and g is plainly reciprocal. 

We now identify g(x) with the Fourier cosine transform of f(x) 
previously obtained. 
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We have 

J (V) d V = ( -1 )"*/(“) J S *~- % J lM*)cos 

0 0 0 

- f-w© / w,) * / =(-i)-y® /*»«> *. 

7 0 0 7 0 
since ^> 2 n(0 belongs to L(0, oo) and the ^-integral converges boundedly. 
Hence 

f m^ dy - Km f *?i» f l-D-aM)* 

J y y 

- 2 J*-«>* - 7(1) /'«> 

n ~° 0 0 

so that / and g are Fourier transforms in the ordinary sense. 

Similarly, by taking f(x) odd, we obtain the theory of sine trans¬ 
forms. 


3.10. Convergence and summability. We can now prove 
theorems for L 2 functions corresponding to Theorems 3 and 14. 

Theorem 58. If f(t) belongs to L 2 (— oo,oo), and is of bounded 
variation in the neighbourhood of t = x, then 

A 

i{/(*+°)+/(*-°)} = -/Ts-cbm f F(u)e~ ixu du. 


The transform of 0(u) = e~ ixu (|«| < A), 0 (|«| > A), is 
A 


9(v) = 



e -ixu-iuv d u — 


//2\ sin A(x-|-?;) 
V \irj z+V 


Hence, by Parseval’s formula, 




. .sinA(£-r) 
J x—v 


dv . 


The result now follows from the theory of Fourier’s single integral 
(Theorem 12, case i (a)). 
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Theorem 59.f If f(t) belongs to L\— 00,00), then 

= ^S)SZ / ( 1 -T i )' ( ‘ ) ^“*‘ 

h A 

wherever j \f(x+t)+f(x—t)—2f(x)\ dt = o(h) 

0 

as h 0, and so for almost all values of x\ and Fourier's repeated 
integral for f(x) holds almost everywhere , if both integrals are taken in 
the (C 9 1) sense. 

<A),0(|«| > A), is 


The transform of Q(u) = (1 


g{v) = 



l(2\ sumx+v) 

V \n) A(x+w) 2 


Hence by Pareeval’s formula 

/= 7Q j m 

-A -CO ' " 


and, as in § 1.16, the result follows from Theorem 13. 

The result also holds with / and F interchanged, and this gives the 
second part of the theorem. 

We also deduce 


Theorem 60. If 

ffx) - l izq&) 1 

—a 

where tfi belongs to L % , and also 

00 


where x belongs to L, then 0 = x* 

For by the above theorem 

—A 

is equal to ifi(x) almost everywhere; and by Theorem 14 it is equal to 
X(x) almost everywhere. 


t Plancherel (3). 
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3.11. Convergence almost everywhere. If f(t) belongs to L a , 
the integral „ 

J f(t)e ixi dt 
— 00 

converges in mean; it is also summable (<7,1) almost everywhere, by 
Theorem 59, since in this theorem / and F are interchangeable. 

It is not known whether the integral necessarily converges in the 
ordinary sense almost everywhere. As in Theorem 58 it would be easy 
to make it converge almost everywhere by imposing extra conditions 
on F(x). The object of the next sections is to state simple additional 
conditions on f(x) itself which make the integral converge almost 
everywhere. 

Theorem 61.f If f(t) belongs to L 2 (— oo,oo), then 
A 

J j(t)e ix *dt = o(log A) 

wherever h 

x(h) = J \F(x+y)+F(x-y)-2F(x)\ dy 
0 

as h^ 0; and so almost everywhere. 

As in the proof of Theorem 58 

//»)«"*=7(1) j 

-A -oo 

Now 

ao 2 oo oo oo 

| F(x+y) Bit ^dy < J J \F(t)\*dt 

1 11 —00 

t 

and similarly for the integral over (— oo, —1). Also 

J F(x+y)™^ dy = j {F(x+y)+F(x-y)}™*'dy 

-1 0 
1 

, = J {^(*+y)+ F(x-y)-2F(x))*™^dy +0(1) 


(3.11.1) 

= o(h) 


f Plancherel (3). 
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if F(x) is finite. The modulus of this integral does not exceed 
l/A l 


A j \F(x+y)+F(x-y)-2F(x)\ dy + \ \F(x+y)+F{x-y)—2F{x)\ 
o l/A * 

If x(h) — °(A), the first term is o(l), and the second is 

/ ™ f “ [f]l + / - 0(1H. / * - t** 


l/A ' l/A 

This proves the theorem. 

Theorem 62.f If f(t) and also f(t)log(\t\-{-2) belong to L 2 (— oo,oo), 

A 

(3.11.2) 


then 




almost everywhere . 

We have 

A A A 

j f(t)e<*dt= f (l-M)/(<)e^d< +1 J |*|/(0e«(tt. 

—A —A —A 

The first term tends to J(2tt)F(x) almost everywhere, by Theorem 59. 
Hence it is sufficient to prove that 

A 

J \t\f(t)e ixi dt = o(\) 

-A 

almost everywhere. By Theorem 61 
A 

^(A) = J f(t)\og(t+2)e ixi dt = o (log A) 

0 

almost everywhere. If x is a point where this is true, then 
A A 




r w) f 


J {log«- 


Llog(<+2)J 0 J |log(<+2) (<+2)log*(<+2) 


<f>(t) dt 


_ Ao(logA) 
_ log(A+2) 

and the theorem follows. 


A 

f J o(l) dt = o(A), 


t Plancherel (3). 
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3.12. In spite of the satisfactory appearance of the above analysis, 
it is possible to improve on the result. 

Theorem 63. If f(t) and also f(t)<Jlog(\t\+2) belong to L 2 (—oo,oo), 
then (3.11.2) holds almost everywhere .f 

Mx) OO 

Let 0(x) = f f(t)e ixi dt = f f(t) a>(aj, t)e ixi dt , 

-A(*) -® 

where A(a?) is any function of x such that A(a;) < a, and where 
o)(x,t) = 1 (|J| < A(#)), 0 (|<| > A(x)), so that a >{x,t) = 0 for |l| > a 
and every x . Then 

£ $ 00 
10(a:) dx = J dx j f(t)w(x, t)e ixl dt = J f(t)yj{log(\t\+2)}x(t) dt, 


where 




(the Grange being really finite). Hence 

I &(*) dx ^ J lf(t)l 2 log(ltl + 2 )dl J lx( 0 l 2 dt. 


00 00 c f 

J lx(OI 2 dt= J J <o(x,l)e M dx f w(t/,t)e-Md!/ 


( ( 


= f dxfdy f 

J J V J log(|*|+2) 

0 0 —00 

$ € -A (x,y) 

J J ^ J log(|<|+2) ’ 


J J J log(|<|+ 2 ) 

0 0 —A(x,y) 

where A(a,i/) = min{A(a;),A{t/)}. Writing A(z,t/) = A, we have, on 
integrating by parts twice, 

A 

f co *( x —y)t jj _ sin(s—y)A 1—cos(a;— y)X 

J log(<-f 2) ~ (s—y)log(A+ 2) + (z—y) 2 (A+2)log 2 (A+2) + 


A 

J {l-ooB(*-y)0 


log(<+2)+2 

(*+2)*tog»(*+2)' 


t The theorem for series is given by Plessner (2). 
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say. We now observe that if F(x, y, t) = F(y, x , t), then 

I i i , t i 

J J F{x,y,X(x,y)} dxdy <2 j dx j |J’{x,y,A(x)}| dy. 

*00 loo 

For let Q be the square 0<x<£, 0<y<£, and let 

Qi = Q{ [A(x) < A(y)}, Q 2 = Q{ A(x) > A(y)}. 

Then in Q v A(x, y) = A(x), and in Q it A(x, y) — A(y). Hence 

| JJ F{x, y,X(x,y)}dxdy 

< JJ |F{x,y,A(x)}| dxdy + JJ |F{x,y,A(y)}| dxdy 


Qi Q. 

f f 

2 J dx J |F{x, y,A(x)}| dy 


by symmetry. 

It follows that 


i e. 


JJ*** 


Now if 0 < x < 


i («*; t f(A(*)+t} \ 

f &>***[ j ^+i 

o * y 0 ' 1 ^ 


Hence 


= 2[l+logf+log{A(x)+2}]. 


JJ*** < < | 1 +, T 4 ^ )+2) <fa<gtf) - 


Similarly 


f f r ^ „ f_dx_ f 1— cos{(x—y)A(x)} , 

J J Ji dxdy < 2 J {A(a!)+2}log t {A(a . )+ 2 } J (*-y)» * 


J W* 


)+2}log*{A(x)+2} 


dx < .£(£). 
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Also 


it | 

J J* J a dxdy < J* 

0 0 ' 0 


lo g(t+2)-f 2 
(<+2)%>g 3 ~(<+2) 


it 




cos (x-y)t dy 


V ) 2 


K(£) f fa _ K(£) 

(f) J (<+2) 3 log 3 (<+2) d< (f) ‘ 


Hence, for every A(x), 


j <D(x) dx * < X(f) J {/(<)} 2 log(|<|+2) 


A(x) 


Let 


<f>(x, T, T‘) = max f f(t)coa xt it. 

T^MxXT A 


Then <f>(x, T,T’) is the difference between the real parts of two 
integrals of type 4>, in which f(t) = 0 for t < T and t > T’. Hence 

f 2 

/ t{x, T, T')dx 


< 


K(b j {/(<)} 2 log(<+2) dt < K($) j{/(0} 2 log(<+2) dt. 

T 


As T' -> oo, A(x) 

6(x, T, T') -> <f>{x , T) = max f f(t)coaxt dt, 

TC\(x) A 


Ate) 


and <f>(x, T, T') 0, since j f(t) cos xt dt — 0 if A(x) = T. Hencef 


j #z, T)dx < K(t) j |/(«)l a log(<+2) dt. 


It is then clear that, given €, we can choose a sequeiice T v T 2 ,... 
such that <f>(x, T n ) 0 except when x lies in a part of the interval 
(0,£) of measure less than c. A similar argument applies to the 
function \fj(x, T) defined with ‘min’ instead of ‘max’. Since 

tt' 

J f(t)cosxt dt 

u 

^ i/j(x,T n ) 

if T n ^ u < u', it follows that J f(t)coaxt dt converges for 0 < x < f 
except for a set of measure less than €. 



f By Fatou’s theorem; Titchmarsh, Theory of Functions , § 10.81. 

O 
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—►oo 

Hence J f(t)cosxtdt 

o 

exists for almost all x. Similarly, the sine integral converges for 
almost all x. Hence the limit (3.11.2) exists almost everywhere; since 
the limit and limit in mean of a sequence are equal almost every¬ 
where, by Theorem 48 its value is almost everywhere F(a;). 


3.13. Theorems on resultants. 


Theorem 64. Iff(x) and g(x) belong to Z 2 (— oo,oo), then (2.1.9) are 
tran8form8 in the sense that (2.1.8) holds for all values of x. 

For a fixed t , the transform of f(u+t) is 


l.i.m. 

o-m o 


1 

V(2tt) 


a a+t 

f f(u-\-t)e ixu du = l.i.m. e . - r I* f(v)e ixv dv 
J o—►oo y(27r) J 

—a —a+t 


= F(x)e~ ixt . 

The result therefore follows from Parseval’s formula, Theorem 49. 


Theorem 65. If f(x) belongs to L \— 00,00), and g(x) to L {— 00,00), 
then (2.1.9) are transforms of the class L 2 . 

Since F belongs to L 2 and 0 is bounded, FO belongs to L 2 . The 
integral of its transform is 

ao 

^ J (3.13.1) 

— 00 

Now the transform of 0(u)(e- ixu —l)/(—iu) is 

a 

1 r p-izu _ 1 

l.i.m.—i- <?(«)-— ~e~^du 

0-00 V(2w) J —tu 

—a 

a 00 

= l.i.m. f - - Ille-^du f g(t)e*i u dt 

Or -«0 2ir J —XU J 

— a —00 

= l.i.m.- f g(t)df [ *M*+y-t)u-*in(y-()u du 

a-*ao 7T J J u 

— 00 0 

x+y 

= S g(t)d£ (x > 0), 

V 
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the ordinary limit existing by dominated convergence. Hence 
(3.13.1) is equal to 

m /*»>*/»<fl* 

-oo -y 

oo x 

= J f(y) dy J g(u-y) du 

— oo 0 

X oo 

= J du J f(y)g(u-y) dy, 

0 — oo 

this inversion being justified by absolute convergence. The theorem 
now follows on differentiating with respect to x . 

The direct proof that, if / is L 2 and g is L , then 

oo 

H*) = j f(y)g(x-y) dy 

— oo 

is L 2 y follows from the inequalities 

IM*)I 2 < J \f(y)\ 2 \g(x-y)\dy f \g{x-y)l dy 


oo 00 

= / \f(y)\*\g(x-y)\dy J \g(u)\du, 

— OO —00 


00 00 oo 00 

I |A(x)|*dx< J \g(u)\du J \f(y)\ 2 dy J \g(x-y)\dx 

— CO —00 — 00 — 00 

= J \f(y)\ 2 dyl J |flf(«)| du\ . 

— 00 ' — oo 

Theorem 66. If f(x) is positive and L(— oo, oo), and F(x) is its 
transform , tf/iew /'(x) is o/ the form 


F(x) = J (f>(t)<f>(x—t) dt , 


(3.13.2) 


where <f> is L 2 (— oo,oo); and conversely , i/ i^(x) is o/ fAis/orm, it is 
the transform of a function f(x) which is positive and L. 
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If f(x) is positive and L, Jf(x) is L 2 ; let 0(x) be its transform. Then 
0 is L 2 , and by Theorem 64 

^ 4« 

is the transform of <Jf. <Jf = /. 

Conversely, if (3.13.2) holds, then // x /(2tt) is the square of the trans¬ 
form of <f>, and so is positive and L . 

00 

Theorem 67. If f is L, then F = J <f>(t)ip(z—t) dt, where <f> and tf> 

— 00 

are L 2 \ and conversely. 

For/ = V|/|xVl/|8g n /- 

3.14. Special theorems. Theorem 68. If both f(x) and f'(x) 
belong to L 2 , then both F(x) and xF(x) belong to L 2 \ and conversely. 

We have {/(*)}*—{/(0)>« = 2 j f(t)f’(t) dt, 

o 

which tends to a limit as x -*■ oo. Since {f(x)} 2 belongs to L, it can¬ 
not tend to a limit other than 0, and so tends to 0 as x -*■ oo. Now 

a a 

J f'(u)e ix ' t du = [f(u)e ixu ] a _ a —ix J f(u)e ixu du. 

-a —a 

As a -> oo, the left-hand side converges in mean square, to *J(2tt)Q>(x) 
say. The first term on the right tends to 0, uniformly in x. The 
second term on the right converges in mean square to —J(2n)ixF{x), 
at any rate over a finite interval. Hence 

0(a;) = —ixF(x), 

and since 4>(x) belongs to L 2 the result follows. 

Conversely, if xF(x) is L 2 , let <f>(x) be its transform. Then 

I #*> du ~^) J iu 

0 ' —oo 

00 

=jhf F ^-‘“ du - c 
— 00 

say, F(u) being L(— oo,oo), since F and xF are L 2 . But the first term 
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on the right is if(x) almost everywhere, and we may take it as the 
definition of if(x) everywhere. Then 

X 

J <f>(u) du = if(x)—C 

o 

everywhere, and the result follows. 

The result can obviously be extended to any number of derivatives. 


3.15. Theorem 69. If f(x ), F c (x) are cosine transforms of L 2 , 
so are 


Ijmdt, j^dt; 


and similarly for sine transforms . 

That the second pair of functions belong to L 2 is a theorem of 
Hardy. (Sec Titchmarsh, Theory of Functions , p. 396.) 

To prove that they are transforms, we have 

0 0 
The cosine transform of this is 


nduj x J cyJ> xy 9 


2 d_ f F c {y) . f sin xu sin xy ^ 

du J y y J x 2 


= ± [W™ 

du J y 
0 

= 3j{ / FM iy+u j nr *} ” / IT 


min (u,y)dy 


almost everywhere. 

The inversion is justified by absolute convergence. In fact, if y <u, 

OO 1/u 1 ly 00 


1/U 


llv 


= 2/+ylog^+y = ^2+log|jy, 



04 


TRANSFORMS OF THE CLASS L* 


Chap. Ill 


and, similarly, if u < y; and the integral 

J IWI^+logj) dy +u J M(2+log|) dy 

0 U 

is convergent if F c belongs to L 2 . 

3.16. Another case of Parseval’s formula. 

Theorem 70. Iff is L, and g is L 2 and bounded, then 

A CO 

lim J |l —\-^F(x)G(x)dx= J f(x)g(—x) dx . 

-A -oo 

We have 


-A -A -oo 

-oo -A 

inverting by uniform convergence. As in the proof of Theorem 59, 
the inner integral is equal to 



si n»iA(s+ «) 
yK ] A (x+u)* 


This is bounded if g(u) is bounded, and tends almost everywhere to 
^(27 T)g(—x). The result therefore follows by dominated convergence. 

3.17. Mellin transforms. We shall say that f(x) belongs to fi 2 if 

J |/(*)|*^<oo. 

0 

Theorem 71. Let x k f(x) belong to 2 2 . Then 

a 

%(s, a) = J /(a;)®*- 1 dx (R(a) = k) 

l la 

converges in mean square over (&—too, &+ioo), to %(s) say; 

k+ia 

/(*»«) = J &(s)x-'ds 

k—ia 
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converges in mean to f(x ), in the sense that 


lim f \f{x)—f(x,a)\ 2 x 2k -idx — 0; 
£*—►00 J 


and J |/(*)| 2 * 2fc_1 dx = j |3(&+*£)| 2 dt. 

0 —oo 

This follows from Plancherers theorem by the usual trans¬ 
formation. 

Theorem 72. Let x k f(x) and x^ k g(x) belong to £ 2 . Then 

00 Jc+ioo 

J f(z)g(x) dx = - J 3 ( a )®( 1-a ) 

0 k-ioo 

This is the corresponding transformation of Theorem 49. 

Theorem 73. Let x k f(x) and x a ~ k g(x) belong to £ 2 . Then 

k + ioo 

f(x)g(x), J 5 ( m ))©(«— w) dw 

k-ioo 

are Mellin transforms in the sense that 

00 & + 100 

j f(x)g(x)x a ~ 1 dx = j* 3(it>)©(a— w) dw 

0 k—ioo 

for all values of t. 

This is obtained by replacing g(x) by g(x)x 8 ~ 1 in the previous 
theorem. 



IV 

TRANSFORMS OF OTHER L-CLASSES 


4.1. Transforms of functions of L p . Plancherel’s theorem can 
be extended from the exponent 2 to a general exponent p. Through¬ 
out the chapter we write p' = p/(p — 1), and similarly for other 
letters. 


Theorem 74.f Let f(x) belong to L p (—oo,oo), where 1 < p < 2. 
Then, as a -*■ co, a 

F{x>a) = 7 ("L) J f {t)eix>dt < 411 ) 

—a 

converges in mean with exponent p\ The mean limit F(x)> called the 
transform of f(x), satisfies 

vl/(P-l) 


J J m\ p dx\ 

— 00 —00 

The Fourier reciprocity holds in the sense that 

00 

1 d 


F(x) = 


*J(2n) dx 


almost everywhere. 

As in the L 2 case, we might replace F(x, a) by 

—a 

where a -> oo, 6 -> oo, in any manner. 


(4.1.2) 


r pixt_ j 

J m dt > 

— OO 

(4.1.3) 

00 

C -n . J 


J * 

(4.1.4) 


4.2. The most obvious source of such results is in the formulae 
(2.1.11). If & is an integer, the transform of {^(a;)} fc is formally 
(27r)-**+ty fc (a;), where 

00 00 

Mx)= J <*«*-!••• / f(u l )f(x-u 1 -...-u k _ 1 )du 1 . 

— oo —oo 

We can deal with such integrals by means of the following lemmas. 

t Titchmarsh (2). \ See Hardy, Littlewood, and Polya, Inequalities, pp. 198-203. 
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Lemma a. (Young’s inequality.) If f(x) and g(x) belong to I^u-A) 
and respectively, where A > 0, p > 0, X+p < 1, then 

ao 

j fgdx 




(j |/| 1/(1 - A >|?| 1,(1 -' i) ^) 1 j \f\ m ~ X) dxJ(j \g\w-^dx^j\ 
Holder’s inequality for three functions is 

J Hx^ x \ < ( J I0l 1, “<&) ( J 101^ dxfl J |xl Vy <to) y . 

— 00 I — OO ' '—00 ' '—00 ' 

where a+j8+y = 1, a > 0, j8 > 0, y > 0. Putting 

I0I V “ = W^lxl*. I0l l+a//j = I/I, lxl 1+#fr = If I. 

and y = A, j8 = p, the result follows. 

Lemma p. Let 3 p (f) = ( J |/(jr)|* dxY* 

'—oo ' 

00 

If 4>{x) = J f(t)g(x-t) dt, 

— oo 

<Aen 3 1/(1 _ a _ (1 ,(0) < 3iai-a)(/)3iAi- m )(9')- 

Young’s inequality gives 

I0(*)l < ( J |/(OI V(1 - a %(*-OI 1,(1 -'* ) ^ 1 “ A “'‘x 

Hence 

oo oo oo 

J |0(*)| 1/<l - A -f‘ ) ^ < | |/(<)| 1/<1_A) dt | l^-oi^-^darx 

— oo —oo —oo 

x{3 iAi _ A) (/)}m»->xi-A^){3 iAi _ m) ( 9 ) } A/(i-mXi-A-,.) 

= ~^ l+ r ~^« 

and the result follows. 

Lemma y. ///(*) belongs to i* -11 , <Aew 0 fc (x) belongs to L*, and 

j {<f> k (x)}*dx^ ( j \f(x)\*IM-»dxY k ~ 1 
— 00 — 00 ' 



98 


TRANSFORMS OF OTHER L-CLASSES 


Chap. IV 


We have <f> k (a .;) = J dt, 

— 00 

and, applying the previous lemma repeatedly, 

3i /( x -^ 3x /( i - ? w) ( ^- i)3i /( i -^)^ ) 

< 3 V<‘-< ... < (3./(-i) ( fl)‘. 

the result stated. 

4.3. Prooff of Theorem 74 for p = 2kj{2k—\). Suppose first 
that/(a;) and g{x) belong to L 2 , and are zero outside a finite interval. 
Then „ 

J ?(%)/(*-%) du i 

— 00 

satisfies the same conditions, and (e.g. by Theorem 64) its transform 
is F(x)G(x). 

Repeating the argument k— 1 times, and making all the functions 
equal, we see that the functions {^(a;)}* and (27r)-i k +t<j> k (x) are trans¬ 
forms of the class L 2 . Hence 

oo oo 

| ^ J \|&(*)| 2 dx 

— 00 — 00 

1 / ? \sk-l 

< rS pr( J I/Ml•*-"*) 

This proves (4.1.2) for the special class of functions considered, and 
p — 2kj(2k—l). 

Now let f(x) be any function of the class L® 141 . The function 
equal to f(x) if a < |x| < b and \f(x) \ < n, and to 0 elsewhere, 
belongs to the special class. Applying the above result to it, and 
making n-*- oo, we obtain 

00 —a b 

J |^(*,6)—j + j)|/ ( x)| 2fc ,<»-»<*rp\ 

— 00 b<l 

The right-hand side tends to 0 as a -> oo, b oo. Hence F(x, a) con- 

t The argument is analogous to that of W. H. Young for Fourier series. For a list 
of Young's papers see Zygmund’s bibliography. 
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verges in mean, to F(x) say. We have 


00 00 

f |.F(a;)| 2,: dx — lim f | F&a)^ dx 

J a—>oo J 

— 00 — 00 

l IT \»-i 

-(is*-* / ^ * • 

— 00 ' 

\lso 

( i (a 

f F(x) dx = lim f F(x, a) dx = lim f dx f f(t)e ixl dt 

J a-*co J a~*ooJ(2i t) J J 

0 0 O-o 

- I m . m / m ‘-u~ * - m S /( °t * 

— a —oo 

1 d? pixt— 1 

so that !■(*)= nty-r-tdt 

v ' J(2ir)dx J ,/w 


*(*) = 


1 jd 

V(2tt) da: 


almost everywhere. Again, if 0 < £ < a, 


S J *<“•' 




-<f“— 1 


—a —oo 

f 

= J /(*) *, 


e ivi du 


the inversion being justified by the bounded convergence of the 
^-integral. Making a -> oo, we obtain 

1 f. 




since (e -< f u —!)/(—»«) belongs to Z 2 */* 2 *- 2 ). Hence 


oo 

1 dr c-ixu _l 

mi 


almost everywhere (x > 0). Similarly for x < 0. 
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4.4. Extension to general p. To extend the theorem to other 
values of p we first prove the corresponding theorem for trigono¬ 
metrical polynomials. 

Lemma 8. For any given numbers c m (—n < m < n), 




(4.4.1) 


We give two proofs, the original proof of Young and Hausdorff 
and a later one of Hardy and Littlewood. 

(i)f Let f(t) be a function of L(—7r f rr), and let 


We write 


7T 

i- J <tt (m = 0,±l,...). 

— it 



(4.4.2) 

(4.4.3) 


and S p (f) = (i\c m \»y p (4.4.4) 

We have to prove that, for any trigonometrical polynomial/^), 
J P - <S p (1 < p < 2). (4.4.5) 

If p is of the form 2k/(2k—l), this follows from the argument for 
sums parallel to that just given for integrals. If 

/(*) = 2 c m e lmx , g(x) = 2 y m e imx , 
then f(x)g(x) = J d m e imx , 

where d m = £ c,y m _ r . 

The analogue of Lemma j3 is therefore 

^l-A(4.4.6) 
and, as in Lemma y, it follows that 

W) < (4 ' 4,7) 

But for any trigonometrical polynomial <f> 

SM) = «W). (4.4.8) 

Thus W) = W = R*(/)} fc , 

and (4.4.5) with p = 2k/(2k—l) follows. 

To extend it to other values of p we consider maximal polynomials, 
viz. those for which J%. is a maximum for a given value of S$, and 

t Hausdorff (1). 
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a given n. Since S%, J$. are continuous functions with continuous 
partial derivatives with respect to the components x mi y m of the 
coefficients c m = x m -\-iy m , maximal polynomials exist; and we can 
determine them by the ordinary method of the differential calculus. 
Let 

4> = S ^ = i f m\ v 'dt. 

m- -n ATT J 

—it 

Then the condition for a maximum is 

dtp dip 

F_ = 3 =a = 

8x m tym 

H | f H 

Hence ^= A (m = —n, 

dx m + 1 ' d y m 

Nowf 

+ = P( x m+iy m )( : * : 2 m+yl ) ip - 1 = 2>|c m | p - 1 8gnc m . 

8x m °Vm 

Also m\*=mi(t), 

w)\£- i/wi =/(o^/(o+/(o^/(o 

and similarly 21/(<) | 1/(<) | = j(t)ie. imt —f{t)ie- inU . 

°y m 

Hence / ^ o v 

2W,l te +i ^;) l/( ‘ ,l = 2/< ‘ )e "" 

k; +i ^ l/, ‘ )l = e '‘" 8gn/< ‘ ) ' 

ir 

Hence + = £ f \f(t)\P'- l agnf(t)e-™dt. 

8x m fym 2ir J 


Nowf 


Hence 


Hence 


7 T 

^ J 1/(0l p-18 8 n /(0 e ~ imi dt = Ap|c m | p-1 8gnc m (m = 

-* . (4.4.9) 


t 8g nz = T-r (z # 0), 8gn0 = 0. 
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7 r 

£ j m\*-dt=x P z\c m \p, 


i.e. p'= \pS%. (4.4.10) 

Now (4.4.9) gives the first 2 n +1 Fourier coefficients of the function 
1/(0 l p _1 sgn/(J). Hence Bessel’s inequality for this function gives 


n 77 

2 ^l c ml p_1 sgnc m f l/Wl p -1 s gn/(01 2 dt, 

a——n “ J 

— 7T 

n 77 

2 J 


n 77 

ie 2 ^ f i/wi*'-* 

* »—» -i 

i.e. < P'*JZ-l 

From (4.4.10) and (4.4.11) it follows that 

S} ^ sp -} 2 

for every maximal polynomial. 

Let r' = 2p'-2, r = 2/(3 -p). 

Then it follows from Holder’s inequality that 

s?- 1 < s&i 2 s$-p, 

and (4.4.12) and (4.4.13) give 


(4.4.11) 


(4.4.12) 


&Y < ® P '- 1 
WJ ^ W • 


(4.4.13) 


(4.4.14) 


Now suppose that (4.4.5) holds for p’ — r and all polynomials. 
Then it follows from (4.4.14) that it holds for p’ = £r'+1 for maximal 
polynomials, and so a fortiori for all polynomials. We have already 
proved it for p’ — 2k. Hence we deduce it in succession for 

, / i i i"i"3 k- (-7 

i.e. for all rational numbers whose denominators are powers of 2. 
Since these numbers are everywhere dense, the general result now 
follows from the continuity of S p and J p > as functions of p. 

(ii)t We again consider maximal polynomials; but, instead of the 
general condition for a maximum of a function of many variables, 


t Hardy and Littlewood (1). See also F. Riesz (1). 




4.4 


TRANSFORMS OF OTHER ^-CLASSES 


103 


we use the theorem that, in Holder’s inequality 

the case of equality occurs only if the \a m \ v and |6 m | p ' are propor¬ 
tional. Also this proof is independent of the lemmas of § 4.2. 

We define 8 p and J p as before, and write 

/»(*)= 2 CmC imx . 

m=> —n 

For given n and p, let the upper bound of 8 P '(f n )/J p (f) for all / 
be denoted by if = M(n) — M p (n); and let the upper bound of 
Jp'(f n )l8 p (fn) for ft ll sets of c m be M' = M'(n) = M p (n). We first 
show that these bounds exist for every n. 

We may suppose on grounds of homogeneity that 8 p >(f n ) = 1. 
Then \c m \ p ' > l/(2»+l) for some value of m. Hence 

rr 

(2n+l)-^’ < |c m | < ^ J l/(*)l dx < J p , 


and so 
Again, let 

and let 


M p (n) < (2n+l) 1 ^. 
g{x) = !/»(*) l p -1 B S a fn( x )> 



J g(x)e~ imx dx. 


Then „ 

= x- f /»(*)?(*) dx= f c m y m < £ \c m y m \ 

Lit J m— —n m— -n 

< i(fn)S p <9n) < MS p (f n )J p (g) = MS p (f n )JU<*-»(f n ), 

(4.4.15) 

and, dividing by it follows that if' is finite, and if' < if. 

Agam, if A n (a;) = f |c n ,| p - 1 sgnc m e 1 "“, 


we have (by an obvious term-by-term integration) 

ir 

S$(fn) = ^ J /(*)M*) ^ < J p (J)J p \K) < M'J p (f)8 p (h n ) 

= M'J p (f)S$-'(f n ), 

and hence if < if'. Hence in fact if = if'. The example /(*) = 1 
shows that if ^ 1. 

Suppose now that/„(*) is a polynomial for which the maximum if' 
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of Jp'(f n )l8p(fn) attained (since it is a continuous function of the 
variables c m , there is such a polynomial). Since M = M ', the extreme 
terms of the chain (4.4.15) are then equal, and so all the terms are 
equal. The case of Holder’s inequality used is therefore an equality, 
and hence | c jp = A|y m |*' (—» < m < n), 

where A is independent of m. Hence 

w=^ n ). 

But, since f n is a maximal polynomial, 

S p (f n ) = = M-PS»rl(g n ), 

the last step depending on the equality of the 5th and 6th terms of 
(4.4.15). Hence A = M-p'S$-p~ v \g n ). 

Let r’ = 2p'-2, r = 2/(3-p). 

Then by Bessel’s inequality 


7r 


_ _L_ p-i / p \ 2(a-p) 

Since 2 IVml* -1 < (2 bml ) 3 ’ J, (2 lyml*- 1 ) 3 » . 

the product of these 8 -terms on the right-hand side does not exceed 
S*(g n ). Hence j < MfMf*, 

and so M r ^ AT* > M p . 

We can now repeat the argument with p replaced by r, and r by 
* = 2/(3—r); and so on indefinitely. We thus obtain a sequence of 
values of p tending to 1 (since r'—2 = 2(p'—2), etc.) through which 
M p is non-decreasing. But 

Mp(n) < (2n+l) Vp ' -*■ 1 

as p -*■ 1 , p' -*> oo, for a fixed ». Hence JH^,(») = 1 . 

4.5. We can now prove Theorem 74 by the method used in § 3.2. 
Let f(x) belong to IP, 1 < p < 2, and define a v and<l> n (a:) as in § 3.2. 
Then 
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by the above lemma; and 

(*+l)/A , (v+i)/A . p -1 


\w-Tx.„t\ . wri)i/i ,p-i (v-f-l)/A 

k\ p < j i/(*) \ p dxi j dx\ = -L r i/(*)i**f. 

WA ' V/A ' V/A 


irA 


r t ? \ 1/(23—l) 

Hence J |<D n (x)|P'da: <2, |/(*)|» da:) 

— ttA -6 ' 

It follows as in § 3.2 that 


\F(x,b)—F(x,a)\*>' dx < J + J j |/(a0| p dx^* 

Hence F(x,a) converges in mean as a->oo, to F(x) say, with ex¬ 
ponent p’. The remainder of the proof is the same as in the special 
case where p ' = 2k. 

Still another proof of Theorem 74 can be obtained from a general 
theorem of M. Riesz on functional operations. See Zygmund, § 9.2. 


4.6. The Parseval formula. 

Theorem 75. If f(x) and 0(x) belong to L p {— oo,oo), 1 < p < 2, 
and F(x) and g(x) are their transforms , then (2.1.1) holds. 

We know that if <f>(x) is L p , and i/j(x, a) converges in mean to 
tft(x) with exponent p, then| 

lim f {ip(x)—ifj(x,a)}<l>(x) dx == 0. (4.6.1) 

a-+oo 

Now 

b ha 

J F(x y a)G(x) dx = J G(x) dx J f(t)e ixi dt 

~b " ~b -a 

ah a 

= J f {t) dt J °W eixidx = J J{t)g{-t,b)dt. 

—a —b — a 

Making a ->oo, and applying (4.6.1) to the left-hand side, we obtain 

b a> 

j F(x)0(x) dx= j f(t)g(-t,b) dt. 

— b —oo 

Making 6->oo, and applying (4.6.1) to the right-hand side, we 
obtain (2.1.1). 

There are also obvious extensions of Theorems 58-62. 


f Titchmarsh, Theory o} Functions, § 12.53. 
H 
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4.7. Theorems on resultants. 

Theorem 76. If f(x), F(x) are transforms of L p , L p ', and g(x), 
0(x) of IP', IP, then (2.1.9) are transforms in the sense that (2.1.8) 
holds for ail values of x. 

Proof similar to that of Theorem 64. 

Theorem 77. If f(x), F(x) are transforms of IP, IP', and g(x) is L, 
then (2.1.9) are transforms of IP, IP'. 

Proof similar to that of Theorem 66. 

Theorem 78. Let f{x), F(x) be transforms of IP, L p ’, and g(x), 
0(x) of IP, IP, where 

> 1. (4.7.1) 

P ? 

00 

Then F(x)0(x), -j~ J f(y)g(x—y)dy 

— 00 

are transforms of classes IF, L p respectively, where 

p M 

p+q-pq 

That the resultant of / and g belongs to L p follows from Lemma j8 
of §4.2, with 1—A = l Ip, 1—/x = l/q. That FG belongs to IF 
follows at once from Holder’s inequality in the form 

J \FG\* dx < ( J | F\ p 'dx) p ' lp '( j \ Qp&tf*. 

The condition (4.7.1) implies that p < q', q < p’. Suppose that 
p < q. Then p < p’, i.e. p < 2. 

Suppose that 1 < P‘ < 2. Then FG has a transform, the integral 
of which is „ 

— 00 

Now G{u){e~ txu — l)l(-iu) belongs to L and to L 9 ’, and so to IP; 
and, by Theorem 74, 

*+y 00 

y —oo 

i.e. it is the transform of G(u)(e~ Uu — 1 )/(—iu). Hence, by Theorem 76, 
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J F(u)G(u) e 1 du = J f(y) dy J g($) d£ 

-oo —oo — y 

co x X co 

= J fiy) d y j g(n-y) du= j du J f(y)g(u—y) dy, 


0 -00 


and the result follows on differentiating. 
Suppose next that 1 < P < 2 . Then 


V(i> / 


has a transform, the integral of which is 

00 00 
i r pixu _i r 

2^ J iu — du J ^^-y) dy. 

— oo — oo 

This is the limit as a -> oo of 

oo a 

i r pixu _i r 

2 - J iu -du J f(y)g(u—y) dy 

— ao - a 

(since f ... dy = l.i.m. f ) 

' -00 (P) -a ' 

= i J 

— a —oo 

and by the Parseval formula (for 5 , q') the inner integral is equal to- 

X 

V(2 it) j G{v)e iv » dv. 

Hence we obtain 0 

ax x a 

J fiy) dy J G(v)e iv » dv = — J G(t>) dr J /(*/)e ,w dy 

-a 0 0 -a 

x 

j 0(v)F(v) dv , 

0 

since (?(i>) belongs to over ( 0 ,x). Hence the result. 

If p = l and J=l, then P = 1; see Theorem 41. 


4.8. Another extension of Plancherers theorem. We shall 
next obtain a generalization of Plancherel’s theorem in a different 
direction, due to Hardy and Littlewood.f 

t Hardy and Littlewood (1). 
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Theorem 79. If \f(x)\ q &~* (q > 2) belongs to L(—00,00), then F(x ), 
the transform of f(x), exists , and belongs to Lfl\ and 

OO QO 

J* \F(x)\ 9 dx < K(q) J |/(as)|«|as| 9-2 d*. 

— 00 —00 

(i) Consider the case q = 4. 

Suppose first that f(x) belongs to L 2 , and vanishes outside a finite 
interval. Then F(x) is L* and bounded, and <J(2n){F(x)} 2 is the trans¬ 
form of a , 

4¥)— / f{y)Kx-y)dy, 

— 00 

which also belongs to L 2 . Hence 

00 00 
2ir J \F(x)\*dx= J |^(*)| a dx. 

— 00 — °0 

Now f(x) = \x\~*g(x), where g{x) belongs to L A . Hence 


g(y) g(?-y) ,, _ f g(y) g(*-y) __i 


<j>(x) — [M^ny} d y= f 

n ] J lyl* l*-y|* J J 

— 00 — 00 

iml < J J 


|y|* I*—y|* ly| # l*-y|* 

dy 

|y|*l«-y|* 


d v> 


Hence 


00 

J l#*)l* 


dx < A 


00 

— ao 

J J \g(y)\ 2 \g(x-y)\' 


|g(y)l a lg(*-y)l ! 
lyl* I*—y|* 


dy. 


— 00 —00 
00 00 


l*l*|y|*l* — yl* dxdy 
|y(y)l*|yl* |g(*-y)l*l*-yl* 


dxdy 


A J J 1*1*1*—yl* l*l*|y|* 

— oo —oo 

— 00 —oo 

00 00 00 

= A J \g(y)\**y J dx = A J \g{y)\*dy. 
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00 00 

Hence J \F(x)\ i dx<A J \f(x)\ i x i dx. 

— 00 — 00 

The proof now follows the usual lines. Let f(x) be any function 
such that {f(x)}*x 2 is L. Approximating to f(x) over (a, 6 ) by a 
sequence of functions of the special type, we prove as in § 4.3 that 

J \F(x,a)—F{x,b)\ l dx < a( J°+ | W(x)|«x* dx. 

-00 ' —6 a / 

Hence F(x,a) converges in mean with exponent 4, and the theorem 
follows in the usual way. 

(ii) It is possible to prove the theorem when q is any even integer 
by an extension of the above method, but, as in the Young-Hausdorff 
theorem, the other values remain to be filled in. 

The simplest procedure is to begin by proving the corresponding 
result for series, and we shall quote this from Zygmund.f The oase 
we require is that if f(x) has the Fourier coefficients c m , then 

J \f{x)\«dx < K(q) i |c m |«(|m[ + l)«- 2 . 

J — 00 


Defining a v and O n (x) as before, it follows that 

7tA 7T n q 

f | < I ) n (.'t)| a dx = A f 2 a v e *H dx 

J J \ V mm—n * 


— 7rA 


<A K(q) 2 KWIH + l) 8 " 2 - 

v— —n 

Ifv^l, (v+l)/A (H-D/A 

J \f( x )\ 9dx <^zi f \f( x )l W-*dx. 

v/A v/A 

There is a similar inequality for v ^ —2; and 

I 1/A I 

|o 0 | = | f(x)x 1 -^x iiq ~ 1 dx\ 

< ( J A a: (2/9_1)e/(a_1) dx = o(A-««), 

and similarly for o_ x . Hence, making A -* oo, we obtain 
J |-F(x, b)—F(x, o)|« dx < K(q)( J + 

— oo — 6 a 

The theorem now follows as in previous cases. 

t Zygmund, Trigonometrical Series , § 9.4. 
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4.9. Theorem 80. f If f(x) belongs to IP (1 < p < 2), then 

CO 00 

J \F(x)\ p \x\ p ~ 2 dx^K(p) j \f(x)\ p dx. 

— 00 — 00 

Let g(x) be a function of L v ', vanishing outside a finite interval 
(a, b), where a > 0. Then it also belongs to L p . Hence, by Theorem 75, 
00 00 

J F(x)g(x) dx = j f(x)0(x) dx. 

— 00 —00 

Also, by Theorem 79, with q = p', 

oo oo 

J | \g(x)\*‘\x\ p '~*dx. 

— 00 —00 

Hence 


I f F(x)g(x)dx I < ( j \f(x)\P dxY' P ( j \G{x)\* dx\ '* 

— 00 ■ '—GO • ' — 00 * 

< K(p)l j \f(x)\ p dx\ lp ( j \g(x)\P'\x\P'-*dx\ ^ 

'—00 ' '—00 

Let g{x) — |.F(*)|* ,-1 flgn F(x)\x\ v ~ 2 (a < x < b). 

Then 

J \F(x)\ p x p - 2 dx < K(p)( j \f(x)\ p dx\ f J jF(x)\ p x v ~ 2 dx)j 

a '—oo ' ' a 

b oo 

and hence j" \F(x)\ p x p ~ 2 dx < K(p) j \f(x)\ p dx. 

a —oo 

Making a -> 0 , b -> oo, we obtain the desired result for the integral 
over ( 0 ,oo); similarly for the integral over (-oo, 0 ). 


4.10. Another case of the Parseval formula. 

Theorem 81. Let f(x) be L p , and let \G(x)\ p, \x\ p ’“ 2 be L, where 
1 < p < 2 . Then if F and g are the transforms of f and G, ( 2 . 1 . 1 ) 
holds. 

The proof is similar to that of Theorem 75, but now 

b b 

j {F(x,a)-F(x)}G(x) dx = J {F(x,a)-F(x)}\x\^-^ dx 

-b -b 

tends to 0 because, by Theorem 80, F(x, a) l^p-a/p converges in mean 

f Hardy and Littlewood (1). 
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to F(x)\x\<*-*to, with exponent p. The proof concludes as before, 
but is justified by Theorem 79 instead of Theorem 74. 


4.11. Failure of Theorems 75 and 79 for p > 2. That the 
Young-Hausdorff theorem fails for p > 2 follows incidentally from 
Theorem 80. For, if f(x) belongs to IP, not only is | ^(a?) |**' integrable, 
but so is \F(x)\ p \x\ p ~ 2 \ and hence so is 

|F(*)| r |affr'- 1 (p < r < p'). (4.11.1) 

Call the class of functions with this property U[, so that D( is a 
sub-set of IP' 

If f(x) belongs to L q (q > 2), it does not necessarily belong to L\, 
and is therefore not necessarily the transform of a function of IP. 

However, we can show by means of examples that even if f(x) 
belongs to L\ (q > 2), f(x) is not necessarily the transform of a func¬ 
tion of the class IP'. Presumably no condition which merely states 
the existence of an integral involving \f(x) | is a sufficient condition 
for /(x) to be the transform of a function of IP. 

Consider the function! (0 < a < 1, a < 6) 


/(*) = 



t~ a ~ 1 cos t~ h cos xt dt 


- m / A*-*-?) J 

—►O —►O 


dt 

ja+i 


-U(x)+>fi(x)}. 


Let 


V( 2 *) 

(l-fr*” (S+0 

<H X ) = J + J + J = ^i+^a+^3» 


(4.11.2) 


(| _ f )V(» + » (£+*)«/<•+» 

where ( = o(l/x) as x -> oo. Then 

d s\n{xt 


j. _ f dsinfct-H -6 
™ ~ J xt tt * 1 -bt?- b 


and here (bt a ~ b —xt a+1 )- 1 is positive, steadily increasing, and less than 


6 —a 



t Titohmarsh (2). 
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Hence, by the second mean-value theorem, 

, a- 26 -l v 

In <f > s , (xP^—bt?-*)- 1 is positive and steadily decreasing, and we 
obtain the same result as for <f> v Finally 


l*.l< 


a + 1 

(M‘ + ‘ 


- OfZgt) - 0(f*W). 


Taking £ = x it follows that, as x -* oo, 


/ 20 Zip \ 

<f>(x) = £>(*“+*). 


#*) = J 


Agrin, = j 

Now (art a+1 +6£*“ & ) _1 increases steadily from 0 to a maximum of the 

a-b 

form KxP +1 , where K depends on a and b only, and then decreases 
steadily. Hence the second mean-value theorem gives 


Hence as x -> oo 


tfi{x) = o^xf>+ i y 
f(x) = 0(*»«), 


and plainly f(x) = 0(1) as x -> 0. Hence, if q is a given number 
greater than 2, f(x) belongs to L? if 6 is large enough. 

If f(x) were the transform of a function F(x) of L q \ we should have 




If we can insert (4.11.2) for f(u) and invert the order of integration, 
we obtain 

F(x) = x~ a - 1 coax~ b (0 < x < 1), 0 (x > 1), 

which does not belong to 1/ for any r ^ 1. This gives the desired 
result. 

The inversion is justified if we may invert 


1 

J < -0-1 cos t~ b (l— cos ut) dt, 
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Now 


lim f t^cost-o dt du = o. 

A-^OO J J u 

0 A 

. , A(x+0 A* 

I sma ^(l~~ cos ^0 _ i f sin v ^ __ f sin 

J u U “ 4 J “IT v ” J 


dv 


Ax 

< ilog 


\\x-t\ 


x+t 

x^t 9 


and the result follows from dominated convergence. 

4.12. Special conditions. In this section we give two sufficient 
conditions of special kinds for f(x) to be the transform of a function 
of IP (1 < p < 2). 

Theorem 82.f Let f(x) be even , positive non-increasing for x > 0, 
/(oo) = 0, and let {f(x)} p x p ~ 2 (1 < p < 2) belong to L(0 ,oo). Then 
F(x) belongs to IP. 

Since f(x) in non-increasing, and /(oo) = 0, the integral 


F(x) = F c (x) 


- 76 / 


f(y)coaxydy 


converges for every x > 0. Let 

1 lx 


F(x) 


- 76 / 


f(y)coaxy dy + 


70 / 

Vx 


f(y)co8xy dy 


= F x (x)+F 2 (x). 

By the second mean-value theorem 


Hence 



1\ sina;£—sinl 
x 


OO OO OO 

J* mx)\Pdx<Aji [ lf(^ > dx^Ajm} p t p - t dt, 


t See Hardy and Littlewood (3). 


and 
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which is finite by hypothesis. Also 

lfx 

m\ < V© J mdy ’ 

0 

and we have to prove that this is IP; or, what is the same thing, that 


x-Vp J f(y) dy 
0 

is L p . We are given that f(x) = g(x)x Vp ~ 1 , where g{x) is IP. Hence 

XX X 

x -Vp J f(y) dy = x-*!p J g(y)y 2lp - 1 dy < x~ l J g(y) dy, 

0 0 0 
which is L p y by a theorem of Hardy.f This proves the theorem. 

Incidentally it must follow from our hypothesis that f(x) belongs 
to L p and in fact x 

K> j fp(t,)(P ~ 2 dt ^ f»(x)(ix) p - 2 ix, 

iX f(x) < Kx-fp-^p, 

\f(x)\p- < K\f(x) \p X p~*. 

Theorem 83. Letf(x) be the integral of order (2 — p)/p of a function 
<f>(x) of IP. Then F e (x) exists and belongs to IP. 


Let 


a 

<b a (x) = J 4>{t)%m(xt-\-njp) dt. 


Then, by Theorem 80, x l ~ Vp ^> a (x) converges in mean (p) to g(x) say. 
Let O c (x) be the cosine transform of g{x). Then O c (x) belongs to IP'. 

AlSO y OC 

J O e (x) dx = y® J e ^~g(x) dx 
0 ' 0 

= i Tj{l)!' i T !!xl ~ w *‘ ix)d * 

0 

oo . a 

— lim - f dx f <j>(t)am(xt-\-irlp) dt 

a~*cc7T J X w J 
0 0 

= lim- f mdt 

a-^oo 7T J J X™ p 

0 0 

the inversion being justified by uniform convergence. 

t See Titchmarsh, Theory of Functions , p. 396. 
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The inner integral is 

2r(2/p)^~~^ 2lp l 0 ( t >y)- 

Hence 

V V V 

J O e (x) dx = f'lljp) J (y-0 2/jJ_ V(0 = J /(*) dx, 

o i o 

by hypothesis. Hence G c (x) = f(x) almost everywhere, and g(x) = F c (x) 
belongs to IP. 


4.13. Lipschitz conditions. In this section we shall give a con¬ 
dition of quite a different kind for a function to have a transform 
belonging to certain classes. The analysis originated with theorems 
of Bernstein and Szasz on Fourier series.| 

Theorem 84. Let f(x) belong to IP (1 < p < 2), and let 

CO 

f lf(x+h)-f(x-h)\p dx = 0(h«”) (0 < « ^ 1) (4.13.1) 

— ao 

as h -> 0. Then F(x) belongs to Ifi for 


p-\-ocp—\ 


< P < -~-y 

P —1 


For a fixed h the transform of f(x+h) is e~ ixh F(x). Hence the 
transform of f(x-\-h)—f(x—h) 9 as a function of x, is — 2ismxhF(x). 
Hence 


J \2mixhF(x)\ p 'dx < K(p)\ J \f(x+h)—f(x—h)\ p dx\ 

— 00 ' — 00 

< K(p)h*P'. 

Since |sina;A| > Axh for x < 1/A, the left-hand side is greater than 

m 

A j x p 'hP'\F(x)\ p ' dx. 


Hence 

Let 


| x p '\F(x)\P'dx = 0(M«-»p'). 

° ( 

m = J \xF(x)\Pdx. 


t See Titchmarah (12). 
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Then, if p <p\ 

<Ht) < (/ \xF(x)\p' dxJ' V *) h * = Otp-'P+fo). 

Hence 


J \F(x)\Pdx — j x~P<f>'(x) dx — £~P<f>(£)+P j x-P-^x) dx 
11 i 


= 0(t l -P- a P+Pl*>)+0^j x -P-*P+PIp dx ) = Otf'-P-vP+Pto), 
and this is bounded as f -> oo if 1—p—otP+p/p < 0, i.e. if 


P > — ~T~~ -1 • 

Similarly for the integral over (—f, —1). This proves the theorem. 
A particular case, corresponding to the original theorem of Bern¬ 
stein, is that if the condition is satisfied with a > 1/p, then F(x) 
belongs to L( 0,oo), so that the Fourier integral 

00 

f F(t)e ixt dt 
— 00 

is absolutely convergent for all values of x. 

To show that the range for p in the above theorem cannot be 
extended, consider the even function 


/(*) = 


(x > 0), 


x°-fx 

where 0 < o < 1/p. For x > 2h 

\f(x+h)—f(x—h)\ = 2h\f(x+dh)\ (—1 < e < 1) 
< 2h\f'(x-h)\ < 2A|/'($*)I, 
since \f'(x)\ is positive and steadily decreasing. Hence 

J \f(x+h)-f(x-h)\P dx = o[hP j !/'($*) \p dx) 


2 h 


2 h 

= J a;-(o+i)p dx + fx~* dx)) = 0(h l ~ ap ). 


2 h . 2h 

J |/(*+*)-/(*-*)l» dx=olj 

!> 'o' 


0(h l -°P). 


Also 
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The conditions of the theorem are therefore satisfied with a = 1/p—a. 
Hence F(x) belongs to Lfi for j8 > 1/(1—a). Butf -?(#) ~ Kti*" 1 as 
x -* oo, so that F(x) does not belong to L w - a \ 

In the case a < 1, p = 2 it is possible to put the theorem into a 
form in which it is reversible. 


Theorem 85. If f(x) belongs to L 2 , the conditions 
00 

/ \f(x+h)-f(x-h)\ 2 dx = 0(|fc| 2 “) (0 < a < 1), (4.13.2) 

— oo 

( J + f)( F ( x ft 2dx== °(X- aa ) (X-»oo) (4.13.3) 

are equivalent . 

Instead of an inequality we now obtain 

00 oo 

J 4sin 2 zA|i , (z)| 2 dz = j \f(x+h)—f(x—h)\ i dx. 

— oo — 00 

Suppose that (4.13.2) holds. Then (4.13.4) gives 

1 /A 00 

j \F{x)\* dx< A j ain 2 xh\F(x)\ i dx = 0(h*«). 


(4.13.4) 


Hence 


1 /( 2 *) 


2X 4X 


J {Z(z)} 2 dz = / + / + ..• = 0{Z- 2 “+(2X)- 2 «+ ...} = 0(Z- 2 «), 


X 2X 


and similarly for (— 00 , —X). 

On the other hand, if (4.13.3) holds, then writing 

<f>(X) = ]{F(x)}*dx, 

X 

X X X 

j z^-F^z)} 2 dx — J —x 2 <f>’(x) dx — -X 2 <f>(X)-\-2 j x<f>(x) dx 

oo o 

x 

<2 J Oix 1 - 2 *) dx = 0(Z 2 - 2 “). 

Hence 0 

00 / lfh K f-llh 00 . 

f sin 2 zA{Z(z)} 2 dz= 01 A 2 f (Z(z)} 2 dz) + 01 f + f {Z(z)} 2 dz) 

-00 ' -1/A ' '-00 1/A ' 

= 0(A 2 “), 

and (4.13.2) now follows from (4.13.4). 

f So© e.g. Theorems 126-7 below. 
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Since, if /J < 2, 

2X f2X \ jjj / 2X k 

j | F(x)\Pdx < J | {F{x)}*dxj J j dxj 


l-ifi 


= 0(X-*fi)0(X'-tf) = OiX'—fi-ifi), 
it follows again that F(x) belongs to LP if /? > l/(a+£), the case 
p = 2 of the above theorem. But this last step is, of course, not 
reversible. 


4.14. Mellin transforms of the class L p . Let us denote by 2 P 
the class of functions f(x) such that 

J !/(*)!* ^< co. 

0 

Then we have 

Theorem 86. If belongs to L p (1 < p < 2), then its Mellin 

transform f(x) exists , and x k f(x) belongs to £ p \ 

If x k f(x) belongs to 2 P , then the Mellin transform %(s) of f(x) exists , 
and g( k+it) belongs to L p \ 

Theorem 87. If g(&+i£) belongs to IP, and x l ~ k g(x) to 2 P , then 

fc+iao oo 

2 ~- J 8f(*)©(l— *)d8 = jf(x)g(x)dx. 

k—ioo 0 

These are readily obtained by transformation from Theorems 74 
and 75. 

Theorem 88. If g(fc-f-it’), x*/(x) are Mellin transforms of IP, 2 P ‘, 
and x , ~ k g(x), <5(s—k—iv) of 2P', L p , then (2.1.15) holds. 

Theorem 89. If 3(&+iv), x k J(x) are Mellin transforms of IP, 2 p ', 
and (5(s—h—iv), x s ~ k g(x) of Lfl, 2 q \ then (2.1.16) are Mellin trans¬ 
forms of 2 P ', IP. 


Note. It has recently been proved by Zygmund (2) that if f(x) is 
IP, 1 < p < 2, then (3.11.2) holds almost everywhere, no logarithmic 
factor being required. If f(x) satisfies the condition of Theorem 
79, then /(x)logx is L 2 (l, oo) (apply Holder’s inequality to the 
integral over (2*, 2 n+1 )). Hence (3.11.2) holds almost everywhere by 
Theorem 62. 
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CONJUGATE INTEGRALS; HILBERT TRANSFORMS 


5.1. Conjugate integrals. Fourier’s integral formula may be 
written in the form 


where 


a(t) 


oo 

f(x) = j {a(<)co8£<+6(<)8ina:<} dt, 
o 

CO 00 

= i J f(u)coaut du, b(t) = i J f(u)sinut du. 


(5.1.1) 


The integral in (5.1.1) is, formally, the limit as y -* 0 of 


(5.1.2) 


J {a(t)cosxt+b(t)&inxt}e- vt dt = U(x,y) 
o 

say; and this is the real part of 

00 

J {a(t)-ib(t)}e ia dt = <D(z) 

0 

say, where z — x+iy . 

The imaginary part of 0(z) is 

00 

— J {6(J)cosatf—a(J)sinart}e “ 1/ *dt = V(x,y) 
o 

say. Writing — V(x, 0) = g(x), we obtain 

00 

g(x) = J {b(t)co&xt—a(t)ainxt}dt 


CO CO 

= i J dt J sin (u—x)tf(u) du. 


(6.1.3) 

(6.1.4) 

( 6 . 1 . 6 ) 

(5.1.6) 

(5.1.7) 


The integral (5.1.7) is called the allied integral of Fourier’s integral. 
It is obtained formally from (5.1.1) by replacing a by 6 and b by —a. 

Repeating the process, we return to minus the original integral. 
The relation between f{x) and g(x) is thus skew-reciprocal, i.e. 
reciprocal apart from a minus sign. 

Again, we have formally 
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Hence 


9(x) = iJfr) J WO—-F(-0}cos xt dt--~- J {F(t)+F(-t)}amxt dt 
0 0 

=$k(f F <‘>‘- a ‘ <a -f F <-‘>‘‘* J j 


= 5PD J F(,,sen,e ‘“ < "' 

Thus 0(t) = — iF(t)agnt. (5.1.8) 

If f(x) is even, b(t) = 0, and g(x) is minus the sine transform of the 
cosine transform of f(x)\ similarly, if f(x) is odd, g(x) is the cosine 
transform of the sine transform of f(x). 

Again, we have formally 

A oo 

g(x) == lim - J dt j sin (u—x)tf(u) du 
A-*-oo 7 T J J 

0 — oo 


= lim- f !{U ) du 

A—►oo 7T J U — X 

—►00 


= lim i f -— c ^ t {f(x +2) —f(x—t)} dt. 

A-+oo 7T J t 
0 

If f(x) is a sufficiently regular function, the part involving cosAtf will 
tend to 0 as A -> oo, and we shall have 



f(x+t)—f(x—t) dt 


(5.1.9) 


and similarly f(x) — - f — ^ ^ ———- dt. (5.1.10) 

* -it J t 

o 

The reciprocity expressed by (5.1.9), (5.1.10) was first noticed by 
Hilbert, and the two functions so connected are called Hilbert 
transforms. 

Equivalent formulae are 



— 00 —00 


where P denotes a principal value at t — x. 


(5.1.11) 
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Simple pairs of conjugate functions/(x), g(x), are 


1 (0 < x < a), 0 elsewhere, 


-log 

7 T 


a-\-x 


1 

i+* 2> 

coax, 


a—x 

x 


1+x 2> 

—sinx, 

and any number of such examples can be written down by starting 
with a suitable analytic function O(z). Examples from Chapter VII 
are \x\-*J v (\x\), —sgnz|s|-*H 1 ,(|:i;|) 

from (7.1.11) and (7.2.8); 

sg nx\x\ v J v (\x\), H*l v ^(l*l) 

from (7.11.2) and (7.11.3); and 

J r o( 2 Vl a? D> r agn x {(2l7T)K 0 (2yJ\x\)+Y 0 {2yl\x\)} 

from (7.11.2), with v = 0 and x = £(w/a+a/w), and (7.12.8). 

5.2. Conditions which would justify the above formalities directly 
would be extremely complicated. Actually the simplest rigorous 
argument gives the reciprocity in a slightly different form. 

Theorem 90.f Let f(x) belong to L 2 (— oo,oo). Then the formula 


, v Id 

9{X)= ~nTx 


J* /(*)log 


1—- 
t 


dt 


(5.2.1) 


defines almost everywhere a function g(x), also belonging to L 2 (—co,oo). 
The reciprocal formula 

1/7/* I /*•[ 

I dt (5.2.2) 


1 -* 


= f 9(,)log 

— oo 

also holds almost everywhere; and 

J {/(*)}* dx = j {?(*)}* dx. 


(5.2.3) 


If we could perforin the differentiations under the integral signs, 
we should obtain the reciprocity in the form already given. We 
shall see later that this is possible; but we begin with the form to 
which the theory of Fourier transforms leads directly. 

Let F(x) be the Fourier transform of f(x), 0(x) = —%F(x) sgnx, 

and g(x) the transform of G(x). Then 

00 00 00 00 

/ \g(x)\*dx= J \G(x)\*dx= j \F(x)\ 2 dx — j \f(x)\ 2 dx. 

— 00 —00 —00 —CO 


■f Titchmarsh (5). 


I 
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AlOV oo 

•“■MW* J 0(y) 


e-fay—1 


, i r i 


The transform of ff(y) = (e _tev —l)/|y| is 


m 


e-ixv—i _• 


dy = / - 


2\ f co8(x+u)y—coauy 


=y©L m j 


cos (a;+w)2/— cos uy 


-ms 

7 X $|z+u| S|u| 

8|u| 

. f «“?* 

V \7r/8_o J V 


8|*+ti| 

Hence Parseval’s formula gives 


oo 

J w 


e-tey_l 


m 

u 

x+u 

oo 


J /(w)log 

u 

X u 


and (6.2.1) follows. The relation between J 1 and (?, and so between 
/ and j 7 , is skew-reciprocal, so that (6.2.2) also follows. 

5.3. Theorem 91.f Letf(x) belong to L 2 (—oo,co). Then the formula 


- i J 


i f /0»+O—/(*—0 


(6.3.1) 


defines almost everywhere a function g(x), also of L 2 (— oo,oo). The 
reciprocal formula 

S{x) --if »>+<)->(»-') M (5 . 3 . 2) 

7T J t 


(6.3.2) 


t The analogue for series is due to Plessner (1). See also Hardy (14). 
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also holds almost everywhere; and 

J {/(*)} 2 dx = J (g(x)} 2 dx. 


(5.3.3) 


The functions g[x) of Theorems 90 and 91 are equivalent. 

The integrals (5.1.2) defining a{t) and b(t) exist in the mean-square 
sense, and , 

a(t)—ib(t) = 

Let H(t) = e ia (t > 0), 0 (£ < 0). Then 

gid-ieu fa = 


V(^) J ^ 


i^j{2n){u—z)' 


Hence Parseval’s formula, in the form 

co co 

J F(—t)H(t) dt= J f(t)h{t) dt, 

— ao —00 

applied to (5.1.4) gives 

<r>( Z ) = JL f M dt (i(a) > o). 

n t J t—z 

— 00 

Taking real and imaginary parts separately, we obtain 


00 

V(x,y)=- 1 J 


t—x 


(t—x)*+y 2 


f(t) dt. 


(5.3.4) 


(5.3.6) 


(5.3.6) 


Define g and G as in § 5.2, the integrals being now mean-square. 
Then we also have 

ay oo 

= M j n-t)* 1 *- -»y© J ai-Wit 

7 o o 

00 00 

- -vs j G(-t)H(t) dt = -■70 J g(t)h(t) dt 

— 00 —oo 

= -l f (5.3.7) 

7T J t — Z 
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Hence 


— ao 

Vlx,y)= — V- f - £0- 

K ,y) Tr J (<-*)*-} 


- 2 0)dt, 


x) 2 +y 2 


(5.3.8) 


(5.3.9) 


By the theory of Cauchy’s singular integral, § 1.17, U(x,y) f(x) 
as y 0 for almost all values of x, and V(x, y) -> —g(x) for almost all 
values of x . We now use the following theorem. 

Theorem 92. Let f(x) be any function such that f(x) belongs to 
L( 0,1), and x^f(x) to L( 1,oo). Lei V(x,y) be defined by (5.3.6). Then 


!/—►(> I 7T J 

V 

for almost all values of x. 

We know that 


1 f /(*+0-/(*-0 

7r J t 


dt = 0 


(6.3.10) 


j(y) = J l/(x+0— /(«— 01 ^ = o(y) 


for almost all values of x. Let x be a point where this holds. We have 

F(*,„) + i f > +» rA»-«) a 

7T J t 


V 

l j ^” 2 {/(*+0-/(z-0} dt + 


y 2 f /(x+0—/(*—0 ja i y 2 C /(x+0—/(x—Q 


' » J (t 2 +y 2 )t rr J 

V 1 

= Ji+«4+«4 

say. As y -► 0, „ 

Ml < 2 ~ J |/(x+0—/(x-01 * = 0 ( 1 ), 


(t 2 +y 2 )t 


lT ,^y 2 f i/(x+o-/(x-oi dt 

1,41 < 7 J * 

V 1 

= £\ "W 1, y 2 f 3<2 +y 2 

«■ L(* a +?)oL +w J (* a +y*) a < 2 
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< £ ?*!> +o 

n !+«/* 




3 < 2 +y 2 


(t*+y*)H 


dt 


= 0(y*)+o 


i 1 / 1 / 

If. 


3u*+l , . ... 

<„*+!)% **> = o(1 >' 


and plainly J 3 = o ( 1 ). Hence the result. 

Since V{x,y) -> — < 7 ( 0 ;) almost everywhere, (5.3.1) follows from 
(5.3.10). The relation between / and <7 being skew-reciprocal, (5.3.2) 
also follows; and (5.3.3) holds as before. 


5.4. In this section we shall show that the same set of formulae 
may be obtained from a different source. We can take an analytic 
function O(z) satisfying certain conditions as the original function. 

Theorem 93. Let O(z) be an analytic function , regular for y > 0 , 
and let „ 

J |<D(a;+{y)| 2 rfx 

—- 00 

exist for every positive y, and be bounded. Then , as y -> 0 , ®(a;+iy) 
converges in mean to a function O(x), and also <t>(x-\-iy) -><f>(x) for 
almost all x. For y > 0 

®(z) = ~ f du (u real). 

2t ti J u—z 

— 00 

If O(z) = U(x i 'y)+iV(x,y), <D(a:) = f(x)—ig(x), the functions U , F, 
/, and g are connected by the formulae of the previous section , and in 
particular f and g are conjugate. 

We first prove the following 
Lemma. Let ®(z) be analytic , and let 

J \<t>(x+iy)\ p dx (p > 1 ) 

— 00 

exist and be bounded for y x < y < y 2 . Then , asx -> ±°o, O(x-f-iy) -> 0 , 
uniformly for yj +8 < y < y 2 — 8 . 

Let ^x +8 < y < y 2 — 8 . Then, if 0 < P < 8 , 

2 w 

O(z) = -i-; f = J. f ^(z+pe'^) d<f>. 

2m J w—z 2 tt J 

\w—z\^p 0 
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Hence 


8 2 it 

*8*®(z) = ^ J p dp J a>(z+pe^) 


0 0 
8 2rr 


|8 2 |G>(z)| < Af J J |<&|*pdpp[ J J P ^P 
^00 ''‘00 ' 


0 0 

v* :t+8 




Now 


Jf(8)j j dv J |<D(w-)-m;)| p dwj 

Vi x-8 
x+8 

j \<b(u+iv)\ v du 


Up 


x-S 


is bounded for y t ^ v < y 2 , an( l tends to 0 as a;->oo, for every v. 
Hence the right-hand side tends to 0, and the result follows. 

To prove the theorem, let 


J w"'*- 


For each y this Converges in mean, to y) say, as a oo. Consider, 

however, the integral J 0(2)e -«, & 

taken round the rectangle with corners at ±a+iy v ±a-\-iy 2 , where 
0 < y x < y 2 . The integral along the right-hand side is 




Vt 


j <t>(a-\-iy)e- u ( a + iv) i dy — ier iia J <D(a-f iy)ef y dy , 

Vi Vi 

and, by the lemma, this tends to 0 as a -* oo, for fixed y x and y 2 . 
Similarly, the integral along the left-hand side tends to 0. Hence, 
as a ->oo, 

a a 

J 0(a+&y 1 )e~ ,7( * +il/l) dx — J 0 (x+i 2 / 2 )e~^ (:c+ ^ a) dx -> 0, 


i.e. e^ a (<, j/ x ) - e^ a (*, y 2 ) -> 0. 

Hence the mean-square limit of this sequence over any finite interval 
is also 0, i.e. = ef^(t,y 2 ) 

for almost all t. We may therefore write 

<f>(t,y) = c-tv^t), 

<f>(t) being independent of y (e.g. by putting <f>(t) = ef , <f>(t , 1)). 
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Also, by Parseval’s theorem, 

OO 00 

J dt = J |<I>(a;+ii/)| 2 dx. 

— CO —CO 

Since this is bounded as y -> oo, we must have 0 for t < 0 ; for 

-3 -8 

— 00 — 00 
-8 

so that | |<£(<)| 2 dt = 0. 

— oo 

Since it is also bounded as y -> 0 , belongs to L 2 ( 0,cx)). 

Also, <f>(t)(e- ,yi —e~ tv *) is the transform of <f(x+^i)—0(^+iy 2 )- 
Hence 


00 00 

J \<b(x+iy^-Q>(x-\-iy^\ 2 dx — J \<f>(t)\ 2 (e~ /l/l —e - ^*) 2 

— oo 0 

which tends to 0 as y 1 -> 0 , y 2 -> 0 . Hence converges in 

mean as y -> 0 , to 0 (#) say. 

Next, if y > 0 , 0(z) = -L f dw, 

2?n J w—z 


the integral being taken round the rectangle ± a +^i» ±a+iv 2 , 
where a > |#| and v x <y < v 2 . As before, the integrals along the 
right- and left-hand sides tend to 0 as a ->oo, and we obtain 


But 


®(*) = 


JL f du 
2 tt i J u+i^—z 
— 00 


J_ r gfr+jg.) 

2tt i J u-\-iv 2 —z 

— oo 


/ 


— 00 


<P(tf + W 2 ) 
W+iv 2 — z 


|2 


du 




00 00 
J |<&(w+w 2 )| 2 d« J 


du 

(u—x) 2 +(v 2 —y) 2 


< *_ 

«*-y 


which tends to 0 as v 2 -+ oo. Hence 


*(*) = 


j_ r odt+foi)^ 

2^ J u+i^—z 
— 00 


(5.4.1) 
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and, making v x -> 0, 


<&(*) = 




u—z 


(5.4.2) 


The integral with z replaced by z is zero. Putting O(u) = /(tt)— ig{u), 
<D(z) == U(x,y)+iV(x,y), we obtain the formulae of the previous 
sections; and it follows from the theory of Cauchy’s singular integral, 
and (5.3.5) and (5.3.9), that O(z) O(x) for almost all x . 

Theorem 94. If ip(z) is regular and bounded for y > 0, then ip(z) 
tends to a limit a* y -> 0 for almost all x. 

For *l/(z)l(z+i) satisfies the conditions of the above theorem, and 
so tends to a limit almost everywhere. 

Notice also that, in the above theorem, <f>(t) is the transform of 
4>(a;); for, if *(0 is the transform of O(ar), as y -> 0, 

oo ao 

J lx(0—#)«"*!* = / |0(x)— <S>(x+iy)\ 2 dx0, 

— 00 — 00 
00 

f \x(t)-m\ 2 dt=0. 

Hence x(0 == <£(<)• 


5.5. We also deduce 


Theorem 95. Alternative necessary and sufficient conditions that a 
complex <D(x) of L % (— 00 , 00 ) should be the limit as z->x of an analytic 
<D(z) such that „ 

J \<b(x+iy)\* dx < K 

— QO 

are 


(i) <b(x) — f(x)—ig(x), where f and g are conjugate functions of the 
class L s ; 

(ii) <f>{x), the transform of ®{x), is null for x < 0. 


The necessity and sufficiency of (i) follows at once from the above 
theorems. 

The necessity of (ii) has been proved in the course of the previous 
proof. Conversely, let <f>(x) = 0 for * < 0. Let $ be its transform. 
Then „ 


O(tt) = l.i.m. 

a-* 00 


1 

V(2tt) 


|* e ixu <f>(x) dx. 
0 
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Let 


oo 

j* (fa- ( v > o). 


Then 4>(u+t») is analytic for v > 0 , and 

OO 00 00 

J |0(tt-fii;)| 2 du = J e“ 2xi ’|<£(a;)| 2 efa ^ J \<f>(x)\ 2 dx. 

-oo o o * 

Hence, by the above theorem, 0(w-fit;) converges in mean, and also 
almost everywhere, to x Y(u) say; and 

J®(») in = -jL. j *: 

0 0 

1 feW +«-1 

= lim -j—- - : - <f>(x) dx 

v-+0y/(2ir)J IX YK ' 

0 

u u 

= lim f <J>(u+iv) du — f T(w) du. 
o <1 

Hence Y(tt) == 3 >(m). 

The result also follows from the transform formulae; for, if O 
satisfies the given conditions, ®, /, and g are related as in § 5.1, and 

a 

<f>(x) = l.i.m.-p-y J {f(u)—ig(u)}e~ ixu du 


= F(—x)—iG(—x) = 0 (x < 0 ) 

by (5.1.8). Conversely,let <f>(x) = Ofora; < 0 . Let4>(^) = f(u)—ig(u), 
let a(x) and b(x) be defined as before in terms of /, and similarly 
oc(x) and (i(x) in terms of g. Then 

a(x)+ib(x)—i{ot{x)+ip{x)} = 0 (x < 0 ), 
i.e. a(x) — — j 8 (x), b(x) ot{x) (x < 0 ). 

Hence g is the conjugate of /, and the sufficiency of the condition 
follows from condition (i). 


5.6. Theorem 96. A necessary and sufficient condition that Q>(x) 
should be the limit as y -> 0 of an analytic 3>(z) such that 

OO 

J |0(x+iy)| 2 dx = 0(e 2ku ) 

— 00 

is that <f>(x) = 0 for x < —k. 
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If k is the least number such that <f>(x) = 0 for x < — k, then 



|®(a:+ iy)\ 2 dx = 2 k. 


Suppose that ®(z) satisfies the given conditions. Let 

<D (z) = e- ikzX ¥(z). 

00 00 

Then J \¥{x-\-iy)\ 2 dx = e~ 2kv J \<b(x-\-iy)\ 2 dx = 0(\). 

— 00 — 00 

Hence Y(z) -> almost everywhere, and, if i/j(x) is the transform 
of Y(z), $(x) = 0 for x < 0. Now 


<f>(x) = l.i.m. 


1 

V( 2 ^) 


a 

J <i>{u)e~ ixu du 

— a 


= l.i.m. 


1 

V(2^j 


a 

J (u)e-^ x+k)u du = ip(x-{-Jc). 

— a 


Hence <f>(x) = 0 for x < —k\ and in view of the above theorem the 
argument is reversible. This proves the first part. 

Again, since Q>(x+iy) is the transform of e~ u1/ <f>(u ), 


oo ao oo 

J \<f>(x-\-iy)\ 2 dx — J e~ 2uv \<f>(u)\ 2 du — j" e~ 2uv \<f>(u)\ 2 du. 

— oo — oo —k 

00 

This is < e^ v f \<f>(u)\ 2 du\ 

-4 

u 

and, if w(u) = J 6\(u)\ 2 du, 

—k 

00 00 
it equals 2 y J e~ 2My a>(w) du ^ 2yto(—-fc-f 8) J e~ 2uv du 

-k -k + B 

= a) ( 8 — k)e 2ik -* )v . 

Hence the second part. 


5.7. For a function having a mean value in a finite strip the 
corresponding theorem is as follows. 

Theorem 97. Let <D(z) be an analytic function, regular for 

Vi<V< y» 

00 

and such that J \Q>(x+iy)\ 2 dx 

— 00 

exists and is bounded for y x < y < y 2 . 
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Then the boundary functions ^>{x-\-iy^) and 0(x+ii/ 2 ) exist as mean- 
square limits , and also almost eoerywhere as ordinary limits of<$>(x-\-iy). 
For y x < y < y 2 , 


00 



*<« . +»*> du —L f Wa+iv*) du, 

z 27ri J —z 


The transform of Q>(x-\-iy) is of the form where e~ (v <f>(t) belongs 

to L 2 for y x <,y < y 2 . 

This is an obvious consequence of the above analysis, except 
perhaps for the existence of the limit of <&(x-\-iy) almost everywhere 
as y -+Vi or y 2 . However, the previous analysis shows that 


J u+iy x —z 

— 00 

tends to a limit almost everywhere as y -> y l from above; and 


f $>(u+iy 2 ) 
J u+iy 2 —z 


du 


is regular for all y < y 2) and so tends to a limit everywhere as 
V Vv Similarly for the case y -> y 2 . 


5.8. Theorem 98. Letf(x) belong to L 2 (— oo,oo). Then 
/(*) = /+(*)+/-(*). 

where f+(x) belongs to L\— oo,oo), and is the mean-square limit of an 
analytic function f+(z), regular for I (z) > 0 ; and similarly f_[x) is the 
mean-square limit o//_(z), regular for I(z) < 0. 

Let F(x) be the transform of f(x), and 

co 0 

/+(z) = J F(u)e~ izu du, /_(.) = J F(u)e~ izu du. 

0 —00 

Plainly f + (z) and/_(z) are regular fory>O j y< 0 , respectively. The 
rest of the theorem follows as in § 5.4. 

Theorem 99. Let f(x) belong to L 2 ( 0,oo). Then 
f(x) = /it)(#)+/(-)(#)> 

where / (+) (x) belongs to Zr(0,oo), and is the mean-square limit as 
argz-> +0 of an analytic function /( +) (z), regular for arg z > 0; and 
similarly /(_)(#) is the mean-square limit o// ( _)(z), regular for arg z < 0 . 
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This may be deduced from the previous theorem by putting z (of 
the present theorem) — e^\ or deduced directly from Mellin trans¬ 
forms. In fact 

1 1 
/(+>(«) = 2 ^. J %(s)z-ds, /<_,(*) = 2 “. J g (s)z-’ds. 

t-ico * 

5.9. Theorem 100f. If f(x) belongs to L (— oo,oo), then 
J f(x+t)-f{x-t) dt 
-*o 

exists for almost all values of x. 

We may suppose without loss of generality that f(x) > 0 . Define 
U(x,y) and V(x,y) by (5.3.5), (5.3.6), and let 

oo 

<J>(z) = U(x,y)+iV(x,y) = I* —dt (y > 0 ). 

ITT J t — Z 

— oo 

From its definition it is clear that U (; x , y) ^ 0 
Let Y(z) = = e ~ u ^- iV ^\ 

Since U(x,y) > 0 , \ x ¥(z)\ < 1 . Hence, as y -> 0 , Y(z) tends to a finite 
limit for almost all x (Theorem 94); and this limit can be 0 in a set 
of measure 0 only, since U(x, y) tends to the finite limit f(x) almost 
everywhere. Hence Y(z) tends to a finite non-zero limit almost 
everywhere. Hence ®(z) tends to a finite limit almost everywhere. 
Hence V(x,y) tends to a finite limit almost everywhere. The result 
then follows from Theorem 92. 


5.10. Hilbert transforms of the class L p . 

Theorem 101. Let f(x) belong to L v (— oo,oo), where p > 1. Then 
the formula w 


TT J t 


(5.10.1) 


-+o 


defines almost everywhere a function g(x) } also belonging to L p (— oo,oo). 
The reciprocal formula 


f(x) = 


1 r g(x+<)-g(a;-0 dt 

IT J t 

-►0 


(5.10.2) 


t Plessner (1). I believe that this version of the argument is due to Little- 
wood. 
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also holds almost everywhere; and 

00 oc 

J l^)l p dx < M» J |/(x)|P dx, (5.10.3) 

— oo —oo 

where M p depends on p only . 

This is M. Riesz’s extension! of Theorem 91. There are three cases, 
(i) Let p be an even integer. Let 

a 

^(z) = ^~ f ~dt= U a (x,y)+iV a (x,y) (y > 0). 

ITT J t — Z 
— a 

Consider the integral J (O^z)}* dz 

taken along the straight line from — R+iy to R+iy, and round the 
semicircle above it. For a fixed a, O a (z) = 0(l/|z|) as |z|-*oo. 

Hence, making R~> oo, we obtain 

00 

J &>a( x + i !/)} P dx = 0, 

— 00 

00 

i.e. J (U a +iV a ) p dx = 0 . 

— 00 

Expanding the integrand by the binomial theorem, and taking the 
real part, 

00 

J ^ = o. 

— OO 

00 - 00 00 

Hence J Fg dx < Q J Fg - 2 U*dx+...+ J U%dx. 

— 00 — 00 — 00 

f If \(p-2k)lp/ f \2 kip 

Now J V%-' ik Ul k dx < I | Fgdz ( j Uf t dx\ 

— 00 '—00 ' — oo 

Writing = | J ^2 /( / 

it follows that 

Hence X does not exceed the greatest positive root of the equation 
Xp-®X^- 2 -...-1 = 0, 


t M. Riesz (1), (2). For another method see Titchmarsli (7). 
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and so 

where M p depends on p only; i.e. 


X < M 2V 


Now 


OU OD 

j VS dx < M p j USdx. 

— CO — OO 

! U a (x,y )| = f — M — dt < y - f — M - dt, 

1 ’* n tt J (t-x)*+y 2 ^„]( t -x)*+y* 

— a —a 

j j 

— oo ' — oo 7 

_y J_i/(*)i» J( 


<<-*)*+»* ' 

— 00 

oo oo oo 

J \v a \*dxK y - J \m\pdt J — 


dx 

x) 2 ~+y 2 


Hence 


= J i m\ p dt. 

— oo 

00 00 

J / {my dt. 

— 00 —00 

Making a -> oo, 

00 


(5.10.4) 


(5.10.5) 


and, making y -»• 0, F(x, y) -> —g{x) almost everywhere, by Theorems 
92 and 100. It therefore follows from (5.10.5) and Fatou’s theorem 
that (5.10.3) holds. (See Titchmarsh, Theory of Functions, § 10.81.) 

(ii) Suppose next that p is not an integer. We may suppose 
without loss of generality that f(t) ^ 0. Then U(x,y) > 0, and 
UJx.y) > 0 for y > 0, a > a 0 . 

Some care is now needed in the definition of pth powers. Let 

(JJJ r iY)P — e ti>lo«U , +n+iparotan(r/t/) > 

where —Jv < arctan(F/C7) < \tt for U > 0. Making U ->-0, we 
obtain 


( iV)» = \V\ p e lipn (V > 0 ), IVye-VP” (V < 0 ). 
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With these definitions we have 


\(U+iV)v-(iV)»\ = p 


V YiV 


J z p ~ l dz 
iV 


< pU(U*+V 2 )tP-i ^ J p2«»- 1 >(C7^4-l7|P r |*»- :l ). 
Applying this to U a , V a , we obtain 

J {(^+*T„)'-(*W«fe|<jr J) {/ u>dz+ f u a \v a \»-'dx\. 

— 00 —00 —00 ' 

J {U a +iV a }P dx = 0, 

— 00 

00 00 
R J (iV a Y dx = |cos Ap7r| J 


But, as before, 


and 


Hence 


a u 

j m 


dx 


|cos \pir\ J J U*dx + K p I U a \V a \ p ~ l dx, 

— oo —oo — 00 

and the proof of (5.10.1) and (5.10.3) can now be completed as in the 
previous case. 

The above proof fails if p is an odd integer. Leaving this case 
aside for the moment, we next prove (5.10.2) in the above cases. 
We have . 

IV(x,y)-n*W « g J 


< 


y f \f(t+x)-f(x)\p 


u 


t*+y 2 


dt, 


oo oo oo 

J \U(x,y)-f(x)\P dx < !L J J \f(t+x)-f{x)\P dx. 

— 00 — 00 — 00 

The inner integral (see Titcbmarsh, Theory of Functions , p. 397, 
exs. 17-19) is bounded for all t , and tends to 0 with t\ hence the 
right-hand side is less than 

8 


K t 


> J !4i><^*S ?+«<*>»J 

o 8o 

< K P y/S+l7Tf(8), 


dt 


t*+y* 
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which tends to 0 by choosing first 8 and then y. Hence for any p 

00 

lim f \U(x,y)—f(x)\P dx = 0. 

"-°-oo 

Also, by (5.10.4), 

J \U(x,y)—U a (x,y)\Pdx < ( / + J W(0l p 

— 00 — 00 a ' 

as a -> oo, uniformly with respect to y. Hence 

ao 

J \U a (x,y)—f(x)\“dx->0 (5.10.6) 

— oo 

as a -> oo, y 0, in any manner. 

Again, by the calculus of residues, 

V f dz = *«(£+*■’?) 

7rl J Z—g — irj 

v-v 

and, taking imaginary parts, 

\p j ¥£qp-dx=-v a (t, v ). 

— 00 

Hence the Hilbert transform of CJ a (x,y) is —V u (x,y), and it follows 
from (5.10.3) that, for the values of p already dealt with, 

oo 00 

j \V a {x,y)+g{x)\ p < K p J \U a (x,y)—f(x)\P dx. (5.10.7) 
— 00 — 00 

Combining (5.10.6) and (5.10.7), it follows that 

00 

/ \®aW-{S( X )-W( X )}\ V dx -* Q 

— OO 

as y -*■ 0, a -> oo, in any manner. 

Now by the calculus of residues 

53ji=f=r<»<i>- 

— OO 

Making a -»• oo, y -> 0, it follows that 

si 
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and hence f — %- dx = iO(£+in). 

2 m J x—$—tr) 2 ' 

— QO 

Taking real parts, 

00 

— 00 

Making 77 -> 0 , the left-hand side tends almost everywhere to the 
Hilbert transform of g(x ), by Theorem 92; and the right-hand 
side (Cauchy’s singular integral) tends almost everywhere to —f(x). 
This proves (5.10.2). 

(iii) To prove the case where p is an odd integer, we shall prove 
that if the theorem holds for any p it also holds for 2 p. Since it 
holds when p is half an odd integer, it will follow that it holds when 
p is an odd integer. 

Applying the calculus of residues as before, but now to {^(z)} 2 , 
we obtain 

-.P f dx = {*„(*+*)}« (y > o), 

7TI J X — $ 


i.e. 


i f u:-v* a + 2 iu a v a 


i r 

TTl J 


x-t 


dx = Ul(ty)-Vl(^y)+2iU a (U)V a (^y). 


Taking imaginary parts, it follows that the Hilbert transform of 
£7 2 — Vq is —2 U a V a . Let \fi{x) be the transform of and x( x ) that 
of FJ. Then ^)_ xW „ -slf.F, 

Hence lx(*)l p < 2‘>\4,(x)\P+2**\U a V a \», 


Now 


CO 

I lx(*)l p dx ^ 2 " J \>P(x)\ p dx+2 2p J \U a V a \ p dx. 

— CO — 00 — 00 

J \U a V a \»dx^( j \U a \ 2p dx j | V a \**dx\K 

_ '_nn -no ' 


and, by the fundamental inequality (5.10.3) (for p), 

00 oo 

J I0(x)| p dx < K p J \U a \ 2p dx, 

— QO — 00 

oo oo 

J \V a \**dx<K p J lx(*)M*. 


K 
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Altogether 

J | V a \**dx<K p J \U a \ 2p dx +K p ( J \U a \*»dx j | VJpdxfi 

— 00 — 00 ' — 00 — 00 ' 

The result for 2 p now follows as in the previous cases. This completes 
the proof. 

5.11. Theorem 102.f Let f(x) and g(x) be Hilbert transforms of the 
doss L p , and h(x) and k(x) Hilbert transforms of the class IP', where 
p’ = pj(p— 1). Then 


j f(x)h(x) dx — j g(x)k(x) dx. 


(5.11.1) 


Ifp = 2 , p’ = 2 , and (5.3.3) gives 


J {f(x)+h(x)} 2 dx = | {g(x)+k(x)}* dx, ( 5 . 11 . 2 ) 
— 00 —00 

and the result follows in the usual way. 

In the general case, define TJ a (x,y), V a (x,y) as before, and let 
P b (x, y)> Qb( x > V) be the corresponding functions for h and k . We have 
seen that the Hilbert transform of U a is —V a , and similarly that of 
P b is — Q b . Since these functions belong to Z 2 , 

OO 00 

J U a (x,y)P h {x,y') dx = J V a (x,y)Q h (x,y') dx. (5.11.3) 
— 00 — 00 

Making a -*> oo, y -> 0 , 6 -> oo, y' -> 0 , U a and V a converge in mean to 
/ and — g> with exponent p; and P b and Q b converge in mean to h and 
—k, with exponent p\ Hence the result. 

Example. Let h(x) = l/(x—a)(\x—a\ > 8 ), 0 (\x—a\ < 8 ). Then 

oo / a— 8 oo . 


i(ic)=ip r wa±-du=~p\ r 

7T J U—X 7T I J 


(u—a)(u—x) J (u—a)(u—x) 

o+8 

x\ 


Hence 


A 1 U/ T V yu 

—-r lot - , 

7r(a—x) a—o—x 


f ’&+*>=£*=*> dx _ i f g(*)log ° + ?~* 

J a: it I 6 a—h—x a—x 

S -« 

- I j g(f+a)log |±| £ (5.11.4) 


t M. Riesz (1), (2). 
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We can use (5.11.1) to give an alternative proof of the case of 
Theorem 101 where p is an odd integer. 

Let h(x ), k(x) be transforms of L p \ Since the theorem has been 
proved for p', on making 6 ->oo, y' -> 0 in (5.11.3) we obtain 

00 00 
I U a (x,y)h(x)dx = J V a (x, y)k(x) dx. 

- 00 — 00 

Hence 

j V a (x,y)k(x) dx J < | j \U u \p dxj ^ J \h(x)\P' dxj 




j |/(0l p dtj llP [ j | k(x)\* dxy* 


by (5.10.4) and (5.10.3) for p'. Here k(x) may be any function of 

Lp. Take £(x) \V„(x,y)\P~ l sgnV a (x,y). 

? / ? \i/p/ ? \i/p' 

Then | \V a \‘> dx < JfJ j |/(<)|" I j \V a \» dx\ , 

— oo —co ' '—oo * 


or 


oo oo 

J |F a |"rfz < M? p . J \J{t)\ p dl. 


The theorem for p now follows as before. 

It also follows that, if M p is the least constant for which (5.10.3) 
holds, then M p ^ M p >. Hence, since p and p f are interchangeable, 


M p = M p ,. 


5.12. Theorem 103. Let <E>(z) be an analytic function , regular for 
y > 0, and let 

J | <J>(x-}~iy)\ p dx < K (p > 1) (5.12.1) 

— 00 

for all values of y . Then 0(x-f iy) converges for almost all x, and also 
in the mean of order p, as y -> 0, to f(x)—ig(x), where f(x) and g(x) are 
Hilbert transforms of the class Lp . 

It is convenient to use the following lemma. 

Lemma. Let X n {x) be a sequence of functions such that 

J |A„(a;)|» dx < K, 

a 

while X n (x) 0 almost everywhere. Then if p(x) belongs to &*' , 

b 

J X n (x)p(x) dx -> 0. 



140 CONJUGATE INTEGRALS Chap. V 

Suppose first that the interval (a, b) is finite. By Egoroff’s theoremf 
K( x ) 0 uniformly in a set E of measure 6—a—8, and hence 

J A„(a;)^(:r) eir -> 0. 

K 

Also 


J K( x )t*( x ) dx < ( J |A„(x)|* > <fe;j /P ( J | M (a:)|* ) 'da:\ 1/P 

C# 'CK ' \CE ' 


<K^J\ti(x)\p’dx\' P , 

cm 

which tends to 0 with 8 , and is independent of n. Hence the result. 
If b = oo, we first take X so large that 
00 

J K( X M X ) dx 

X ^ 

and then argue as before with (a, X). 

If ®(z) ->f(x)—ig(x), it follows from Fatou’s theorem that / and g 
belong to IP. We prove (5.4.1) as before, and (5.4.2) now follows 
from (5.4.1) by the lemma, taking 

*»(«) — w«+*») -f(u)+ig(u)} = 


1 / 


\llp' 


<K ( I \p(x)\^ dx} <€ 


and 

Hence 


fl(x) = 


1 

u—x-\-iy 


<f>(z) = l(U+iV)-li(P+iQ), 


where U and V are (5.3.5), (5.3.6), and P, Q are defined similarly 
with g instead of/. Now make y -*■ 0 . Denoting by/* the conjugate 
of/, and by g * that of g, we obtain 


f—ig = 


Hence / = —gr*, g =f* almost everywhere. 

That O(z) converges in mean to f(x)—ig(x) with index p follows 
from the analysis of § 5.10. 

That O(z) tends to a limit almost everywhere was deduced by 
Hille and Tamarkin (5) from the corresponding theorem for series 
(Zygmund, Trigonometrical Series , § 7.53). It could be proved directly 
as follows. If <t> has no zeros, the result follows on applying Theorem 93 


t Titchmarsh, Theory of Functions , p. 339. 
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to {<D(«)}* P . Otherwise, let z v run through the zeros of 0 in y > 0, 
and let 

B„(z) = 

(assuming that no z v is i). For a fixed n, \B n \ > 1—« for y < rj, say, 
and all a;. Let <D(z) = O n (z)B n (z). Then 

j I Q n ( x +iy)\ p dx < 

for y < rj. Since G n (x+iy'), G n (x-\-iy), (y < y’) are related like the 
previous O(z), f(x)—ig(x), it follows from the analysis of §5.10 
(especially (5.10.4)) that 

CO 

J \G n (x+iy)\P dx < K’ 

— oo 

for all y, K f depending on K and p only. 

If O has an infinity of zeros, a little consideration of Carleman’s 
formula (Titchmarsh, Theory of Functions , § 3.7) shows that 

2i(*,)/(i+l*,l«) 

is convergent, and hence that B(z) = lim5 n (z) and G(z ) = limC? n (z) 
exist and are analytic. It follows that O(z) == G(z)B(z), where G(z) 
satisfies (5.12.1) with some K , and has no zeros, and |.B(z)| < 1. 
Hence G(z) tends to a limit almost everywhere, as before, and so does 
B(z), by Theorem 94. 

5.13. Theorem 104. Let f(x) belong to L p (p > 1), and let g(x) be 
its conjugate . Let X(x) belong to L q , where q > 1, pq < p+q , and let 

00 oo 

h(x) = J A (t)f(x—t) dt, k(x) = J X(t)g(x—t) dt. 

— 00 —00 

Then if pq < p+q, h(x) and k(x) are conjugates of the class L p , where 
P = pql(p+q—pq). If pq = p+q, h{x) and k(x) are conjugates, in 
the sense that 

i r *(.+,)-»(.-«) 

7T J U 

-+0 

and reciprocally , for all values of x. 

(i) Suppose first that pq < p+q. Then h(x) and k(x) belong to 
L p , by Lemma j3 of § 4.2. We have to prove that they are conjugate. 


K+i z v +i 

z—z v z v +i z v +i 
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Let ®(z) be the analytic function of which f(x)—ig(x) is the 
boundary value, and let 


'F(a) = J Am(z-t) dt (y > 0). 


(5.13.1) 


It follows from the lemma of § 5.4 that ®(z) is bounded in any strip 
0 < yi < y < Vf Hence 

T' T 

| X{t)<t>(z-t) dt < f |A(<) |. |0(z—<) \ pl9 ' |<D(z —<)dt 

T T 

T- x Mn/ T’ x i/ fl ' 




^(2/i.^)(j |A(<)I 9 ^) 1,9 (/ 


Hence the integral (5.13.1) converges uniformly in y x ^ y < y 2 * 
Hence Y(z) is analytic for y > 0. 

Also, by Lemma /? of § 4.2, 

T t r \ PlQ l ? \ PI » 

j \r(z)\pdx ^ i j m\ut\ ij i<D( Z -oi^a , 

— QO —00 ' '—00 ' 

which is bounded; and similarly 

00 

J l'F(z)— h(x)-\-ik(x)\ F dx 

<(j ’“I j \<b(z-t)-f{x-t)+ig(x-t)\» dt\ ' P , 

which tends to 0 as y -> 0. Hence, by Theorem 103, h(x) and k(x) 
are conjugate. 

(ii) If pq = p+q, it is known that h{x) and k(x) are continuous, 
and tend to 0 at infinity, f 

In this case the integral defining h(x) converges uniformly over any 
finite range. Hence 

1 f j.. If*, f 

7T J U 7T J U J 


= 1 f A (t)dt f f(x+u-t)-f(x-u-t) 
IT J J U 


du 


— J Mt){ 9 s(x-t)-g±{x-t)} dt, 

— oo 

t See Titchmarsh, Theory of Functions, p. 398, exs. 20, 21. 
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where g s (x) = — f -—^ ——-- dt. 

TT J t 

s 

Now 08(a;— t)-*g(x—t), g A (x-t)-+0 

as S -*■ 0, A -*■ oo, for almost all t. Hence, by the lemma of § 5.12, it is 
sufficient to prove that 


J l0s( x )l p dx < K 


for all 8. By (5.11.4) 


8+t 

h—t 


Hence 


9s( x ) = ^ J 9 r (<+a:)log 

— 00 


dt 

7 * 


, „ 8 +t 

,og s-< 


dt 


0-1 


< K 


/ 

— OO 


W+ x )\ p 


l°g 


8 +< 

8 —< 


dt 

W 


by putting t = Su in the last factor. # Integrating with respect to 
x and inverting, the result now follows. 


5.14, The case p = 1. We have so far supposed that/(x) belongs 
to IP, where p > 1. The general Theorem 101 fails in the case p = 1, 
in which f(x) belongs to L . We have seen (Theorem 100) that g(x) 
still exists almost everywhere in this case. But g(x) does not neces¬ 
sarily belong to L. Suppose for example that 


/(*> = 


Then for x > 0 


tlog 2 t 


(t > 0), 


0 (t < 0). 


g(~ x ) = 1 p J 


m dt> i( d i = _ 1 _ k 

t+x tt J 2xt\og 2 t 2nx log x 
0 


Hence g(x) does not belong to L. In fact it is possible to construct 
examples in which g(x) does not belong to L over any interval, 
however small. 

We have, however; the following theorem.t 

t Corresponding to a theorem of Kolmogoroff on Fourier series; see Littlewood 
(1), Titchmarsh (13), Zygmund, Trigonometrical Series , § 7.24. 
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Theorem 105. Let f(x) belong to L(— 00,00). Then the formula 


_ 1 r /(*+«)— f(x—t) 


m ; / 

->0 


d/ 


defines a finite g(x) for almost all values of x , and 


ac 

/ 




dx 


l+« a 


(5.14.1) 


(5.14.2) 


is convergent if 0 < p < 1. 

We may suppose without loss of generality that/(<) ^ 0, and that 
f(t) is not null. Let 


as before. Then 


*.<*) = r f !—J t== u «+ iv ° to > °)> 

nr j t—z 

—a 

«**»>- 


if a is large enough. Let 0 < p < 1, and let 

{O a ( 2 )}P = ([/ a _|_{^)P — e \v log( Ul+V' u )+iv arctan(F«/I4)^ 

where —\tt< arctan(l^/?7 a ) < Jtt. For a fixed a, O a (z) = 0(l/|z|) 
as \z\ ->oo, and the calculus of residues gives 


Now 


J i*fri~ dz = (° < y < i)- 



Hence 


f 

J * a +i 




(5.14.3) 


If > 0, |F| > 1, 

|(£7 +i p)P_(,T)P| = 

while if U > 0, |F| < 1, 


U+iV 

p j zP- 1 dz 


iV 


^pUlVf- 1 ^ U, 


|([7 +t T)p-(*K)i»| < (C7+1 )p+1 < U+ 2. 



5.14, 5.15 

Hence 


HILBERT TRANSFORMS 


145 


J « 2 +l J X*+\ 

-00 ' — co 

oo oo a 

< fir.d,+2, = lf f ds f 4§— -dt+2* 

J w J J (<-*) a +y a 


~oo —a 


= J* /(^) -f-27r ^ J* ^(£) —J— 2 tt. (5.14.4) 

—a —oo 

From (5.14.3) and (5.14.4) it follows that 


(W> P dz 

J z 2 +l 


<K n 


Now 


pf (^) p ) _ | v , p (x 2 -y 2 +1 )cos \pn±2xy sin ipn „ \V a \* 

|z a +l/ 1-1 {x 2 -y 2 + l) a +4a:V p x a +l 


(x 2 —I/ 2 +1) 2 +4X 2 !/ 2 

for sufficiently small y and all x. Hence 

“ Wa\ P 


I 


a; a +l 


dx < K v , 


and the result follows as in the proof of Theorem 101. 


5.15. Lipschitz conditions. Theorem lOG.f Let f(x) belong to 
L» (p > 1), and let it satisfy the Lijpschitz condition 

\f(x+h)-f(x)\ < K\h\* (0 < a < 1) (5.15.1) 

uniformly in x,oa h 0 (say for all x and 0 < h ^ 1). Then Hilbert*s 
reciprocal formulae (5.1.9), (5.1.10) hold for all values of x; and g(x) 
also belongs to L p and satisfies a Lipschitz condition with the same <x 
as f(x). 

In this case the integral (5.1.9) plainly exists for all values of x. 

We next observe that if/(x) satisfies the given conditions then it 
is bounded—in fact it tends to 0 as x -> oo. For since/(x) is continu¬ 
ous, the points where |/(x) | > 8 > 0 form a set of intervals. The 
length of such an interval (x v x 2 ) tends to 0 as x t -> oo, since 

if* 

(x 2 —*i)8 p < j |/(x)|* dx -> 0. 

t Titchmarsh (5). The result corresponds to Privaloff’s theorem for Fourier series. 
See Zygmund, Trigonometrical Series, § 7.4. 
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Now since |/(x x ) | = 8, 

l/(*)l < IM)l + l/(x)-/(*i)| < 8+tf |x-x,|« < 8+K^-x^, 

which tends to 0, by choosing first 8 and then x v Hence/(x) 0. 

It follows that if (5.15.1) holds for small h it holds for all h, with 
a possible rechoice of the constant K. 

Now as y -* 0, 

oo 

y(x,y)+g(x) = i J {/(*+<)—/(*—0 } dt 


= J/ 2 J /(g+0—/(«—0 


<(< 2 +y 2 ) 




Also 


8 Z~-i f ( < - a; ) 2 -y 2 
ax “ 7T J {(<-X)*+^p /W 
— 00 

= _I f JilJ/l- M+x) dt = —A f J 2 ~ y 2 - {/(<_|_ x )_/(x)} dt 

7T J (« S +J/ 2 ) 2,M+ ; IT J (i 2 +y 2 ) 2W ' " 

— oo - oo 

— 00 

Hence, taking A > 0, 

|gr(x+A)-g(x)| 

< |sr(x+A)+F(x+A,A)| + |F(x+A,A)—F(x,A)| + |^(x)+F(x,A)| 

( I \ 

J ±V(€,h)dt \+0(h«) = 0(*«), 


so that gr(a;) satisfies the required Lipschitz condition. 

The reciprocal formula (5.1.10), already known to hold for almost 
all values of x, now holds for all values of x, since each side is con¬ 
tinuous. 

If a = 1, we obtain similarly 
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and it follows that 
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g(x+h)-g(x) = 0(1*1 log 1/|A|). 

5.16. The allied integral. We next return to the allied integral 
(5.1.7), which is formally equal to g(x). We can now prove the 
following theorem. 

Theorem 107. Let f(x) belong to L(—oo,oo). Then, for any positive 
a, the allied integral is summable {C, a) to g(x) wherever 


g(x) = i J 

-+0 


1 f /(*+«)—/(*—<) 


dt 


(5.16.1) 

(5.16.2) 


n 

exists, and J \f{x+t)—f(x—t) \ dt — o(A); 

o 

and so almost everywhere . 

It is plainly sufficient to suppose that 0 < a < 1. 

We have to consider 

A 00 

fis/Mr*/ f(x-\-t)smut dt 

0 —oo 

oo A 

= lim J {f{x-\-t)—f{x—t)} dt J sin utdu. 


Now 
A 


J |l — AnvJtdu — X^ (1—v) a sinAfa; dv 

o o 

i 

= — i[(l~v) a cosAfa;]*+ ^ J (l—v^^cosXtv dv 

J 

„ K(«) 


1 . « f cos(A<-w) 

t ‘ r A°« a+1 


Hence 


J H)'- 


sin ut du — - 
t 


A“« a+1 


It follows at once that, if 8 > 0, 

°° A * 

lim J {f(x+t)-f(x-tj} dt j* (l-^Jninutdu - J 


f(x±t) f(.v-t) 


dt. 
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Also 
& 


j {f(x+t)-f(x-t)} dt j |l sin utdu 
l/A o 

_ +o{ | 

t % l\ '1 / \ 


!/(*+<)—/(*—01 




eft 


1/A 

and, if (5.16.2) holds, the last term is 

t 


^ij \f(x+u)-f(x-u)\ du^ + 

s t 

+ J ^2 J !/(*+«)-/(*-«)! du 


= o(l)+o 


(- f —) = 

\A“ J 

’ l/A ' 


0 ( 1 ) 


by choosing first 8 then A. Finally, 

A 

/ n A L . 

sin ut du\ 


and 


<K\ 


/M- 

‘o 

l/A A 

J U(x+t)-f(x-t)}dt J (l — ~J sin utdu 


l/A 


< K\ j \f(x+t)—f(x—t)\ dt = o(l). 


This proves the theorem. 


5.17. Application to Fourier Transforms. In this section we 
make an application of the theory of conjugate functions to the theory 
of Fourier transforms. There is one respect in which this theory is still 
incomplete. We have shown that if f(x) belongs to L p (1 < p < 2) then 
f(x) has a transform F(x) belonging to U*\ and F{x) — l.i.m. F(x,a). 

We have not yet been able to show that the reciprocal relation 
fix) == l.i.m./(x, a), where a 

-a 

also holds. We can now supply this point.f 

f Hillo and Tamarkin (3). 
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Theorem 108. If f(x) belongs to L*> (1 < p < 2), then 
f(x) = l.i.m./(#,a). 

It follows from Parseval’s formula (as in the proof of Theorem 58) 
that 

/<*,.)- i f 

7 T J X — U 

— oo 

00 

_ sin xa f f(u)cosm cos xa 

7 T J x — u 7r 

— 00 

= sin:m<£ a (:r) — cosxat/j a (x) 
say, the integrals being principal values at u = x. By Theorem 101 

OO oo 00 

J |^„(a:)| / ’ cfa < K p J \f(u)coaua\i’ du < K p j \j(u)\ p du, 

— oo — oo — oo 

and similarly for ifj a (x). Hence 

OO 00 00 

I < J (2 p \<f> a (x)\ p +2 p )>/, a (x)\ p )dx < K p J \f{u)\ p du. 

— oo —00 —00 

00 

This proves that J \f(x)—f(x,a)\ p dx 

— oo 

is bounded aso-^ oo. We have to prove that in fact it tends to zero. 

We can construct a step-function/*(x), zero for \x\ > X, and such 
that no 

J \f(x)-f*(x)\P dx < e. 

— OO 

Now 

(/ \f(x)-f(x,a)\ p dxj ' P < ( J \f(x)—f*(x)\ p dx\ + 

' — <J 0 ' '—oo ' 

I ? \i Ip I ? \Up 

+ ( f \f*(,x)-f*(x,a)\ p dx\ +( [ \f*(x,a)-f(x,a)\P dx\ 

'-00 ' go ' 

say. By hypothesis, |J X | < e; and by the above method 

1-41 < K p \Jy\ < K v e. 

Also f*(x,a) ->f*(x) boundedly in any finite interval, say (—£,£); 


J 


fjn^nm d u 


-u 
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now if £ > 2X, 

oo 

J \f*(z)-f*(x,a)\* dx 
e 



sin (x—t)a 
x—t 


I p 


dt 


dx 


<*j| / '™ d, \ dx<K ’LiAr[ / 

( '-X ( '-X 

We can choose £ so large that this is less than e, for all a; and, having 
fixed £, ^ 

J \f*(x)-f*(x 9 a)\*dz-+0 
-f 

by bounded convergence. This completes the proof. 


5.18. Further cases of Parseval’s formula. We have already 
seen that (2.1.1) holds if / and O are L p (1 < p < 2). If / and g are 
the given functions, and belong to L p , IP' respectively, we cannot 
state the result, because the existence of 0 is not known. We require 
an additional condition. 


Theorem 109. IffisL p (1 < p < 2), and g is L 2 and IP\ then 

A oo 

lim I" F(x)G(x)dx — ( f(x)g(—x) dx. 

-X -oo 

Let G be the transform of g. Then 

G[x) (|a:| < A), 0 (|*| > A); g(x, A), 

defined as in (3.1.2), are transforms of L 2 ; and the former is also L p . 
They are therefore transforms of L p , Lp', and Theorem 75 gives 
A 00 

J* F(x)G(x)dx= j f(x)g(—x,X)dx. 


-A 

As in the previous section 
l.i.n 

A-*a 

and the result follows. 


l.i.m.(p')gr(—*, A) = ?(-*), 

A-*oo 


Theorem 110. If f is Lp (1 < p < 2), g is Lp’, and the integral for 
G is uniformly convergent in any interval 0 < 8 < * < A, then 

/ —8 A \ oo 

lim ( f + f) F(x)G(x)dx= f f(x)g(—x)dx. 

11 -L 
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We can now prove by uniform convergence that 

G(x) (S< |*| <A), 0 (|*| <8, |*| > A) 

is the transform of 

00 

1 f - >nA(M-x)—8inS(M-z) , 


The proof now goes as before, but to complete it we want 
00 00 

lim f f(x) dx f g(u \^ du = 0. 
5-o J J u—x 


J w—a: 

— ao 

*+1/5 i *-i/5 oo . 

<S j («)|rt»+1 J + J )|^a!| d “' >0 

3C —1/5 ' — 00 * + 1/5 ' 

as 8 -> 0, for any fixed x; and, as before, its mean p'th power is 
bounded. The result therefore follows from the lemma of § 5.12. 
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UNIQUENESS AND MISCELLANEOUS THEOREMS 

6.1. Uniqueness of trigonometrical integrals. The classical 
uniqueness problem for trigonometrical series is to show that if 

00 

ia 0 -f 2 ( a „ cos nx+b n sin nx) = 0 

n—1 

for all values of x in (0, 2 tt), or all values with some exceptions, then 
a n = 0, b n = 0 for all values of n. 

The corresponding problem for integrals is to show that if 

oo 

J {a(y)co8xy+b(y)amxy} dy = 0 (0.1.1) 

0 

in some sense or other for all values of x, possibly with some excep¬ 
tions, then a(y) = 0, b(y) = 0 almost everywhere. A more general 
problem is to show that if a given function f(x) is represented by a 
trigonometrical integral, 

oo 

J {a(y)coexy+b(y)Binxy} dy = f(x), (6.1.2) 

0 

in some sense, then the integral is necessarily of the Fourier form, 
i.e. in some sense 

oo oo 

a(y) = ~ I f(x)coaxydx, b(y) = }- J f(x)sinxy dx. 

— 00 —00 

Owing to the symmetry of the Fourier integral formula between a 
function and its transform, in the integral case this is not, formally, 
a new problem. It simply amounts to the question whether a(x) and 
b(x) are representable by Fourier integrals; and in some cases the 
answer follows from theorems which we have already proved. 

Suppose, for example, that a(x) and b(x) belong to Z/(0,oo), and 
that oo 

J {a(y)cosxy+b(y)sinxy} dy = 0 
o 

for almost all values of x. Adding and subtracting the formulae with 
x and —x, it follows that both 

oo oo 

J a(y)cosxy dy ~ 0, J 6(t/)sinxy dy 0 

u o 



6.1,6.2 


MISCELLANEOUS THEOREMS 


153 


for almost all x. By Theorem 14 (for an even function) 
A 


lim 

A-voo 




-jcoaxu du 


/ 


o(y)cos uy dy = a{x) 


o o 

for almost all x y and in this case the left-hand side is 0 for all x . Hence 
a(x) = 0 almost everywhere. Similarly b(x) = 0 almost everywhere. 
Theorem 22 can be used to give the same result. 

Suppose, again, that a(y) belongs to Z 2 (0,oo), and that 


—* CD 

J a(y)cosxy dy — 0 


for almost all values of x. Since the limit and mean limit of a 
sequence, if they both exist, are equal almost everywhere, the cosine 
transform of a(x) y in the sense of Theorem 48, is null, and hence a(x) 
is the mean limit of a sequence of null functions, and is therefore null. 

The uniqueness theory of Fourier series suggests a different type 
of theorem, in which the possible values of x for which (6.1.1) fails 
are much more restricted, but in which a(x ) and b(x) do not neces¬ 
sarily belong to Z-classes. The main difference between the theory 
for series and that for integrals is that the convergence of a n cos nx y 
for example, in a set of positive measure, implies that a n -> 0; but 
the convergence of 

J a(?/)cos xy dy 
0 

does not imply that a(x) -> 0 as x -> oo; for example, the integral is 
convergent if a(x) = e x cos e 2 *. 


6.2. The expression 


lim 

/i—►o 


0(a;+A)+<I>(a;— h)— 2<D(x) 

F 


( 6 . 2 . 1 ) 


is called the generalized second derivative of ®(a;). The uniqueness 
theory of Fourier series depends on the theorem of Schwarz (see 
Titchmarsh, Theory of Functions , § 13.84), that ifQ>(x) is continuous, 
and has at all points of an interval'the generalized second derivative 0, 
then O(x) is a linear function in the interval . Here we shall proceed at 
once to the general problem with f(x) y and use 

Theorem lll.f Let <D(a;) be continuous in (a y b) y and have at every 
point of this interval a finite generalized second derivative f(x) y which 

t De la Valtee-Poussin, Coura d'analyae infinit^simalc, 1914 ed. 


L 
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belongs to L(a,b). Then 

X U 

0(x) = j du j f(v) dv +00+ a i x (° ^ x ^ 6), 

a a 

where a 0 and a v are constants. 

We first prove two lemmas. 

Lemma 1. Let <l>(x) be continuous in (a, 6), and let 
jr^ <D(a:+fo)+4>(a;— h)— 2Q(x) 
ft->o h 2 


Chap. VI 

( 6 . 2 . 2 ) 


(6.2.3) 


be ^ 0 for every x in (a, b). Then no part of any arc of the curve 
y = O(x) can be above its chord. 

Suppose that some points of an arc (x x , x 2 ) lie above the chord, 
PQ say. Let 

O t (x) = (J>(x)+le(x—x 1 )(x—x 2 ) (c > 0). 

Then, if e is small enough, some points of the corresponding arc of 
y = 0> ( {x) will lie above the chord. Let M be such a point of this 
curve, whose distance from PQ is not less than that of any other 
such point. Let x be the abscissa of M. Then, if A is the tangent of 
the angle which PQ makes with the x-axis, 

h h 


Hence O t (x+A)+0 € (x— h)— 2<D € (x) < 0, 


i.e. 0(x+A)+0(x— h)—20(x) < —e, 

for all small h. This contradicts the hypothesis, and the result 
follows. 


Lemma 2. Let Q(x) be continuous in (a, b), and let (6.2.3) be ^ 0 
for almost all x in (a, b) and be nowhere —00. Then no part of any 
arc of the curve y — ®(x) can be above its chord. 

If (6.2.3) is nowhere < 0, the result follows from the previous 
lemma. Otherwise, let E be the set, of measure 0, where (6.2.3) < 0. 
Letf x( x ) b® a non-decreasing absolutely continuous function such 
that x'( x ) = -f 00 in E, and x(^)~x( a ) < e - Let 

X 

Xi( x ) = / x(«) *»• 

a 


t See e.g. Titohmarah, Theory of Functions, § 11.83. 
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If x is a point of E, and M any positive number, however large, 


**+“>-*<?-«) > M <|»|«S). 


Hence, if h < 8, 


Xi( x + h )+Xi( x - h )~ 2 Xi( x ) 1 


h? 


= ft J {x(*+«)— X ( x ~«)} du 

0 

h 

r-J 


2uM du = M y 


and so the left-hand side tends to infinity as h -> 0. 
Let Q(x) = 0(a;)+Xi(:c). 


Then 


|r^ Q(a;+fe)+Q(x— h) — 2fl(a;) > Q 
h 2 ^ 


h-+ 0 


for every x in (a, 6). Hence no part of any arc of y — Q(x) can be 
above its chord. Since this is true for arbitrarily small e, the same 
result follows for y = ®(#). 


Proof of Theorem 111. 

Let p(x) = min{/(x),n}, q(x) = max{/(a:), — n}. 

Then p(x) <f( x ) ^ q(x)y and, since / is integrable, so are p and q. 


Let 


X X 

Pi( x ) = j P(u) du, p 2 (x) = j p t (u) du, 

a a 


and similarly for q. 

Then g 2 (x)—3>(x) has almost everywhere the generalized second 
derivative q{x)—f(x) ^ 0, and 

?,(»+w+^-m-w _ i _ j du r q(v) dv 

0 x—u 
h x+u 


p j* du J (— n) dv — 


-n. 


Hence the generalized second derivative of g 2 ( x )~^ ) ( ;r ) nowhere 
—oo. Hence no arc of y — < 12 { X )—®( X ) * s above its chord. 

The chord through the end-points a and b is 


y = ^{g 2 (6)-0(6)+0(«)}-0(a), 

0 — CL 
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and hence 

q 2 (*)-*(*) < JZ^{ ?2 (6)-0(6)+0(o)}-<D(a) (a < * < b). 
o—a 

Similarly, no arc of y = Pi{x )—$>(#) is below its chord, and it 
follows that 

p 2 (x)-<t>(x) > j=^{p,(6)-®(6)+®(a)}-®(a) (a < x < b). 

Making n -* oo, p 2 (:r) an( l ? 2 ( ;c ) both tend to the limit 

f 2 (x) = jdv, W j f(v) dv. 

Hence ° ° 

f 2 (x)-<J>(x) = ^V,(6)-®(6)+4>(o)}-®(o) (a < » < 6), 

the desired result. 


6.3. Theorem 112. Let a(y) and b(y) be integrable over any finite 
interval , and zero in an interval containing the origin. Let 
—►00 

J [a(y)cosxy +6(y)sina:t/} dy = f(x) 

0 

for all x in a certain interval. Then 

—►CO 

<&(*) = — J {a(y)co8xy+b(y)sinxy} 

0 

exists for every x of the interval , and has the generalized second deriva¬ 
tive f(x). 

The convergence of the integral for G)(x) follows from the second 

mean-value theorem. Now 

COS y | 7 \ | COS . 7 v n COS A . a. 7 cos 

{x+h)y+ (x—h)y—2 xy = -4 s votyhy xy. 

sm sin sm sin 


Hence 

<t>(a:+fe)+C)^ fe) 2 $( 3 ) = J { a (y)Gosxy+b(y)sinxy}^^^pf-dy, 

o 

(6.3.1) 

and it is sufficient to prove that this integral converges uniformly 
with respect to h for li > 0. 

—►00 

Let I* {a(y)cos xy -f-%)sin xy) dy = r(Y), 

Y 
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so that \r(Y)\ < e for Y > 7 0 (e). Then 

1 00 

J {a(y)coaxy+b(y)ainxy} — 1 ^ l i dy 

Y. J 



for all h > 0; hence the result. 

6.4. We shall now prove the uniqueness theorem on the assump¬ 
tion that a(y)/(l+y 2 ) and b(y)j{\-\-y 2 ) belong to L(0,oo). Later it 
will be shown that this condition is superfluous. 

Theorem 113.f Let a(y)/(l+y 2 ) and b(y)/(l+y 2 ) belong to L( 0,oo), 
and let ^ 

j {a(y)coaxy+b(y)ainxy}dy = f(x) (6.4.1) 

0 

for all values of x , where f(x) is everywhere finite and integrablc over 
any finite interval. Then for almost all 'positive values of y 

A 

a (y) — — lim f (l—-^A/(»)cos«ydar, (G.4.2) 

7TA->oo J \ A / 

—A 

A 

b(y) = -lim f \l—-~\f(x)smxy dx. (6.4.3) 

rr A“>qo J \ A J 

— A 

In particular , if f(x) — 0, then a(y) = 0, b(y) = 0 almost every¬ 
where. 

The condition (6.4.1) may be broken for a finite set of values of x, 
provided that a(y) -> 0, b(y) -> 0, as y -> oo. 

By replacing a; by —a; in (6.4.1) and adding or subtracting, we 
obtain similar formulae with* the cosine or sine integral only. We 
may therefore consider them separately. 

t Pollard (3), Jacob (2). The unrestricted result follows from Offord (7); the proof 
given here is by Offord and the author. 
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Suppose first then that b(y) — 0. Suppose also that a(y) = 0 for 
0 < y < 8, and let „ 


*(*) = - J 


r 


- cos xy dy. 


(6.4.4) 


By Theorem 112, <J>(#) has the generalized second derivative f(x), 
and here f(x) is integrable. Hence, by Theorem 111, 

X u 

0(a:) = J du J f(v) dv +p-{-qx y 
o o 

where p and q are constants; and q = 0 in this case, since <D and / 
are even. Writing u 

M u ) = / ft v ) dv > 


we have 

and 
A 


X 

$(*) = J fi(u) du +p, 


J ( 1_ x) fW coax yd x = J M x ) j^— + |l—|jysin:i^J dx 

+ J - ~ — y 2 ^ 1 — |jcos xy | dx 


<h(A)cosA y p , 2 y 
A A ' X 


A A 

j ®(a;)8in#y dx —y 2 J ^1 — ~jo(a;)cosa;y dx. 
“ y (6.4.5) 


o o 

Since a(y)/y 2 is L y (6.4.4) and Theorem 14 give 
A 


lim 

A-hOO 


IH 


<P(x)cosxy dx = — \tt 


<%) 

y 2 


(6.4.6) 


almost everywhere. Also 0(a?) -> 0 as x -> oo, by Theorem 1, so that 
the remaining terms in (6.4.5) tend to 0 as A ->oo. Hence 
A f 

\f(x)co8xy dx = \rra(y) y (6.4.7) 




lim 
A 


the required result with the conditions stated. 
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To remove the restriction that a(y) = 0 over (0,8), let 
a s (z) = a(x) (x > 8), 0 (x < 8), 


and let 


J a(y)cosxy dy = *(x). 


Then the result already obtained shows that 
A 


lim J |l—?j{/(x)—x(x)}cosxy dx = \ira h {y) 


almost everywhere. Also, by Theorem 14, 
A 


lim J |l — x(z)cos xy dx = 0 


for almost all y in (8,oo). Hence 




)cos xy dx = \ira(y) 


for almost all y in (8,oo), and so, since 8 is arbitrary, for almost all y 
in (0,oo). This is the required theorem for the cosine integral. 

Next let a(y) = 0, and suppose that b(y) = 0 in (0,8). Let 


00 

T*(x) = — f ainxy dy. 

j y 


(6.4.8) 


Arguing aa before, we obtain 


ju a 

'F(z) ~ J du j f(v) dv -\-qx , 


A A 

J (-XH— = J dx 


_ T(A)sinAy_2^ j \^’^ x y, OSX y fa _yZ J |l — ?j x f’(£)sinxi/ fa , 

0 0 (6.4.9) 

The proof now concludes as in the cosine case. 

If there are exceptional points where (6.4.1) does not hold, the 
argument merely shows that 


y = <D(x)— j du j f(v) 


(6.4.10) 
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is a linear function in the intervals between these points. But now, if 
\*{y) I < l%)| < € for y ^ A, 

i 00 

J {a(y)cos xy+b(y)sin xy] dy 

' 0 

< J {l«fo)l+!%)l}<*y +2e j 4s ^f y - dy 

0 A 

< K^+Ae/h. 

Multiplying (6.3.1) by A, and choosing first € and then A, it follows 
that lim fl>(s)-<I>(x-ft) j = Q 

a-*o | A A j 

Taking x to be one of the exceptional points, it follows that the slopes 
of the straight lines which make up the graph of (6.4.10) are the same 
on each side of the point. Hence (6.4.10) is a single linear function, 
and the result then follows as before. 


6.5. To remove the restriction on a(y) and b(y) we require some 
more preliminary theorems. 

—►CO 

Theorem 114. If J f(t)cosytdt 

o 

converges uniformly in any finite interval , to yJ(%ir)F c (y) say , then 

J =•«*> 

' 0 

for almost all x. 

This is merely a variant of Theorem 20; the proof is substantially 
the same, depending on the particular case of the data, that 

—►QO 

J f(t)dt 
0 

exists. 

We require a similar theorem for the sine integral, but in this case 
the argument is more complicated. 


Theorem 115.f Let x n be a sequence of numbers tending to infinity , 
such that 


x n 2^ lx 7i-i ~ 2,3,...), 


t Cantor (1). 
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where k > 1. Then , given any interval (a,/?), there is a number £1 in 
(a,j3), and a sequence of integers y v y 2 > ..., sicch that 


x tl £l-(2y n +l)-+0. 


(6.5.1) 


Suppose that 0 < a < j8, and divide (a, j9) into three equal parts 
(a, y), (y,8), (8,j8). Let be the first of the x n which is greater than 
both 3 6 

_ ■ ..—■ and -— • 

(*— <*) “ 

Choose y v so that (2y v +l)/x v falls in (y, 8). This is possible, since 
x v > 6/(^3—a). Then determine y v +\,y v + 2 ,... so that 


(2y n+1 +l)-(2y n +l): 




< 1 


(n = v,v+l,...). 


If in any case there is more than one such y n+1 , take the least; the 
process is then unique; y v ...,y v - x can have any values. 

The numbers x n and y n now determine a sequence of fractions 
(2 y n -\-\)fx n , which tend to a limit 12; for, by the above inequality, 


Also 


fyn+m+i 2y n + 1 ^ 1 ( ^ 1_ 

^n+m ^n+l 


n 2y n +l 




<—+—+•'• C-I-.+ PI+- 

so that (6.5.1) follows. Finally, f2 is in (a,/?), since 


^ x n {h u+ k 2 ‘ l + ") x n 


Q- 


2y,+ i 


a:,. 




1 




x v (k v — 1) x v (k— 1) 


< 503—«). 


1 

w-ty 


Theorem 116. If J <j>(u)m\xudu 

o 

is convergent for all values of x, then as n ~> co 

du -> 0. 

If the theorem is false, there is a positive e and a sequence n v such 
that |r n J ^ e; and from this sequence we can select a sub-sequence 
Up satisfying n^ ^ Hence there is an x in (0, -Jtt), and 

integers y v y 2 ,..., such that 

2xn^n— (2^+1) ->0. 

Hence, if /a is large enough, 

+ < l”- 


r n = max 
0<f< 


n + ( 

: f <f>(u) 
1 •' 
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Hence, for < u < n^+g, where f < 1, xu-y^ir lies between \tt 
and £ 7 t; hence si nxu is monotonic in at most two intervals, and 
| sin xu | ^ 1 /V 2 . If e.g. sin aw is steadily increasing, 

n M +£ n M +£ n M +£' 

I* <f>(u) du — I* du — ^ - f <j>(u)smxudu 

J J sin xu sin xn^ J 

TlfX 71 n 

by the second mean-value theorem, and the right-hand side tends 
to 0 . Similarly in other cases. 

—►oo 

Theorem 117. If j f(t)sinytdt (6.5.2) 

0 

converges uniformly in every finite interval , to *J(\7r)F 8 (y) say , then 

A 

Km M J |l-|ji?;(y)sina;y dy = f(x) (6.5.3) 

0 

for almost all x. 


We can insert (6.5.2) in (6.5.3) and invert, by uniform convergence. 
We obtain 


—rw 

1 f /^Jl—cosA(a:— t) 1 —cosA(a;+<)) 
n J A \{x+tf~j 


(6.5.4) 


Let T > x, and consider 


—►a 

-/ 


' -lA'ir/A „ K»+l)irM, 

' /r» 


+ 2 


T n ~ N inn/X 

where N is the integer next above 2XT/7T. By the second mean-value 
theorem 

l(n+l)7r/A V 

° 

A (x—t) 2 A (n 

\mrlX 

where ^wjt/A £ < ij |(m-f-l)rr/A. By Theorem 116 the last 
integral tends to 0 as n -> oc, uniformly for A > 2/tt. Hence 


f \/(<)cosA<, 

J )x(x-tY ’ 


l+l) 

I 




"(*■) "(r) 


uniformly with respect to A. Similar arguments apply to the rest of 
(6.5.4) with t ^ T. Also, for a fixed T, the part with t < T tends to 
f(x) almost everywhere. The result therefore follows. 
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6.6. Theorem 118. The results of Theorem 113 hold if a(y) and 
b(y) are integrable over any finite interval , and (6.4.1) holds. 

We again define &(x) by (6.4.4), but now the integral is not neces¬ 
sarily absolutely convergent, and <J>(x) does not necessarily tend to 
0 at infinity. However, since 

v 

a i(y) ~ j a ( u ) d u limit 

o 


as y ->oo (by putting x — 0 in (6.4.1)), and 


Y 

I 


a (y) j 

cos xy dy 


a x (Y)cosxY 

7 2 


+ 


Y 

J «i(2/){' 


x sin xy 2 cos xy 

y r + 


dy. 


the integral (6.4.4) converges uniformly over any finite interval. 
We therefore deduce (6.4.6) from Theorem 114. Also 


•<*) = - /«,to)pP + 3C p3') dy = .„) 


as x -> oo, by Theorem 1; and, for a fixed y, 
A A 


J 0(x)si nxy dx = J Jo (1)— J a x (u) dwjsin.ry dx 

0 0 ' 1/4-1 

oo 

nwi f a i( w )|AsinA(tt—y) 1—cosA(w— y) 

° 2 J u 2 \ n—y 


u—y 


AsinA(tt+y) l-cos A(M+y) l (Ju _ 
u+y u+y j 


as A ->oo. Hence (6.4.7) again follows from (6.4.5). 

In the sine case we obtain (6.4.8) as before, but now we get no result 
by putting x — 0 in (6.4.1), and we have to use Theorems 115-17. 
We have 


7 /a . \mrr' t X n nKTtrff,* y a v 

J h ^2 s in X V dy = ( | + 2 J + J Yy^ SinXydy - 

?/, ' Vi v ~ m \vtt!x l(n\l)TTlx 

The second mean-value theorem gives 




{(v+l)TTlx 


f Jpsin xydy 

j y 

J vttJx 


= o(?jb<y)dyj 
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where \virjx < f < %(v+l)irlx; and the last integral is o(l) as 
v-*oo, £->oo, and is o(l/x) as v->oo, 0 (by considering 0(l/x) 
terms of type r n ). Hence as a; tends to 0 or oo 

l/i 

Hence (6.4.8) converges uniformly over any finite interval, and 

Y(x) = o(x) 

as x ->cc. Also 
A 

J 'F^Jcosxy dx 


*o(A)- 


—►00 

v+i 


6(«) |1—cosA(ii-fj/) 
m 2 I tt+2/ 


w-y 1 


as A->oo, by an argument similar to that just used for <t>(x). The 
result now follows as in the previous case. 

We can also state the above result as a direct theorem on Fourier’s 
integral formula. 

Theorem 119. Let f(x) be integrable over any finite interval and let 


lim f f(t)cosxtdt, lim f f(t)ainxtdt 

U—►00 j U —+00 J 

-A* “/* 

have finite values for every x, and let these values be integrable over any 
finite interval . Then 

f(x) = lim - J |l — l~j|lim J f(t)cosu(x—t) dtjdu. 


-n 


6.7. Integrals in the complex form. The result in this form is 

Theorem 120. Let F(y) be integrable over any finite interval , and let 

A 

| F(y)e~ ixv dy = f(x) (6.7.1) 

for all values of x , where f(x) is everywhere finite and integrable over 
any finite interval . Then for almost all y 

FW - jfejiSj J 'O' 72 ) 

In particular , if f(x) = 0, Jfon F(y) = 0 almost everywhere . 
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Since 

A 

f F(y)e~ ixu dy 
-A 

A 

= 2 J [{-F(y) + F(—y)}coa xy—i{F(y)—F(—y)}sin xy] dy, 

0 

the theorem is equivalent to Theorem 118. 

There is a specially simple argument - )* for the case f(x) = 0. Let 

X 

F x (x) — J F(u) du. 

Then ° 

t x 

f F(y)e- ix ^dy = F^Xie-* 3 *—F x (-X)e ixX +ix f F x (y)e~ ix » dy. 

-A -A 

Replacing x by —x, and adding, 

A A 

J F(y)cosxydy — {F x (\)—F x (— A)}cosa;A+* J F x {y)ninxy dy. 

—A —A 

A 

Now jFi(A)——A) = f F{y)dy-> 0 

—A 

as A -> oo, as a particular case of the data. Hence 

A 

lim x f i T 1 (y)sina;y dy = 0, 

A-.® J x 

A 

and so lim f {jF^(y) — F r (—y)}sinxy dy = 0 

A~*°° o 

for x ^ 0, by the above argument; and for x — 0 because the 
integrand is 0. 

We deduce that Fi(y)—Fi(~~y) — 0 
from Theorem 118; but now b(y) is bounded, and all that we want 
about Y(a;) is obvious from its definition. Hence 

F(y)+F(-y) = 0. 

The argument applies equally well with F(y)e^ v , with any f, instead 
of F(y). Hence 

F(y)e i ^+F(-y)e~ i ^ =s 0. 
for every y and £. Hence F(y) = 0. 


t Offord(fi). 
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Offord (7) has recently proved the remarkable theorem that if F(y) 
is integrable over every finite interval , and (6.7.1) is summable (C, 1 ) to 0 
for all x , i.e . 

lim J |l — F(y)e~ ixv dy — 0 

for all x, then F(y) = 0 almost everywhere . 

This theorem is a ‘best possible’ both in the sense that one excep¬ 
tional point is sufficient to render the conclusion false, and in the 
sense that it is not possible to replace ( G , 1) by ((7,1+8) for any 
positive 8. Thus 

00 

J e ixu du = 0 (C, 1) (x 0), 

— 00 
00 

and J ue ixu du = 0 ((7,1+8) 

— 00 

for all x. 

6 .8. Parseval’s formula. The above results enable us to prove 
still another theorem on Parse val’s formula. 

Suppose that /and g are given functions,/ belongs to £(— oo,oo), G 
exists as the transform of g in some sense or other, and G is L(— oo,oo). 
We are unable to use Theorem 35, since we do not know that g is 
the transform of G. We have, however, the following theorem. 

Theorem 121. Let f(x) be L(— oo,oo), g(x) integrable over any 
finite interval , and let A 

G(x) — ( c - 8 - 1 ) 

—A 

for all x , and let G(x) be everywhere finite , and i(— oo,oo). Then 
(2.1.1) holds. 

The convergence of (6.8.1) may fail for a finite set of values of x, 
provided that g(x) -> 0 as x -> +oo. 

For g(x) is the transform of G(x), by Theorem 120, and the result 
therefore follows from Theorem 35. 

6.9. Another uniqueness theorem. We shall next prove a 
uniqueness theorem of a different type, in which (6.4.1) is not neces¬ 
sarily convergent, but in which there is an additional condition. 
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Theorem 122.f Let e-v l a(t), e~^b(t) belong to L( 0,oo) for every 
positive y, and let 

00 

U(x f y) — J {a(t)co8xt+b(t)8inxt}e~ ul dt 
o 

be bounded for y > 0 and all x . TV&en 

lim ?7(a:, y) = f(x) 

y-+ 0 

oriste and is finite for almost all values of x , and 

A 

a(t) = - lim f (l — ^A/(a)cosatf dx, 

7T A— ^ \ Ay 

A 

b(t) = i lim f (l — !~]/(x)sinx£ da;, 

7T A—>oo J \ A / 

~ A 

for almost all values of t. 

oo 

Let O(z) = J {a(t)-~ ib(t)}e izC dt 

o 

be the analytic function of which U(x,y) is the real part, and let 
l F(z) = exp{—O(z)}. Then |T*(z)| is bounded above and below. 
Hence, by Theorem 94, T*(z) tends to a finite non-zero limit for 
almost all x , as y -> 0. Hence <t>(z) tends to a finite limit for almost 
all x, and hence so does U(x,y). Let the limit of U(x,y) be f(x). 
Now for y > 0, rj > 0 

; J 't-h? 0 '***-;!'*** J T ^h dx + 

— ao 0 —oo 

+ lje-«b(t)dt J rf V3^- 2 dx 

0 —oo 

00 

— J e-^la^e-^coait+b^e-^'ain^t} dt = U(£,y+r)), 

o 

the inversion being justified by absolute convergence. Making 

V-+ o. 

— 00 

by dominated convergence. 

f Vorblunsky (2). 
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By Theorem 14, ^ 

e~ vi a(t) = - lim f (l — U(x, y) cos xt dx 

7TA-mx> \ A I 


A 

= -limY|^ f U(x,y)coBXtdx (6.9.1) 

TT A-<-oo A J J 

o -£ 

for any positive y, for almost all values of t. Now 
f ( 

j U(x,y)coaxt dx = - I cos xtdx j -- %■ — -f(u)du 

J it J J ( x -u)*+y 2J ' 

-( -f -00 

= - f f(u)du ( *™*d* 

TT J jy J (x-u) 2 +y 2 


(x—u) 2 +y 2 (x+tt) 


Also 


00 C 

= ^ J {/(*)+/(-«)} dn J j 

0 0 
f 00 f 00 CO f 

'o 0 Of f 0 1 


y _} 

*) 2 +jn 


cos xt dx 


ff y 1 

y 1 

J !(*—«)*+j/ ai 

r (x+u) 2 +y 2 j 


cos xt dx 


oo 

= I 7 -— 5 cos xt dx — -ne~ yt cos ut. 

J (x—u) 2 +y 2 


b 

Hence J t = ire~ vl j {f{u)+f(—u)}coaut du . 

o 

Again, by the second mean-value theorem, 

IJ y coBxt aJ 2 y 


(6.9.2) 


ycosxt , 
(x+u) 2 +y 2 


t {u+£) 2 +y 2 ’ 


f _y^?L-dx 

J (x—u) 2 +y 2 


< 2 - y 


and also 


t (u-$) 2 +y 2 

f y^ = „ 

J (x—u) 2 +y 2 
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Hence, if \f(u)+f(—u)\ < M, 

( ( —Vjf 

y , . 2 M ' 




2M 


J 


(x+!)*+y idx+ t 


J 


y 


(tj-xjt+y* 


dx -\-M- 


t 

■n J dy 


i-'iv 


2 Ml .2$ , ij\ 2Ml . 1 4 A , „ , 

=-1 arctan— — arctan - H-(arctan — arctan +Mn\y. 

M y y) t \ Vy y) 

Also, if u > £, 


1 / 

1 / 


y cos xt 

<£+W) 2 + < 2 


dx 




y 


t u 2 +y 2 ' 


yoosxt 

(x-uP+i* 




and also 

as before. Hence 


t (u—(;) 2 +y 2 

^ 7r 




2 M 


OO 

J 


_y 

•u 2 -fy 2 


^+ 2 f J 


2 / 


«+v M 


(+<v 


(u—£) 2 +y 2 


du 


W I 


du 


= 2jf/7T 
t \2" 


- arctan 4- (- — arctan 44 + Mn^Jy. 

VI * \2 Vy/ 


Let y v y 2 ,-~ be a sequence of values of y tending to 0, and let 
i? be the set of values of t for which (6.9.1) fails for any of these 
values of y. Then E is of measure 0. Let t be a point not in E . Then 
we can choose y — y n so small that the contribution of J z and J 3 
to (6.9.1) is < c for all A > 1. Having fixed y , it follows from (6.9.2) 
that ^ ^ 


- yl a(t)— e ~ vt —^ J d£ J {f(u)-\-f(—u)}co&utdu 


< 2e 


o o 

for A sufficiently large. Hence 

A f 

a(t) — lim-~ f d£ j {f(u)-\-f(—u)}cosutdu. 

A-->00 XT A J J 

0 0 

Similarly we can prove the corresponding result for b(t). 

6.10, Special properties of transforms. In this section we 
consider some special properties of sine and cosine transforms. 

Theorem 123. Letf(x) be non-increasiny over (0,oo), integrable over 
(0,1), and let f(x) -> 0 as x -» oo. Then F s (x) > 0. 

M 
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FOT II 2 \ 7" // 2 \ A in+ f nlX 

F ‘ (x) = V W J ^ sinxy dy = V w 2 J f(y) Binxi J dl J- 

0 /w “° nt\x 

This is a series of alternately positive and negative terms, non¬ 
increasing in absolute value. Its sum is therefore > 0. 


Theorem 124. Let f(x) be a bounded function , which decreases 
steadily to 0 as x->co and is convex downwards. Then F c (x) is 
positive and belongs to L( 0,oo). 

The conditions imply that f(x) is the integral of f'(x) y which is 
negative and non-decreasing, and tends to a limit at infinity; and 
the limit is 0 since f(x) is bounded. We can now integrate Fourier’s 
cosine integral by parts, and obtain 

oo 

W = -Jffyl J f'(y)suxxy dy, 

0 

and this is positive, by the previous theorem. Also we may now take 
x = 0 in the analysis of Theorem 6, and obtain 


y® j *»=*/(+o). 

-*0 


Hence F c (x) belongs to L( 0, oo). 

Neither of these theorems is true for transforms of the opposite 
kind. If f(x) = 1 (0 < x < 1), 0 (x > 1), then 

which takes both signs. If f(x) = e~ x , then 


m = 




which is positive but does not belong to Z(0,oo). In fact if i\(x) 
belongs to L(0,oo), f(x) -> 0 both as x->0 and as x~xx>, and so 
cannot be monotonic. 


6.11. It is not quite easy to construct a monotonic f(x) for which 
F c (x) is not integrablef over (0,oo), To do so, we first prove that 
there is a function ^ 


<f>(x) = ^b n smX n x 

n-1 


t For a similar result for series see Szidon (1). 
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with b n > 0, j b n convergent , and 

i 


divergent. 
We have 


J W*) 


J MMida; ^ J &JsinA n a;| J I ^ < ^ — 

l/A. l/A. l/A, *'“ 1 

- f I 2 6 > nA '* ?= 

l/A. 

Now 

•A = b n J J S1 ^“ du> Ab n logA„, 

1 

1 n — 1 n —1 

^2 < f 2 = 2 M,> 

0 *'“ 1 *'~ 1 

1 00 

J3< f 2 6 -v = logA » 5 

J Zw X v-^n + l 

1/1 ^ n + 1 

Hence J 3 < £«/* if 6„ = k~ v with a sufficiently large k; and J x -> oo, 
J 2 — o (JJ if e.g. A x = 1, and 

A w = 2 (^i+ , **+Ai— i )/6n < 
i 

Then f d* -> oo, 

1/An 

the required result. 

Theorem 125. There is a function f(x), continuous and steadily 
decreasing to 0 as x -> oo, such that F c (x) does not belong to L( 0,oo). 


We first obtain the result for a non-increasing function. Let 
f{x) — c n in (a n -i+8, a„—8), where c n ->0 steadily and a n -+co 
steadily, and 0 < 8 < 1; and let f(x) be continuous and linear in the 
remaining intervals. Then, taking a 0 +8 — 0, 
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au 

2 ‘- 


sin(a„—8)x—8in(a n _ 1 +S)a; 


n = 1 


+ 


%[* 

1 


+ 


8in(a„+8)x sin(a„—8)x 


+1‘ 


28a: 2 


x x r 

{cos(a„—8 )x—cos(o„+8)x}J 


sinSx 

8x 2 


2 


n=*l 


By the lemma, we can choose c n and a n so that 
i ~ 

dx 
x 


r 

J ^K-c n+l )sma n cc 


1 

is divergent, and then so is [ |2 1 c (a;)| dx f since sin Sx/(Sx) -> 1 as 

6 

x -> 0. 

We can plainly construct a steadily decreasing function g(x), 
having derivatives of as many orders as we please, such that 
f(%)—g(x) belongs to Z(0,oo). Then the cosine transform of f(x)—g(x) 
is bounded. Hence the cosine transform of g(x) does not belong to 
i(0,oo). 


6.12, Under special conditions F c (x) and 2P(a?) behave asymptotic¬ 
ally like a power of x , either as x 0 or as x ->oo, or both. The 
two simplest theorems of this character are as follows.*)* 

Theorem 126. Let f(x) = x-^x), where 0 < a < 1, and <f>(x) is 
of bounded variation in (0, oo). Then 

W-^(+0)y|)r(l- a )8inJ 7T0CX a_1 (.r->-oo), 

F c (x) ~ <f>(co) J Qr(l- a )sin Ittolx*- 1 (x -> 0). 

F 8 (x) satisfies similar conditions with sin \tcol replaced by cos \ttql. 

We may suppose that <f>(x) is positive non-increasing in (0,oo). 
Take the case x -> oo. We have 

00 

= J t-“tWccs xt dt 

u 

t Titchmarsh (9). 
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00 

= x ““ 1 J u'-° t <f>[ulx) cos u du 
0 

= + J) = 


By the second mean-value theorem 

A' 


h = <f> 


u~ a cos udu = 0( A - “) 


uniformly with respect to x. Now, for a fixed A, 

A A 

J {^(+ 0 )— <f>(ulx)}u - a cosu du = 0 )—<£(A/x)} J u~ a cosudu 

= 0{^(+0)-^(A/x)} = o(l). 


and 


a 

^(+0) J u-^coau du -> <£(+0) J u-^cosudu = 0(+O)r(l —a)sini7ra. 

o o 

Hence the result. Similarly in the case x -> 0. 


Theorem 127. Le2 /(a;) and f'(x) be integrable over any finite 
interval not ending at x = 0; let a; a+1 /'(x) be bounded for all x , and 
/(a:) ~ ar~ a as x oo (a; -> 0). Then 

w~7(;) r(1 — «)sin 

cw x -> 0 (x->oo). i^(x) satisfies similar conditions with sin J7ra 
replaced by cos ^mx. 

Consider the case x oo. We have 


co 


A/x ao 


J(frr)F c {x) = J f(t)coaxtdt — J + J = /j+Z,. 

0 0 A/x 


oo 



= 0 (A- a te«- 1 )+^ J 0(t-«- l )dt 

A lx 

= 0(A-“a: <1 ‘- 1 ). 


Then 
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Let m(£) = max \x ot f(x)—l\ i so that m(£) -> 0 as £ 0. Then 

Alx A/ar 

I x = j t- < *co&xtdt+ J {£ a /(0—• l}f*~ a cosatf dt 
0 0 


= a ;*"* 1 J u-* cos udu | 

0 

= a:*- 1 J u-^coau du +0(x a ~ 1 A“ a )+o|m^j|^j j, 


o 

and the result follows on choosing A large enough, and then x large 
enough. 

Similarly if x -> 0. 


6.13. Order of magnitude of transforms. There are various 
more or less trivial results; if (1 + [ x\ n )f(x) belongs to L(—oo,co), the 
equation « 

J rn** 

— CO 

can be differentiated n times. It follows that F(x), F'(x ),..., F w (x) 
are all continuous and tend to 0 at infinity. 

If f(x), ...,/ (n-1) (a0 are continuous and tend to 0 at infinity, and 
fi n \x) is Ly then by repeated integration by parts 

— qo 

Hence x n F(x) 0 as x ± oo. 

Similarly, if (1+ \x\ n )f(x) belongs to L 2 (—oo,oo), then 
F(x) y ... f F^(x) 

are continuous and tend to # 0 at infinity, and F (n) (x) is L 2 (— oo,oo); 
and conversely. 

Other results have been given in Theorem 26. 

The idea underlying the following theorem is that both a function 
and its transform cannot be too small at infinity. f The result is 

Theorem 128. Let f(x) and F c (x) be Fourier cosine transformSy and 
let each be 0{e-* x ') as x -> oo. Then 

f(x) = F c (x) = Ce-**\ 

t Hardy (19), Ingham (1), Morgan (1), Paley and Wiener, Fourier Transforms , § 19. 
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We use the following lemma. 

Lemma. Let <f>(z) be an integral function , <f>(z) = 0(e a]z! ) for all z , 
and (f>(x) = 0(e~ ax ) for real positive x -> co, a being a positive constant . 
Then <f>(z) — Ce~ az . 

There is a constant C such that 


\<f>{x)\ ^ Ce~ ax , |<£(re l ‘«)| ^ Ce ar , 

where 0 < a < tt. Hence, by a theorem of Phragmen and Lindel6f,f 
\<f>{re ie )\ < Ce rH ® (0 < 9 < a), 


where 


rr// 3 \ -fl8m(a-0)+asmfl sm(0—£a) 

11 (u) = -;-— = & - . - , , 

sm a sm 


Here we can keep 9 fixed and make a -> 7r. Then H(9) 
and it follows that 


-a cos 9, 


\tf>[z)\ < C'g-arcosfl (0 < e < TT). 


Similarly, we obtain the same inequality for — tt <0^0; and 
also, by continuity, for 0 — tt. Hence e ai (jj(z) is a bounded integral 
function, and so is a constant. 

To prove the theorem we have 


F c (z) = 



f(t) cos zt dt . 


By the condition on f(t) this is an even integral function of z; and 
if \z\ = r, 

\F c (z)\ < K J e-“’coshr< dt = KeS'\ 

0 

Hence F c ( Vz) is an integral function which satisfies the conditions of 
the lemma, with a — Hence 

W = Ce-i*, 
m - Ce-»\ 

and also the result for /(z) follows, by a familiar formula. 

Moro general results can be obtained in a similar way. Suppose 
for example that 

f(x ) = 0(x 2k e-i*‘), F c (x) = 0(x^e-t x ‘), 


t Tho argument i« that of Titchmarsh, Theory of Functions , § 5.71, with 8 = 0. 
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where k is an integer. Then F c (z) is an even integral function; and 


\F e (z)\ <K j e-‘<V*cosh rt dt 
0 



e _i<, cosh rt dt 


= kI^Y* ei r ' = 0(r 2 *e* r *). 

\dt) 

Let ^( 2 ) = F c (<Jz). Then ^( 2 ) is an integral function; and, if a 0 ,..., a k ^ x 
are properly chosen, so is 


>P(z) = z-**{^(z) —(o 0 +o 1 «+... + a fc _ 1 2 fc - 1 )c-‘*}. 

Hence </i(z) satisfies the conditions of the lemma, and so is C7e~* a . 


Hence 


-^(2) = (a 0 +«i 22 +-+«*: 22fc ) e_ ‘ a, > 


and /( 2 ) is another expression of the same form. 



VII 


1 (0, a), 0 (a,oo), 
cos* (0,a), 0 (a,oo), 
sin* (0,a), 0 (o,oo), 


EXAMPLES AND APPLICATIONS! 

7.1. Cosine transforms. Simple pairs of cosine transforms are 

1 (1—coso(l—*) 1—cosa(l-}-*)l 

V(2^)\ 1^* + 1+i )’ 

(7.1.3) 

*-■ y© ih- (riA) 

Generally, the cosine transform of any even rational function, regular 
on the real axis and 0( l/x 2 ) at infinity, can be evaluated by contour 
integration; for example 

b' y©-^4 (7x5) 


1+* 4 

Another familiar process of contour integration gives the pair 
1 1 


Next 


cosh t tx ’ A /(2ir)cosh \x ’ 


(7.1.6) 


v®/ 


-) | e-* x 'coBocudx 


00 

= V(^) J 


1 


e -i*‘+ixu 

V(2») 


co 

I 




V(2») 


e-iu’ 


oo 

J e -*? d £ = 




(by Cauchy’s theorem). The cosine formula then gives (7* = 1, 
whence (7=1 since (7 > 0. Hence we have the pair 

e-** 1 , e-**\ (7.1.7) 

All the above examples belong to obvious L-classes. 

f An extensive list of Fourier transforms is given by Campbell and Foster, Fourier 
Integrals for Practical Applications. 
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Next we have 


J(l )/‘- ,Vco8 *!' d « = y(ij)/e- 1 "' 
0 0 



-lx*/A 


by the formula just proved. 

This is true primarily for real positive A, but it can be extended by 
the theory of analytic continuation to all values of A with R(A) > 0. 
Taking A = i, 




’cos xydy — 


Taking real and imaginary parts, we obtain the transforms 


cos \x z , cosJxHsinJx 2 ), (7.1.8) 

sin (cos £x 2 —sin \x*). (7.1.9) 


The Fourier formulae arising from these give examples of Theorem 
11, case (i). 

We define the Bessel function of order v by 

jw *) = ytinwz {v> _ 1} 

Zn\r(v+n+l) (v> l) - 

Thenf 


(7.1.10) 


4 QQ 1 

J (l-yy-^coszjr dy = J J (l-y 2 ) v ~ i y 2n dy 


= IV (~i)"r(v+i)r(n+|) 

2 „4o (2n)!T(v+n+l) 

— <= *£?£ ; 

2 v £, o 2*”n\r(v+n+l) 

Hence we have the cosine transforms 

(I-**)-! (0 < x < 1), 0 (x > 1), 2-»r(v+i)x-'J r „(x). 

(7.1.11) 

t Watson, Theory of Bessel Functions, § 3.3 (2). This work is referred to later as 
‘Watson’. 
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These belong to L* if v > 0, and to L p , L p ' respectively if 
1 /p > v, v > — J. 

In each case we can introduce a parameter, since the transform 
of/(Az) is , / v 

A- 

and similarly for sine transforms. 

7.2. Sine transforms. A simple pair is 


2\ x 

7 r) l+x 2 ’ 


(7.2.1) 


and, generally, the sine transform of any odd rational function, 
regular on the real axis and 0(1/x) at infinity, can be evaluated by 
contour integration. 

Other familiar methods of contour integration give the pairs 
1 1 1 1 


1 

xj(2ir) 9 

i i 

e xV(27r)Z1 xj(2n)’ 

(7.2.2) 

1 

*V(i 7r )’ 

tanhlx^^Tr)}— 1. 

(7.2.3) 

xe~ ix \ 

xe~ iz ‘ 

(7.2.4) 


The pair xe~ ix \ xe~^ x 

may be obtained by differentiation from (7.1.7). Nextf 


fsiny . , If 


Hence we obtain the pair 


1 f cos( 1 — x)y —cos( \-\-x)y 


dy == Hog 


—, ^loglf^l. (7.2.5) 

x V(^ 7r ) |1— 

If v > { we obtain by partial integration from (7.1.11) the pair 
#( 1 —a; 2 )*'-! (0 < * < 1), 0 (x > 1), 2^r(v^l)x 1 ~ v J v (x). 

(7.2.6) 

We define the Struve’s function^ of order v by 


H , v v f-i nixy **"* 1 
A ’ “ Z I>+|)l>+»+l) 


(„ > -|). (7.2.7) 


t e.g. as in § 5.2, 


Watson, § 10.4. 




180 


EXAMPLES AND APPLICATIONS 


Chap. VII 


Then 

1 00 1 

J ( 1 — y'y-'sinxydy = J ( 1 _ y 2 ) , '-ty 2 “ +1 dy 

= 1V (-i)*r(v+i)»i ^ 

2 n 4 o (2n+l)!r(v+7H-i) 

= *Ir(v+-£) y _ (~ 1 )" a;2n+1 - . . 

Z2Mr(n+|)rHn+f) 

71 — 0 

Hence we have the sine transforms 

(1—a: 2 )-* (0 < x < 1), 0 (x > 1), 2-»I>+*)*-’H,,(a;). 

(7.2.8) 


7.3. The Parseval formulae. We obtain simple examples of 
(2.1.4) or (2.1.6) by taking / and g rational functions; for example, 
let f(x) — l/(x 2 +a 2 ), F c (x) — ^(^ir)e- ax /a, and similarly g, 0 C , with b 
for a. We obtain 


J 


dx 

(x 2 +a 2 )(x 2 +b 2 ) 


o 


00 



e-ax-bx fa 


77 

2ab(a+b) ' 


(7.3.1) 


As another type, let f(x) =1 (0 < x < a), 0 (x > a), 

F c (x) = V(2/w) sin ax/x, and similarly g, O c , with b for a. We obtain 

oo . . min (a.b) 

J dx = \tt ^ dx = l7rmin(a,fc). (7.3.2) 

o o 

Similarly, from (2.1.6) and (7.2.5) we obtain 



a+x I 
a—x 


log 


b+x 
6 —x 


dx 




sin ax sin bx 


x* 


dx = 7r 2 min(a,6), 

(7.3.3) 


by (7.3.2); or we can obtain this directly from Theorem 91. All the 
above formulae come under Theorem 52. 

We can deduce some of the familiar T-function formulae from 
Parseval’s formula.f Define T(a) by 


T(a) = J e^x*- 1 dx (a > 0), (7.3.4) 

o 


t See Hardy (3). 
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and let 


ao 

c(a) = j x a ~ 1 coaxdx (0 < a < 1), 
o 

ao 

s(a) = J (--1 < a <; 1 ). 


(7.3.5) 


(7.3.6) 


Then the cosine transform of x a ~ x is 


J J y^coaxy dy = x~ a Jl ^-j J u a - x co8u du = x~ a J |“j c ( a )- 
7 0 0 
Similarly, the sine transform of xP* 1 is x ~ a J f-Wa). 

We can prove, by contour integration or term-by-term integration 
of series, that 

ao 

f iJl 2 ~ h 7rsec ^ a7r (*~"1 < ® < 1). (7.3.7) 

J Xm T x 

o 

In (2.1.4) let f(x) — e~ x , g(x) = xP- 1 . We obtain 

00 

I» = - f X ~ a ° (a J dx = c(a)sec W (0 < a < 1), (7.3.8) 

7T J l+X 2 
0 

e.g. by Theorem 36. Similarly, by (2.1.6), 


ao 

2 f x 

r(a) = - -— x~ a s{a) dx = «(a)cosec \a-rr (0 < a < 1). 

■jt J l+x* 


Also, by the above rule, the cosine transform of 

*«-»-c(a)c(l— a); 


-J 0 


(7.3.9) 


c(a) is 


since it is also a: 0-1 , by Theorem 6, it follows that 

c(a)c(l— a) = Jtt (0 < a < 1). (7.3.10) 

Similarly, a(a)s(l-o) = (0 < a < 1). (7.3.11) 

Also, (7.3.8) and (7.3.10) give 

r(o)r(i-o) = (7.3.12) 

\ sin an sm an 

In particular 

c(i) = V(w. = (7.3.13) 
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We have also obtained the cosine transforms 


-jr(a)cos \<nrx- a (0 < a < 1) (7.3.14) 


and the sine transforms 


a**- 1 , J(9jr(a)ain laiTX- a (0 < a < 1). (7.3.15) 

7.4. Some Bessel-function examples. From (2.1.4), (7.1.11), 
and (7.3.14) we obtain 


f * - V(i) * 

0 0 

r(a)cos \air r(v+J)r(J—|a) 

“ 2*’- 1 Vfl-r(v+|)' 21>-4a+l) 

= 2a " v_ir (J a ) (7.4. l)t 

r(v—^o+i) 

This is a case of Theorem 36 if v > — $, 0 < a < 1 (taking 
/(*) = (1—a: 2 )*'-* (0 < x < 1), 0 (* > 1), and g(x) — x~ a ). Actually 
the integral converges if 0 < a < i/+§, so that the result holds by 
analytic continuation in this wider range. 

Similarly, from (2.1.6), (7.2.8), and (7.3.15) we obtain 

J ^ * - V(!) * 


(7.4.l)t 


2°-v-ir(^a)tan \air 

r(v—^a-j-i) 


(—1 < a < v+l). 

(7.4.2)t 


As an example of (2.1.8) let — A < v < 0, 

f(x) = ^/(2/7r)r(2v-(-l)cosv77|a:|- 2v_1 sgnx, F(x) = i\x\ iv sgna: 
by (7.3.16), and 

g(x) = 2*--(l-x 2 )-Vr(v+J) (|»| <1), 0 (|a;| >1), 

(?(*) = |* |-^( 1 * 1 ), 
by (7.1.11). Then if * ^ 1, 


2 J t v J v (t)sin xt dt 


II2\ T(2»'-(-l)cos vn 

J W 2 -*r(v+i) 

f Watson, § 13.24 (I). 


J (1—M 2 ) v_i |x—M| -2, '- 1 sgn(a:— u) du. 

- 1 (7.4.3) 

t Ibid., § 13.24 (2). 
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This may be justified by Theorem 39. 

If x > 1, the integral on the right-hand side isf 


2 2v 


r(2v+i) (x*-i y+f 


If 0 < x < 1, the integral is 0; for consider 

J (1 — tv 2 ) v -*(x — w)~ 2v ~ l dw. 


This integral, taken round a circle of centre the origin and radius 22, 
tends to 0 as 12 -> oo. On reducing the contour to the real axis from 
— 1 to 1 described twice, and allowing for the change of value of the 
integrand at — 1 , x, and 1 , we obtain a multiple of the above integral. 
It follows that we have the sine transforms 

*-■«*>■ ra-^-iT" 1 <>:>1) ’ 0 <*<■>• < 7 - 4 - 4 » 


Actually (7.4.3) converges for v < i, and the result holds by analytic 
continuation in this wider range. The functions belong to LP y LP' if 

P>, 1 - (v>0); . 1 <p<-± (-i<v<0). 

*—v *—v 2v 

2 2 (7.4.5) 

From (2.1.6), generalized as in (2.1.22), and (7.2.6) and (7.4.4), we 
obtain, if 0 < a < b, 


J [ax)> l J ll (ax)(bx) l - v J v (bx) dx 

o 

If 2/*+* 2, ~” x lt_ x \~* j 

— J r(P^jU 2 ) r(v=T) 6 ^ b~*J x ’ 

a 

while the left-hand side is 0 if 0 < b ^ a. Hence 

oo 

J xv-v+'J^ax^^bx) dx 

(0<«<6). 0 (.> 6). (7.4.6) 

The process is justified by L 2 theory if — \ < < 0, v > 1. As 

usual, the result holds in a wider range. 


f See Titchmarsh, Theory of Functions, p. 63, ox. 19. 


% Watson, §6.13 (3). 
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and 


/(*) = sinx/x, F(x) = V(W (|x| < 1), 0 (|x| > 1), 


g(x) = J 0 (x) (x > 0), 0 (x < 0), 

00 00 

Q(x) = ^r) / J o(y) COBX y d y +^p ) j J o(y)B*nxy dy 


( 1*1 < 1 ), 


tsgnx 


( 1*1 > 1 ), 


V{2»(l-x»)} Vl ' ^ " V{2‘w(**— 1)} 

by (7.1.11) and (7.4.4). Then (2.1.8) gives 

* = 1 j -0^ * = / -j(=- M - W 


0 -10 
Here /(x) and 0(x) belong to if 1 < p < 2. 
Prom (7.2.1), (7.4.4), and (2.1.6) we deduce 

00 00 


(7.4.7)t 



J e~ ax x v J v (x) dx = 

0 i 


X 


2*+* 


o 2 +x 2 r(J—v)(x 2 —!)»-+* 


dx 


V7rT(i 


_^_ du = _?£(H:*) 

(a 2 M+l)(l-«) K+ * V*r(a 2 +lj*’+*' 

° (7.4.8)* 

Here the IP theory applies if p satisfies (7.4.6). The result holds by 
analytic continuation if v > — J. 


7.5. Some integrals of Ramanujan.[| Let 


00 

#*) = J 


p-irru 8 


e~ ixu du. 


Then 


coshiro 

00 

#x+t7r)+^(x-Mr) = 2 J e-*™’-**” du 


(7.5.1) 


<X* iff 
= 26® 4 . 


(7.6.2) 

ir*_<7T 

Again, by (7.1.8) and (7.1.9) the transform of e - *** 1 is (2w)-*e 4ir f , 


t Watson, $ 13.56 (4). 

|| Ramanujan (2), (5), Watson (5). 


X Ibid., § 13.2 (5). 
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and that of sechrtr is (27r)“* sech Hence, by (2.1.8), 

T ? giirv'-izv 
cosh 7TV 


oo i(s—tt)* _ in 
e *n 


1 /• * 4ir 4 ix*_ibr /• 

^(x) = — I -r-r;— dit = e 4w 4 I 

r 2w J cosh Jit J 


dr. 


This integral is of the same form as the original one, and we can 
repeat the process which gave (7.5.2). We obtain 

_Hx-iv)' _tjr 


_<<*+<*)■ 
0 4ir 


i.e. 


^(x+tV)+e * n <f>(x—in) — 2e * j e inv '~ ixv dv 

— 00 
_ix' 

= 2e lff , 

_irr 

-j-itr)-{- — iir) = 2c 




Eliminating <f>(x—iir), 

(e ix —e~ ix )<f>(x-\-in) — 2e 4 (l—c 4w **), 
and, replacing x by x—in, we obtain 


4(*) = 


17T <X* 

e*—ie* n 


cosh Jx * 

Taking real and imaginary parts, we obtain the formulae 


00 

I 

0 

oo 

I 


COS 7TU 2 COBXU 

cosh ITU 


du 


. X 2 1 

‘“‘c+Tg 

2 cosh \x * 

x 2 1 

cos-— 

sin 7m 2 cos xu , 4w V2 

du = 


coshim 


2 cosh Jx 


(7.5.3) 

(7.5.4) 

(7.5.6) 

(7.5.6) 

(7.5.7) 


Similar integrals with denominator sinh iru may be evaluated in a 
similar way, or deduced from the previous ones, as follows. We have 


00 

<j>(x-\-iir) = J c 


fi n 

- inu'-ixu g 


COSh7rt4 




-00 

00 


_ J e -<i r «*-<xu(i_|_tanh7m) dit 


— 00 

in 


= e in 4_2i J e^ ilTUt sinxutsuihim du. (7.5.8) 


o 

N 
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Now by (7.5.4) 


<f>(x+i7r)—e 


ix x irr iiri i tt *' 

__ ~T l ~ e 

sinh lx 


sinh lx 


(l —e^cosh 


tanh 7tu 


00 

1 f sinuv 
7 r J sinh it 


Hence the second term on the right of (7.5.8) is 


J e - inu ' 


sin xu du 


sinh \v 


2i C dv C • « . . 7 

=-I _ e~ tnu sin xu sm vu du 

7 r J sinh \v J 
o o 

00 iV 

1 f e^ S in(xv/2n) , 


TT 


'■ f e 47r sin(xv/2 

J sinh Jw 


Hence 


IT* _ ITT 

= -2e^ 4 


f e lV "'si 
J sinh try 


sin xy 


00 

f e ^7rI,, sin xy , _ cosh^z—e 47r 
J sinh7rt/ 2sinhjx 


cos Try 2 sin xy , _ cosh Ja;— cos(x 2 /4tt) 
sinh iry 2 sinh iz 


(7.5.9) 


sin7Tt/ 2 sin.ri/ ^ __ sin(:r-/47r) 


f sin 77 

J si 


sinh 7 ry 


2 sinh lx * 


(7.5.10) 


7.6. Some T -function formulae.! The formula 

| = a-n^+tTra— ' w ( “ >I) 


(7.6.1) 


| Kamarmjan (4), (6). 
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may be obtained by calculating 



a -2 

ut x ~ 1 dw 


taken round the contour formed by joining the points —t, i by 
the imaginary axis, and by the right-hand half of the unit 
circle. 

The reciprocal formula is 


00 

J 


p—ixi 


T(\a+\x)r{\a-\x) 


__ 2 rt ~ 1 (cos t) a ~ 2 


•(!<!<*») 


r(o-i) 

o m> w, 


or, putting a = <x+p, x — 2u-\-a—p, t — hj, 

(>-iuu 


(7.6.2) 


/ r(« 


J (2 COS 1\ \ ^ x 

+U )r(p-u) du ivhm (,yl } 


o 


Here 


F(x) = {r( a +M)ro3- W )}- 1 = o(|«|»-«-/») 


(|y| > «)• 

(7.6.3) 


as u -> ± 00 . The functions F(x),f(x), related by (7.6.3) both belong 
to L p (p > 1) if a+p > 2; if 1 < oc+p < 2 they belong to L p , L p ' 
respectively if p(a-{-p— 1) >1. In the latter case (7.6.3) is non- 
absolutely convergent; this may be verified from the asymptotic 
expressions for the T-functions, or by Theorem 59 and its extension 
to L p . 

The particular case y = 0 is 


J r(a+w)r(/s-to r(<x+p-i) (o£+/J>1) ‘ (7 - 64) 

— 00 

Since 

sin wjrw/sin nu = e'<"‘«+e'< m ~ 3)n '*+...+-D" “, 

(7.6.3), with a — p, gives 


00 

/ 


sin rmru 


du 


22a-3 


sin 7m r(a±7t)r(a — u) r(2a— 1) 


(m odd), 


0 (meven). 

(7.6.5) 
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The particular case a = n+1 (n an integer) is 
00 

sin mini du it 2 Sn (n!) a 


f sin mirudu 

Again, apply (2.1.1) with 
1 


2 2 n! 


(m odd), 


0 (m even). 
(7.6.6) 


m = 


r(cc+x)T(p-x)’ 

Then, by (7.6.3), if ot+fi+y+8 > 3, 

00 

dx 

+*)r03-*)r(y+*)r(S-:r) 


G(x) = 


1 


r(y+*)r(8-*) 


J r(« 


2 tt r(ac-f-j8—l)F(y+S 


rr 

—— J* (2 cos ^y) a +^+y+8-4glfv(a-P-y+8) rfy 


r(a+^+y+8—3) 


“* f (a+/3-l)r(y+8-l)f(«+8- ljf(p+y- 1)’ (? ‘ 6 ' 7) 

using (7.6.1) again. Here -F* and g are 2> if 2—y—8 < 1/p < 

The formula (2.1.8) with the same functions and x = i r, a+8 = fi+y, 
gives 

00 

f e-iTTi 

J r(oc+x)r<fi-x)f(y+x)r(8-x) 


dx 


1 


giiw(a-)S) 


27 t ^(ot-j-jS—l)r(y-(-8 

o 

e ii7T(*-P) 

= 2r{i(«+/3)}r{Ky+8)}r(«+s-i)‘ 

In particular, 


—j) j* (2 cos \y) a +P~\2 sin \y)v+*- z dy 

(7.6.8) 


J {I> 


cos7ra; 


+*)!>-*)}* ^ 4r(2«-l){r(a)} aJ (76J) 


Other integrals which may be evaluated in the same way are 

00 

e iitx 


J r (<* 


+x)r{p-x)r( y +2x)r(8-2x) 


dx 


2a+ p +y ^- Set< ^- a)m(a+i3+y+8 _3 )} 

V ff r{K«+/3)}r(y+8-l)r(2«+8-2) 1 • • } 
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provided that 2(a—j8) = y—8; if a+j3+y+8 = 4, then 


J r(« 


C 08 7T(x+P+y) 


+x)r(p-x)r(y+2x)r(8-2x) 

1 


dx 


2r(y+8-l)r(2«+8-2)r(2jS+y-2) 

If 2(a—j8) = y— 8-f k, where k is ±1 or ±2, then 
00 

Bin7r(2a:+a—/3) 


(7.6.11) 


J r(« 


+x)r(p-x)r( y +2x)r(8-2x) dx 

22a-y-3 


= ± 


1 JirT'(fi-\-y —a+J))r(2a+8—2) 


. (7.6.12) 


If 3(ac—j8) = y—8-\-k, where k is ±1 or ±2, 


00 

f sinir(2a;-f-a— P) j 

) r(oL+x)rtf-x)r(y+3x)r(8-3x) 

00 

g3ac+8-i r ^2(x— f$-\-8 — 2) 

± 47rr(y+8- l)r(3a+8-3)’ 


(7.6.13) 


The sign on the right-hand side in each case is that of k. 

We next take some integrals of a similar kind, but with T-functions 
in the numerator. Consider 


'= / mgr* (I( “> <0) 

— oo 

oo 

f 1 e ixt 

n J r(j8-fa:)r(l—a—x) sin 7 r(a-f *) dX ‘ (7-6.14) 

— 00 


Now 


1 

sin7r(a-f:r) 


2 i 

e irr( a+x) e -iir(ot+z) 


00 

= 2i 2 e"" <7r(2m+1)(at+;r) . 

m—0 


Hence 



gix/-<7r(2m +lXa+ar) 

ro+*)r(i-«-*) <fa ' 


and these integrals are of the form (7.0.3), with y — (2m-(- ljw— t. 
Hence I = 0 if t < 0. If t > 0, the only non-zero term is that in 
which m = [t/2n]; the value of I may thus be obtained from (7.6.3). 
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We can now pass to 


/ r ( «+z)r( 0 -*)e“<<fc 


(7.6.15) 


in a similar way. This is 

f r(a+x) e <; 


_ f r(« 

' J f(i- 


j9+x) sin 7 r(fi—z) 


= 2lff 


iff V f r ^ + . a! j e i*-in(2m+l)(p-x) d x 

m 4 0 J m-fi+x) 


if I(yS) < 0 . Hence (7.6.15) can be evaluated in terms of (7.6.14). 

The above results may be used to evaluate some integrals involving 
Bessel functions, in which the order is the variable of integration.^ 
Using (7.6.4), we have 

f ^ 

J 0 /*+* b v ~ x 


OD 00 

= 2 2 


{_IJm+n/U jti+v+2m+2n 


m\n\ \2 


r(/*+a:+m4-i)r(v-.T+n+l) 


OO 00 

-22 


(_ a 2mfo2n 2/ A +*'+ m + n 

m\n\ 2* x + v+2m+2n rifjL+v+m+n+i) 


2 ( — l) r y 

2 r r(u+v-\ r r+ 1 ) Z m\(r—m)\ 

r*»0 m«=0 

= ^ (~ i) r (rf-W 

Zj^r^+K+r+l) r! 

i e f «W«) J v -M _ J^MW+b 2 )}] 

J OM+* 6-* -flgiippjjKM+w" 
— 00 

00 

In particular J dx = *^ + „(2«0- 


Q2mfo2r—2m 


(7.6.16) 


(7.6.17) 


The values of corresponding integrals containing a factor e i,uc may 
be deduced in the same way from (7.6.3). 

7.7. Mellin transforms. The simplest example of Mellin trans¬ 
forms is /(*) = e~ x , g(s) = r(*) (a > 0). (7.7.1) 

f Watson, § 13.8. 
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a*/8 

(0 > 0), 

(7.7.2) 

a*/s 2 

(ff > 0), 

(7.7.3) 

mm 

(0 > 1), 

(7.7.4) 

mm 

(<r > 0), 

(7.7.5) 


k + ioo 




k-ioo 


i»r(a-«)r(&- 

f(C-3) 


Z-* da, (7.7.6) 


Here f(x)x k ~ 1 belongs to 2/(0, oo) if k > 0; and g(«) belongs to 
L(1c— ioo,A+ioo) for k > 0. 

Other straightforward examples are 
1 (x < a), 0 (x ^ a), 
log(a/a;l (£ < a), 0 (x ^ a), 

1 

e*—1* 

1 

e*+e- x ’ 

where L(a) is (9.12.1). Her ef(x)x k ~ 1 belongs to 2/(0, oo) for k > 0 in 
each case except (7.7.4), when it is k > 1. 

We also observe that if f(x) and g(s) are Mellin transforms so are 

x^f(x) and g(«+A), and also f(x a ) and -gf-V This enables us to 

a \ol) 

introduce parameters in each case. 

Consider next the integral 

-*) m 
T“(a)T(6) 

where R(a) > 0, R(6) > 0, c is not 0,-1, , and 

0 < k < min{R(a), R(6)}. 

Since 

r{8)r(a-a)r(b-8)ir(c-8) = 0(e-^^|^l R<a ' h& “ c) “ 1 )» M = r-°e* 9 

the integral represents an analytic function of z , regular for r > 0, 
— 7 r < 0 < 7T. If z = where 0 < x < 1, it may be evaluated by 
moving the line of integration away to infinity on the left, and 
evaluating the residues at 8 = 0, — 1, .... We obtain 

f(x) — 1— 06 a;4- a ( a + 1 M 6 + 1 )a; 2 — 
m ~ cl! + c(c+l)2f * - 

= F{a,b; c; —x) 

with the usual hypergeometric notation. For x > 1 ,f(x) is therefore 
the analytic continuation of this function (and may, of course, be 
expressed as a sum of hypergeometric series by moving the contour 
the other way). We therefore obtain as Mellin transforms 

r(«)r(a-*)r(6-«) r(c) 

f(a)T(6) 

(7.7.7) 


f(x) = F(a,b; c ; -x), g(s) = 


r(c-s) 

(0 < a < min{R(a), R(6)}). 
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Particular cases are 
1 

1+*’ 

1 

( 1 +*)°’ 

ilogfl+z), 

x 


1 




( 15 )' 


8in$7T 

r(«)r(o-«) 

r(o) 

IT 

(1—s)sin«7r 


(0 < a < 1), (7.7.8) 

(0 < <r < R(a)), (7.7.9) 
(0 < <r < 1), (7.7.10) 


r(s){r(m-a)} a _ _ v 

r(l-s){r(m )} 2 (° <a<m )’ < 7 - 711 ) 

where P n (x) is the Legendre polynomial of degree n. 

In each case 5(or+#) belongs to jL(— oo,oo) for the range of values 
of a stated. In cases (7.7.8), (7.7.9), and (7.7.10) the integral 


co 

J f(x)x‘~ 1 dx 


(7.7.12) 


can easily be proved to be equal to g(a). 
Another Mellin pair of the same type is 


f(x) _ W(» 2 + !)-»}« 

f(X) ~ J(x*+1) ’ 


- o-. rwr ( i + l«-W 

m ~ 2 " m +¥+¥) 


(0 < <r < R(a)+1). (7.7.13) 

Here the integral (7.7.12) may be evaluated by putting 

* = lylJ(y+i)- 

Another class of Mellin transforms is 


/<*>=( (i * 


a:)"- 1 (0 < x < 1), 
(* S* 1), 


m 


_ TWM 


l V > 0, \ 

\R(«) > oj’ 


T(«+a) 

(7.7.14) 

0 (0 < * < 1 ), r(o-«)r(i-o) , ^ „ 

:-n-« (x -> n. —f(M- (*<R(a)<i). 

(7.7.15) 


((*— 1 )-° (* > 1 ), 
0 (0 < * < 1 ), 
(a;—V(a; 9 - !)}*+{«—■>/(««—1)}~* 


V(x*-1) 


log 


(* > 1 ). 

1+x 


2-T(ia+i-i*)r(*-l*-ia) 

T(l-s) 

(a < |R(«)|+1), (7.7.16) 


1— x\ 


ir 


-tan^«»r (— 1 < a < 1). 

* (7.7.17) 
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In each case/(x) belongs to a different analytic function for 0 < x < 1 
and for x > 1, while belongs to Z(0,oo) for some k . The 

evaluation of (7.7.12) is immediate in cases (7.7.14) and (7.7.15); for 
(7.7.16), put x = i(y+l/y). For (7.7.17), 




f 3(3+«) + "')’ 

3(3“ V)+ -)’ 


and 


SW = 4 (prii+3>z-.-.+■■■) = 


7.8. Further gamma-function formulae. In (2.1.12) let 
f(x) = x a e~ x , g(a) = r(a-f-a), g{x) = x b - 1 e~ x , (5(a) = r(«+6— 1). 
Then 

h + iao oo 

^ J r(a+«)r(6-a) da = J dx 

k — ico 0 

= 2-«- b r(a+6) (-a < k < b). (7.8.1) 


This process and the following ones are justified by Theorem 42. 
The result is a particular case of the reciprocity (7.7.9). 

Taking b = a and the line of integration the imaginary axis, we 
obtain w 

J |r(o+ft)|»# = 2 - 2a 7 rr( 2 o) (a > 0), (7.8.2) 

0 


and there arc similar particular cases of the following formulae. 


Next let 

/(*) = 


X* 

( 1 +*)°’ 




r(6+a)r(o—6— s) 

r<5j ’ 


and so g, ©, with c, d for a, b. Then 


k+ioo 

1 7 r(6+«)r(o-6-«)r(d+i-«)r(c-d-i+«) , 

2 ni J T(o)r(c) 

k—ico 


r a? +d , _ r(6+d-f l)r(o+c—6—d—1) 

J (l+x)*-* * r(o+c) T 
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or, writing c—d—1 = a, b = j8, 1+cJ = y, a—6 = 8, 

fc + ioo 

J r( a +a)r( j 8 + 5 )r(y-«)r( 8 - a ) 

k-ioo 

_ r(a+y)r(a+S)r(0+y)r(0+8) ^ D ^ i. -^ /, § ^ I.) 

-r (a +^ + y+8)- ( * <k ’ p <l ’Y > 

Let (7.8.3)t 

f(x) = a^(l—x) a_1 (0 < x < 1), 0 (a; > 1), g(«) = 

1 (a+0+*) 

and so g , ©, with c, d for o, 6. Then 

Ar-fico 1 

_L r . r(t+«>r(»)r(i+it-»)r(c> 

2m J r(o+6+»)r(c+(i+l-») J ' 1 


k — ioo 




T {cl -j- 6 “j- c -j~ d) 

or, writing a = /?—a, 6 = a, c = 8—y, d == y— 1, 


Ac + ico 


-• f 

2tu J 


Ac—ioo 


r(a+5)r(y—:«) , _ r(a+y)r(^+8—a—y— 1) 
r(j8+«)r(S-«) r( J 8- a) r(8-y)r( i 3+8-i) 


(-a < k, —P < k,y > &,8 > k). (7.8.4) 

Defining f(x) as in the last example and g(x) as in (7.8.3), we 
obtain 

Ar+iao 

r(6+s)r(o)r(d+i—«)r(c—d—1+«) . 

r(«+6+«)f(c) * 

i 


«+i 

-1. f 

27 Tl J 


k-ico 


J (!+*)* 


The integral can be evaluated in finite terms if c = 1— a. It is 
then 

jx»+«(l-x*r-'dx = i f dy = \ 

Putting 6 = a, a == 1—/3—y, d = y—1, we obtain 

Ac+ioo 

j_ r r(a+ a )rQ3+«)r(y-«) . _ r( ^+jy)rp8+y) 

27ri J r(l+a— fi— y+$) 2r(l—/?+ £a—£yj 


A:-loo 


(—a < k 9 —fi < &,y > &,j8+y—a--l < fc). (7.8.5) 
t Bames (1); see Whittaker and Watson, Modem Analysis , § 14.52. 
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Another formula of Barnesf is 

*+ioo 

J_ f r(«+a)ro+a)r(y+a)r(8-*)r(-*) . 

2 tu J r(«+s) 

k — ix> 

_ r( a )r(0)r(y)r( a +s)r(j3+8)r(y+8) />t „ 

r ( c-«)r(*-/3)r{c-^) ’ ( ' 

where «+0+y+8 = «. 

To prove this, we use the formula 

k + i<x> 00 oo 

S3 f S.W 

/c — ioo 0 0 

derived from (2.1.18) with n = 2. Take 


A(*) 

/*(*) = 


(l+a:) a + s ’ 

x t 

(l+x)P’ 

f 3 (x) = ^(l—(0 < a: < 1) 
0 (a; > 1), 


EfsW 


r(o+«)r( 8 -«) 

r(«+8) ’ 

+«)r(- 
r(j 8 ) 
r(y+*)r(e-y) 


3i(«) = 


* = n§± 8 )r(-s) 

) r(j 8 ) 


F(c+«) 


Denoting the left-hand side of (7.8.6) by /, we obtain 


F(e-y) 

r(«+ 8 )r(/ 5 ) 


J/utS 


uv> 1 


)a+8 ( 1 -|— (uv)y\ UV i 


1 L_ i y-y- 1 dudv 


uv 


Putting ^ = — — 1, v = —— 1, the right-hand side becomes 
x y 

JJ x? ^ s -b/y- 1 ( 1 —a:)“ _< ( 11 —x—y) ( -v- x dxdy. 

x + y<l 

Putting y = z(l — x), we obtain 
i i 

J zy-^l— zy-y- 1 dz j tf'+*- 1 (l —x^-^l—z+zx)^* dx. 

o o 

The inner integral can be evaluated in terms of T-functions if 
a +0+y+8 = €. It is then equal toj 

r(a)r(y+S) 1 


r(«+y+ 8) (i-*)*’ 

r(«)r(y+8) [ a _ t _ r(a)r(y+S) r(y)r<«-y-a) 

F(a+y+8) J Z (1 Z) aZ ~ r(«+y+8j" F(c-«) * 


Hence we obtain 
i 


t Barnes (2). 


J See Titchmarsh, Theory of Function .v, Chap. I, Ex. 19. 
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and the result follows. The necessary inversions are all justified by 
absolute convergence. 


7.9. Bessel functions. In (7.4.1) we may take a = a to be complex, 
provided that 0 < <r < v+§. We thus obtain the Mellin transforms 


X^J^X), 

(0 < » < ’+»>• 

(7.9.1)f 

Equivalent pairs 

are 


JM), 

2*- i r(i«+iv) / .) 

(7.9.2) 

x v J„{x), 

2-«-T(J.+v) 

r(i-w 1 < <s h 

(7.9.3) 

and xU y (x), 

P(b-i«+l) * * < h 

(7.9.4) 


Taking v = — v = 4 in the last pair, we obtain 


cos x, 


sin a;, 


We define 


2 ^ r ^) = r>)cos \stt 

2,_iv 4(4^f*! = 

Y (j.) = ' Jy(x)cos vn—J_ v {x) 


(0 < a < 1), 

(7.9.6) 
(-1 < a < 1 ). 

(7.9.6) 


By (7.9.2) the Mellin transform of Y y (x) is 

i f 2-*r(i«+fr) y-*r(js-H i 

sinv7r\r(iv-is+l) r(l-iv-|«)| 

= -——i^{sin(£s—J vJttcosvtt— sin(l«+Ji'Jn-} 

7T 8111 VIT 

= — 2*- 1 ir~ i r( $«+ Jr)r(i«— Jv)cos(£s—£v)ir. 

Hence we have the Mellin pairs 

Y y (x), _2*-^-ir(is+iv)r(is-iv)cos(is-iv)^ (H < o < !), 

(7.9.7)| 

x~ v Y y (x ), — 2* -,,-1 7r -1 P(^s) P( Js—v)cos( Js— v)n 

(v+H <o<v+f). (7.9.8) 


t Ibid., § 13.24 (0). 


t Watson, $ 6.S (7). 
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From (7.9.2) we also deduce 

J v (x)-\-J_ v (x), 2*ir- i r(£«-|-£v)r(£a—f^sin r cos Jw 

(|v|<«r<|), (7.9.9) 

Jv( x )—J- v (x)> — 2*ff -1 r(J«+ Jv)r(i«— £»<)cos$s»rsin$v7r 

(M < a < f). (7.9.10) 

Again, by (7.9.1) and (7.9.8), 

k+iao 

= j 2* -,,_i r(l«)r(|»—v){sin( Js— v)n— icosfja— v)n}x~ s ds 

k—iao 

k+iao 

= J 2— 

k-iao 

and here we can (by analytic continuation) replace x by ix. We 
obtain! 

2 

x -v e -\inv _ e ~\vTTiK v (x) 

TT% 

k + iao 

= —J 2 *-*’- i r(£«)r(£«— V^w-^x-'e-v™ ds, 

k-iao 

so that we obtain as Mellin transforms 

x- v K y (x), 2 a ->'- 2 r(j8)r(^-v) (a > max(0,2v)). (7.9.11)! 

An equivalent pair is 

x v K v (x), 2*+^ 2 r(^)r(i«+v) (a > max(0, -2v)). (7.9.12) 

Hence we verify that K v {x) is an even function of v. For v = \ 
(7.9.12) reduces to (7.7.1). 

From (7.4.2) we obtain the pair 

^■r» ) to nj g 
r(v—4«+i) 

and variants of this can easily be obtained in the above way. 

To justify the inversion formulae in the above cases, consider e.g. 
(7.9.1). We obtained (7.4.1) directly; the inverse formula is 
fc+iA 

— lim f (7.9.14) 

2 w » a ->® J !>-!«+ 1 ) X v 


(-l<a<v+|), (7.9.13) 


t Watson, § 3.7 (8). 


% Ibid., §6.5 (3-6). 
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This follows from Theorem 28 if 0 < k < v +£, and from Theorem 30 
if 0 < k < H-l. The leading terms in the asymptotic expansion of 
x~ v J„(x) are of the form x~ v ~^(a cosx+6 sinx). Hence, in Theorem 30, 

<f>(x) = d k - v ~ i)x , = e®, 

and the crucial condition (1.12.1) is satisfied if k ^ v-f-1. 

We might begin by proving (7.9.14) by the calculus of residues. 
We have then to deduce (7.4.1). We have as t ->oo 

i>-**+i) [t*jr 

The result follows from Theorem 29 if 0 < k < v. We can also 
apply Theorem 11; here 

4>(t) = t kv ~\ W) = t\ogt-t, 
and (1.12.1) is satisfied if k < v+|. 


7.10. Products of Bessel functions. By (2.1.16) and (7.9.1) the 
Mellin transform of x“^~*'J /i (x)J„(x) is 

Jfc + ioo 


J_ f y-it-i r(fr-fre) 

2 ni J T(l+/x— \w) r(l+v—£«+$«;) 

k-ico 


dw, 


and putting w = 2 w' and using (7.8.4), we obtain the Mellin pairf 
J M (x )J y (x) _2^»-*-*r(js )r( l+ft+v -s) _ 

~ x»+ v ’ r(i+v-i«)r( i+/*- wT(i+/*+»- W ‘ 

(7.10.1) 

Similarly, by (7.9.11), the Mellin transform of x~^- v K^(x)K v (x) is 
*+<» 

j 2 w -> i - 2 r(iw)r(iw—n)2 s - w - v - 2 r(it8—%w)r(i8—iiv—v)dw, 

k-ico 


and, using (7.8.3), we obtain the Mellin pair 

2»-v*-'- 8 r(is)r(|s- / i)r(^-v)r(^- / 4-v) 
xf t+> ’ ’ r(s — n — v) 

(7.10.2) 

From (7.9.1) and (7.9.11), the Mellin transform of x~KT y (x)K y (x) is 


t Watson 13.41 (1), (2), 13.33 (1). 
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J v (*)Y v (x), 


(7.10.3) 


(7.10.4) 


and, using (7.8.5), we obtain the Mellin pair 

x^J v (x)K v (x), --- T(^-^)~ V) - (7-10.3) 

By combining particular cases of (7.10.1), we obtain as Mellin 
transforms 

TtvWtvS 1 r(J«)r(Js + v) m m a\ 

v( } ” ( 2V7rr(j«+|)r(i+v-laj' (7104) 

Other particular cases of (7.10.1) give the Mellin transforms 
cos Xj(x) 2 -W(fr+fr)r<l-«) 

(7.10.5) 

sin x J (x) 2»-Mr(ja+iH-i)r(i-a) _ 

v( ’’ r(j+k-*«)r(i-^-^)r(i+jv-^)* 

, . . .. . (7.10.6) 

I nm hirmm f boon wo havo ' 7 


COS xJ v (x) y 


sin xJ v (x), 


Combining these, we have 


e ix J v (x) 


K~F ICO 

i r 2^ 
27 ri J V 7 r 


da. 

F(1 + v—8) 


(7.10.7) 


As in (7.9.11), we may now replace x by ix, and obtain the Mellin 
transforms 

< 7J0 - 7 > 

Again, from (7.10.1) and (7.10.4), the Mellin transform of 
J v {x){J v {x)+iY v (x)} 

. -ie»^r(i«+v)r(ia)r(i-i«) 

2 7 T» r(l+V-J«) 

and hence, replacing x by ix , we obtain as Mellin transforms 

r(i lXr(!+! r -w ia> - (7 ' 10 ' 8 > 

Similarly, the Mellin transform of e~ ix {J v (x)+iY v (x)} is 

? * ei in ( 8 - v) co3V7rr(b—s)r(8+v)r(8—v), 

7 r 1 

and replacing x by ix we obtain 

e x K v (x) y 2 -V"* cos ^7rr(i—5)r(5+v)r(5—i/). 

(7.10.9)f 

The processes of this section can be justified by Theorem 73; for 

t Ibid., §6.51. 


U*)K(x), 


(7.10.8) 
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example, xfix-rJ^x) belongs to fi 2 if 0 < k < /*+£, and x°- k x~ v J v (x) 
belongs to £ 2 if 0 < a —k < v+\. We can choose a and k to satisfy 
these conditions if /* > — v > — This would not include (7.10.5) 
directly; for this we could consider first (1—cosx)«7 v (a;), z*(l—cos#) 
belonging to £ 2 if — 2 < k < 0. We can of course also extend the 
ranges of validity of the formulae by analytic continuation. 


7.11.' Integrals involving Bessel functions. We are now in a 
position to evaluate a large class of integrals involving Bessel functions. 
By transformation from (7.7.15), we have the Mellin pair 

(X»-1)--* (x > 1), 0 (x < 1), (7.11.1) 

Using this and (7.9.6), (2.1.23) gives 

00 Jfe + ioo 

r_sinox_ J_ r ^ Hi+il) ^ 

J (xt-iy+t™ 2 iri J T(l-W 2 r(i+i«) 

1 k-ioo 

k+iao 

47 n J r(i-£*) 

k -ioo 

= 2--Mr(| -v)a?J v {a) (~\<v<\) (7.11.2)f 

by (7.9.3). The formula is the sine-reciprocal of (7.4.3). Similarly, 
using (7.9.5) and (7.9.7), 




dx = -2 —Wa-v)a%(a) (~\<v< \). 


(7.11.3)$ 


These processes come under Theorem 42 if J < v < ^; for 

m = = 0 (|/|*-‘), 

which is L if k < — \\ and x- k (x 2 — l)~ v ~* is L if — \k < v < The 
result can be extended to the full range < v < \ by analytic 
continuation, or we can use Theorem 43. For 0 < <x < 1 

i 

J sin xoc*- l dx = 0(1) 

b a b b 

and J sin##*- 1 dx = [—cos##*- 1 ]^^-- 1) J cos xx?~ 2 dx 
x 1 

= 0(l)+0(\t\) = 0(\t\). 


t Watson, 6.13 (3). 


t Ibid., 6.13 (4). 
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Also, for or = 1 —-fc, 




if —\k<v<\. The other conditions are plainly fulfilled if 
—1 < v < 1. By taking k arbitrarily near to 1 the result follows. 
Again, from the Mellin pairs 

x v+l J v (ax), 2 8+t 'a-*-‘'- 1 (7.11.4) 

r(t— 


(* 2 +l )-**-!, 


IWV+Hj) 

2F(/xH-l) 


(7.11.5) 


(transformations of (7.9.3) and (7.7.9)), we obtain 


/ 


x ^J v (ax) dx 
( x 2 +l) /1+1 


fc + iao 



k—ioo 


n^+v+i) ni-jgjroH-Hjg) , 

r(*-W 2r(/x+i) 


fc+2v+l-fioo 

iSrk+ij / 

A:-f 2v + 1 — too 


= (7.11.6)t 

MV+Tj v n 

by (7.9.12). Here the g(s) of (7.11.4) is Hk—ico, k+ico) if 
—2v—1 < Jc < — v — 1; and x- k (x 2 +l)^'- 1 is L if — 2/x—1 < fc < 1. 
These conditions are consistent if 0 < v < 2/lc, and the result 
then follows from Theorem 42. The formula is actually valid if 
— 1 < v < 2/bt+f. It can be extended to the full range either by 
analytic continuation or by Theorem 43. 

The following examples can be obtained in a similar way, and 
present no particular difficulty 


00 

J e-"*(x 2 —1 )•'-» dx 

1 


2TM-1) K v (a) 
m) a” ’ 


(7.11.7) 


t Ibid., 13.6 (2). 

t The corresponding formulae in Watson are 6.15 (4), 13.2 (5), 13.2 (8), 13.3 (4), 
13.3 (5), 13.45 (2), 13.6 (3), 13.6 (5). 


0 
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f e~ nx J (x)x v dx — li 

jc J v (x)x dx - Vjr(a2+1) , +i > 

f e~ ax J (x) dx — W( 1 + a2 )~ a }‘' 

Je J v (x)dx~ j( 1+a%) > 

J J v (ax)e- bx 'x v+1 dx - ( ^yTfi e ~ la ' lb > 

J J 2v (ax)e~ bx ‘ dx =-- 

1K lm\llh»\*»+ 1 ,7, - ^VWT^+l) 

J K^afyJ^bt)^ at — ( a 2 +6 2 j^ +v+1 * 

ao 

| Kl )*^** 1 


V(* 2 +l) 


rfx = I iv (\a)K kv (\a), 


(7.11.8) 
(= 7.4.8) 

(7.11.9) 

(7.11.10) 

(7.11.11) 

(7.11.12) 

(7.11.13) 


T x^ 1 

J W r - 


3^! dx 


f 4 )v+i 2 2 T(H-J) 


J v (a)K v (a). (7.11.14) 


A more delicate example is 


00 KH l» 

f , r MJ i r 2»- i r(i«+^) 2-'>r(i+^-i«) ,. 

j * = 55 J F(F^+i) n f- T ii T n “ * 

0 fc —too 

fc-fiao 

= JL f J^-ds (it > -v) 

2nl J 8-\-v 

k — ioo 

— a v (0 < a < 1), J (a = 1), 0 (a > 1). 

(7.11.15)f 

If a ^ 1 this may be justified by Theorem 43, with 

00 

x(£) = | JM x ) J v+i(&) dx. 

0 

The conditions may be verified as in the proof of (7.11.1). If 
a = 1, x(f) is discontinuous at £ = 1, and the method fails to 
evaluate xU)* We can fill in this case by proving directly that 
x(l) = £{x( 1 +0)+x( l ‘“"0)}*> or we can a PPly th 0 method in the 
opposite direction, which gives the whole result, but with more 

t Watson, § 13.42 (8). 
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tedious details; or we can write 


ao oo 

J J v ( X ) J v+l( X ) dx== j {z*’ +1 «/„+l(z)} • X V + X J v+l {x) 

0 0 


so that 


00 00 
J J»J„ +1 (x) dx = („+!) J cfc. 


The last integral is l/(2v-f-2), by taking v = /x, s = 2ji, in 
(7.10.1). 

As an example on (7.8.6), we have, by (7.9.12) and (7.10.8), 


oo 

J x- i K fl (2x)I v (x)K v (x) dx 
0 

fc+ioo 

= i7i J 01«-jM-i)r<j s +^-i): 


i(fc-l)+ioo 


x ru+v+j.) *' 


i%Sl J W-i,+J)l>'+!,+l): 




r(v-«')r(j+*')r(-a') ,, 


r(i+v+«') 

_ r (j- i^) r( j-j-|/ a) r(v+j—£/*) r(y+^+^*) 

~ 4r(|+v+ infra+y- in) 

From (7.7.11), and (7.11.4) with v = 0, we obtain 


(7.11.16) 


0 

fc-f-ioo 

_ J_ f 2’—^ii+i 

2tt% J r(£ — is 


2 . Eliitl) nj^M£(!L=itM 2 a -.-i * 

r(i-4«) 2r(i+i«){r(n)p 


K -t l® 

MW. J ‘-Hn.-i+w)*.—* 
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/c+2»-l +ioo 


27rt{I»} 2 


[ 2 s '- 2 "{r(J«')} 2 «"*'" U2 " da 1 


k+2n — l — iro 


-A». 


(7.11.17) 


{I»} 2 ov '■ ' ’ 

7.12. Some non-absolutely convergent Integrals. We have, 
by (7.9.5) and (7.9.6), the Mellin transforms 

cosa:®, ir(-\cos^ (7.12.1) 

ot \a/ 2 ex 

sins®, Ir(-\sin'^. (7.12.2) 

oc \a/ 2 ok 

From (7.12.1). with a = 1 ami a = 2, we obtain 

~>oo Jb+foo 

I cos a; 2 cos ax dx — —r(s)cos |s7r P(.l - |s)cos |7r(l— s)a~‘ ds 

J 4 m J 

0 —ICO 

k-\- ico 

= — . f 2 , - 1 7r*r(£$)cos ^7r(l— s)a~ s ds 
4m J 

fc-iao 

= i7r*cosJ(m-a 2 ), (7.12.3) 

by (7.12.1) and (7.12.2) with a = 2. Similarly, 

—► .n 

j sm# 2 coso #dx = ^sin \(tt— a 2 ). (7.12.4) 

o 

The results are equivalent to (7.1.8) and (7.1.9). The process is 
justified by Theorem 39. As in § 7.11 we have 
? 

a^~ 1 cosx , da: = 0(\t\) 


for all A and fi. Also 


{a 1 f 1 fi 


J eos(aa;-~ x 2 ) dx - J \- J + J — J1+J2+J3 

A A ia-1 la + 1 

(with obvious modifications if A > ^o—1 or /x < Jo+1). Plainly 
J 2 = 0(1); and 

J 3 — f f dsin(oa;--x 2 ) = 0(1) 

J o— 2x 2 J 

by the second mean value theorem. Similarly, J } — 0(1). The con¬ 
ditions of Theorem 39 are thus satisfied. 
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Next, combine the cases a = I and a = 3 of (7.12.1). We obtain 

-►00 /f+ i.ao 

/ cosx’cogoz rfx = J V(8) cos Un r(i-^)cos J7r(l — tf*. 


0 

Now' 


k—iao 


3*~» 


r(-)r(*-i«) = ^ r «* )r( i*+* )r( i«+! )r( i-is) 


= 3 2 * r (-i*) I, (J*+i)/ si niw(l-#). 


We thus obtain 

A;+ ioo 


L J 3®-*{l + 2 cos +r( 1 -«)}r($*)r( +*)o-* da. 


24 ni 

Ac —too 

In the first part put s = We obtain 

§Jfc+ioo 


^ f 3«*'-*r(K)IW + JR- !s ' da' 

yrn J 

ik—ico 

|fc+ioo 

= isW f 


§k—ioo 

by (7.9.12). In the second part put s = Ss' — We obtain 

|Ar+i + iao 


^ J 3»*'-»8ini ff sT(K-i)r(|s'+J)a-««'+ids' 

ffc + i-ioo 

= 2^. J 2*'sinJrrsT(K-i)r(K+J){2(i«)*}-'^' 

by (7.9.9). Hencef 

J cos z z cos ax dx = 0^/3 ^i{ 2 (i°)*}- 


Similarly, 


(7.12.5) 


J sin x 3 sin ax dx — [*/i{ 2 (^a)*}+«/_j{ 2 (^«t)*}]——^{ 2 (^ 0 )*}. 

u (7.12.6) 


Vo 


j- Watson, § 6.4. 
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The process is justified by Theorem 39, as in the previous case. 
We have 


/■ 


£ 


oc*- 1 cob x* dx = - J cosf dtj = 0(\t\) 

A' 

for 0 < a/a < 1 , as before. Also the integrals 

—►00 

J cos(a#:t# 3 ) dx 
o 

converge uniformly in any finite a-interval. 

Again, 

Ac+ioo 

x v ~ x cos — = J r(s)cos is7r# v “ 1 |^-j ds 

Ac—ioo 

1-v-fc-rlJo 

= —. f r(I—i'—5)cosl7r(I— v—s) a~ 2+2v + 2 *x-* ds, 

2m J 


1—v— k — ioo 

Using this Mellin transformation and that* of cos#, we obtain j* 

At + ioo 

a 2 * , 1 

cos# cos 

# hn 

it-ioo 


oc 

J 

0 


—#*'“ 1 dx = —f r (5) cos \stt r (5 —y) cos \tt{s — v) a 2v ~ 28 d& 
x 2m J 

Ac—ioo 

2k—2v+\co 

i-: f r(v+ Js')r(£s'){cOS |w + COS J^' + v)} a~ a W 

m J 


2k—2v-ioo 

cos \irv a v K v (2a) - 


ira v 


4 sin £7 tv 

by ( 7 . 9 . 12 ) and (7.9.10). Similarly, 


{«7_„(2a)—J„( 2 a)}, 


(7.12.7) 


OO 

/ 


Q* 

sin# sin —#*'~ 1 dx = coBlirva v K v (2a) . 

# 4 sm iirv 


ira v 


The process may be justified as in the previous cases. 


{J_„( 2 a)-«/„( 2 a)}. 

(7.12.8) 


7.13. Laplace transforms. Simple functions f(x), <f>(s) con¬ 
nected by (1.4.1), (1.4.2) are 


e~ x , 

1 

8+i’ 

(7.13.1) 

coax, 

a 

* a +V 

(7.13.2) 


t Watson, § 6.23. 
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sinx, 

1 

s 2 +T’ 

(7.13.3) 


x“-», 

r(«)s-“, 

(7.13.4) 


i_e-i/x 

Vx ’ 


(7.13.5) 

The pair 

x^(x), 

2T(v+i) 

Vtt(1+s 2 ) , ' + * 

(7.13.6) 

results from (7.4.8); the pair 




J v {x), 

(V(14-s 2 )-s}- 

V(!+« 2 ) 

(7.13.7) 

from (7.11.9); 

the pair 




J„(x)/x, 

{V(l+s 2 )-s}> 

(7.13.8) 


by integrating (7.11.9) with respect to a; the pair 

x*J ¥ (<Jx), 2(7.13.9) 

comes from (7.11.10). 


Writing x 

o 

\vc have 


X 

1 f sinw 

V(2 tt) J Vtt 


du, 

(7.13.10) 


oo on 00 

f e-C-(*> •- * 

0 0 W 

« _L . f = -/_I 

yj(2n)s J \'u 2ay(l-f 


- sfoiWrM* (,13U) 


e.g. by (7.13.7). Similarly, we have the pair 


-f— 

2»W(H 


Defining 
we have 


" 2s\V(l+« 2 ) l+«* 

«?(x) = 1+2 f e- B '"’ x 

n= 1 


(7.13.12) 


(7.13.13) 


00 GO 00 

f e-“i?(x) c lx = f e-* x dx +2 jr f dx 

5 o n=1 o 

„I + 2 V_J_ = _J_ 

a ' Z< «+bV Vs tanh Vs 


(7.13.14) 
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In each case the real part of 8 has to be greater than some lower limit 
—in fact 0 in all the above examples. 

7.14. The formula (2.1.20) gives a number of interesting examples. 
The simplest is obtained by taking f(x ), <f>(s) as in (7.13.4), and 
g 9 ip with /? for a. We obtain the familiar result 

x fc+ioo 

JV-<*-»)'-■*-as / rMmgfd* 


x a+ P~ l . (7 14 1) 

r(«+)S) ' 

The formula (2.1.20) is equivalent to Parseval’s formula for the 
Fourier transforms 

f(x)e~ kx (x > 0), 0 (x < 0), (2n)~^(k+it), 

and similarly with g and 0. Here the e~ kx makes problems of / and 
g at infinity trivial. In the above case the L 2 theory applies if 
a > b P > The result holds for a > 0, j3 > 0. The extension 
may be made e.g. by Theorem 38. 

The following examples are easily justified in a similar way. 

Take f(x) and ^(«) as in (7.13.6), but with parameter /a, and g y 0, 
with v. Then| 


X 

f y*J h (y)(x-y) v J v (x-y) dy 


K + l 

= -• f 

2m J 


2m+T( m +$)!>+£) c“ 


( l + a 2 )**+ , '+ 1 


rv+^ry-f-^) +J T / \ 

V(2ff)r(/*+v+l) 


The particular case p = \ 9 v = 0 is 


J sin yJ 0 (x-y) dy = xJ x {x). 


(7.14.2) 


(7.14.3) 


A number of similar formulae derivable from this are given by 
Watson, § 12.21. 

The particular case y — 0, v — 0 is 


j J o(y)M x —y) dy = sin a:. 


(7.14.4) 


t Hardy (10), Watson, $$ 12.2-12.22. 
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Similarly, (7.13.8) gives 


y(*—y) 


dy = 2nifjLV J W( 1 +* a )-«} M+, 'e** d « 


= M+j; jt+y(g) (7.14.5) 

H v x 

Taking/, <f> as in (7.13.8), but with fx for v, and g, ip as in (7.13.7), 
we obtain 

x Ic + ioo 

0 fc-ioo 

== 4*+»-(*). (7.14.6) 

/* 

Taking gr, <// as in (7.13.7), and /, <f> with /x for v, we obtain 


(7.14.6) 


*+to 

J Wy)JA*-y) dy = 2^. J 

0 Ar-ioo 

= ^ / [W(l+« i )-^ +v+1 -W(l+» 2 )-^ +, ' +3 +-]^^ ds 

= 2R M+ , +1 (*)-^ +v+# (a:)+...}. (7.14.7) 

The integral is expressible in finite terms if /x+v is an integer; for 
example 


J J-,(y)J v {x-y) d y = j 


--da = sinar. (7.14.8) 


A slightly different type of formula is obtained by taking 


f{x) = zlMj^aVz), </>(«) = 2^m ex P 
and < 7 , </r with 6 , y for a, /*. Thenf 

X 

j y^J h ia^y)ix—y)^J v {b^ix-y)} dy 


(-8 


= -• f 

2 fft J 


2M+>'a>*+''+ 2 




‘ ,14 - 9 > 


t The result is equivalent to Watson, § 12.13 (1). 
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Taking the same g , 0, and the /, <f> of (7.13.4), we obtainf 


le+ico 


J y a - 1 (x-y) iv 'KW(x-y)) dy = ^ J ex p(-^+* a ) 

(7.14.10) 


fc-iao 




From (7.13.11) and (7.13.12) we obtain^ 

ac Ac 4-ioo 

Jc(,)S(.-(,)*= A.. J 


da 


Ac —ioo 

— J(a;—sin#), 

Ac 4 ioo 


(7.14.11) 


j {C(y)C(x-y)-S(y)S(x-y)}dy = ~ J -~^ -da 


k-i*> 


Ac-f-ioo 


-S3 J (J-lTph*-*' 1 - 0 ”*)' (, u - 

fc -ioo 


12 ) 


and there are some similar formulae involving J 0 and J v 

The method also leads to an integral equation|| satisfied by the 
function &(x). From (7.13.14) we deduce 

X k + iao 


Now 


J &(y)&(x-y) dy = L J 
0 

= -I 

r \tanh Vs/ 2v 




8 tanh 2 Vs 


ds. 


Ac—too 


A 

ds^ 


2Vs 2Vs tanh 2 Vs’ 


Hence the right-hand side is 

A:^ ioo Ac 4 ioo 


1 r f Id \ \ — da 

2iri J a rri J \d« tanh Vs/ Vs 

Ac 4-ioo 

= 1 + -. f '(*')e*-da 
m J tanh Vs \Vs 2«*/ 


Ac-ioo 


k—ioo 


Ac-ioo 


= l-f-2x#(a;)— J #(«) dw, 


t Watson, § 12.11 (1). 

|| Due to F. Bernstein. See Hardy (10). 


J Humbert (1). 
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x fc fioo fc Moo 

since I* &(u) du — f -j-- e . ds — ~ I* ^ t 

J 2m J a*tanhV« 2m J s*tanhV« 

0 k-ioo k-ioa 

and the last term is 0, as is seen by moving the line of integration 
away to the right. We have thus proved that 

X X 

J iKy)&(x—y) dy — l + 2z#(:r)— J &(u) du. (7.14.13) 
o o 
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GENERAL TRANSFORMATIONS 


8.1. Generalization of Fourier’s formulae. Ik the foregoing 
chapters we have studied two formulae of the form 


ao oo 

f{x) = J k(xu) du j k(uy)f(y) dy 


( 8 . 1 . 1 ) 


for an arbitrary function f(x) 




cos# gives Fourier’s cosine 


formula, and k{x) = J |-jsin# gives Fourier’s sine formula. There 

are, however, other formulae of the same form, the best known being 
Hankel’s formula, in which 

k(x) — x*J v (x). (8.1.2) 

There are also formulae of the form 


f{x) = J k(xu) du J h(uy)f{y) dy (8.1.3) 

o o 

in which the two cosines of Fourier’s formula are replaced by differ¬ 
ent functions. The simplest formula of this type is that in which 
k(x) = x*Y v (x), h(x) — xW v (x). (8.1.4) 

As usual, (8.1.1) may be written as a pair of reciprocal formulae 

00 

9( x ) = / f(y)H x y) dy, ( 8 . 1 . 5 ) 

0 

oo 

f( x ) = f g{y)Hxy) dy. ( 8 . 1 . 6 ) 

b 

A function k(x) giving rise to a formula of the form (8.1.1) will 
be called a Fourier kernel. The main object of this chapter is to give 
an account of such functions.! 

Suppose that we multiply (8.1.5) by x* _1 and integrate over (0,oo). 
We obtain formally 


au ao ao 

| g{x)xf‘~ 1 dx = J X?- 1 dx j f{y)k(xy) dy 

0 0 0 

oo ao oo oo 

= J f(y) dy J k(xy)x"- 1 dx = | f{y)y~’ dy j k(u)u*~ l du, 
0 0 Oo 

t Hardy and Titchmarsh (8), Watson (2). 
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i.e., with the usual notation for Mellin transforms, 

®w = (8-1-7) 

Similarly (8.1.6) gives 


0f(«) = ®(1 -s)m- 


( 8 . 1 . 8 ) 


Changing s into 1—a in one of these equations, and multiplying, we 
deduce that «(,)«(!-,) = 1, (8.1.9) 


We should therefore expect that a Fourier kernel k(x) would be in 
some sense of the form 

cl i<*> 

k(x) — 5—. f ft(s)x~* ds, (8.1.10) 

2m J 

c-too 

where R(s) satisfies the functional equation (8.1.9). 


8.2. The condition (8.1.9) may also be expected to be in some 
sense sufficient. 

A characteristic property of a Fourier kernel lc(x) is that, if 


1 hen 


X 

k^x) — J k(u) du, 

o 

f k(xu) k ^~) du — (°< x < {)> 

J ' ’ u 0 (*>f). 

0 


( 8 . 2 . 1 ) 

( 8 . 2 . 2 ) 


For if we put J(x) — 1 (0 < x < £), 0 (x > £), in (8.1.1), we obtain 
(8.2.2); and conversely (8.2.2) leads to 

X co 

J f(y) dy = J f(y) dy J %«)—^~ du 

0 0 0 

co oo 

= J* k ~^ du J k(uy)f(y) dy, 

0 0 

from which (8.1.1) follows by formal differentiation. 

Now (8.1.10) gives formally 

C h 430 

*■<*> = sib [ < 8 - 2i » 

c- ix> 

Hence, by a formal application of Parsevars formula for Mellin 
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transforms, in the form (2.1.20), 

C + ia o 


I* k(xu) —du = -i-. f it(a) — —x- s g* da (c > 0) 

J u 2m J 8 

0 C—I® 

c+ioo 

= 2S J (§’?=* <0<*<f>, 0 (»>{). 


Hence (8.2.2), and so the Fourier formula, is formally a consequence 
of (8.1.9). 


8.3. Similar analysis holds for the unsymmetrical formulae arising 
from (8.1.3). If we now write 


f(x) = J k(xu)g(u) du, 

0 

(8.3.1) 

ao 

g(u) = j h(uy)f(y) dy, 

A 

(8.3.2) 

the relations between Mellin transforms are 

S(s) = ffi(l-a)ft(s), 

(8.3.3) 

©(a) = g(l-a)§(a), 

(8.3.4) 

and, eliminating g and ffi, 

ft(a)§(l-a) - 1. 

(8.3.5) 


We may regard (8.3.2) as the solution of the integral equation (8.3.1) 
for the unknown function g(u ), the ‘solving kernel’ h(x) being 
given by c+i® c+i® 

m= is J «•>*'** “sb f m^ i ’- 

c —iao c—i ao 


8.4. Examples. Before proceeding farther we shall give a number 
of examples. 


(i) if 

then 


{) rfr-is+t) 

k(x) = xU v (x), 


(v > -1). 


and the formula is that of Hankel; the cases v — — ^ and v = are 
Fourier’s cosine and sine formulae. 

If —2 < v < —1, then 



ji*n 

r(v+i)j’ 
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and generally, if — to—1 < v < —to, then 

l n 4 o n!r(v+n+l)j’ 

the sum being the first to + 1 terms in the power series for J v (x). 

(2) Iff k(x) = *»y,(*), 

then, by (7.9.7), 

«(«) = -2*-‘7r-*r(k+^+J)r(U-^+J)cos(^-^+iK. 

This does not satisfy (8.1.9), so that k(x) is not a Fourier kernel. But 
(8.3.5) gives 

* w = ** l rT!;r|iTfi tan(i * +iv+t) ’'' 

It then follows from (7.9.13) that 

h(x) = 

(3) There are a number of very general transformations, due to 
Fox,if. in which k(x) and h(x) are linear combinations of generalized 
hypergeometric functions. From our present point of view these 
originate as follows. 

Suppose that <x x > 0, that p x and p 2 are any real numbers other 
than negative integers, and that 

<A = “l— P\~ />2+2. 

rfa+M-WTQa-W) 


and let 


Si{s) = 2 s - 


r(pi+ 2 < ^~'i 5 )^(P2+ l < f > ~ I s ) 

We deduce from the calculus of residues that 


k(x) — (£z)-* 2 

n —0 


rK+n) 
rcft+njro^+n) 


n\ 


= (i^)’"^iF 2 (a 1 ,p 1 ,p 2 i I 31 *') 

in the usual hypergeometric series notation. If we now calculate 
$(s) from (8.3.5), and then h(x) by summation of residues, we find 


h(x) = li x (x)+h 2 (x), 

where 

K(x) = x f 2 ( i- ai + Pl , 1-ft+ft.p^-j**), 

sm(p 8 —PjJtt 

and h t (x) is derived from h^x) by interchange of p x and p 2 . The 
formulae thus obtained are those of Fox’s Theorem 1, in the special 


t Titchmarali (3). 


t Fox (1). 
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case p = 1. In the general case R(s) is a more complicated product 
of gamma-functions of the same type. 

The case a x = 1, p x = p 2 = v+f gives example (2) above. The 
case a x = 1, p x = a-f 1, p 2 = ^+#+1 gives a more general trans¬ 
formation found by Hardyf and discussed by Cooke4 The case 
oc x = v+f, = v+1, P2 = 2 H-1 gives 

m = m = ~^mx)Y v (\x), 

a transformation due to Bateman. || The case a x = I'+a+J, 
p x = v+o+l, p 2 = 2v+a+l gives a more general transformation 
due to Titchmarsh.ff Fuller details concerning these transformations 
will be found in § 5.2 of Fox’s paper. 

If we take 

o/.a = o.- t r (a 1 +l<)r(a 2 +^)r( a 3 -^) 

where a i+«2+ a 3+£ = &i+& 2 +& 3 > 

we obtain examples of Fox’s Theorem 2. For example, if 

a i = b*+h v +b a 2 = £—i/*—K a a = £> 

6 i = 1 , ^2 “ ^3 == 

£(:r) and h(x) are each combinations of two hypergeometric functions, 
and can be reduced to the forms 

*<*> ~ 2V2isi^+T); l( ' , ->‘ <tlR - <i * )_ ' , >‘ <iI)J - (1I)) ’ 

(4) If k(x) = **|r y (x)+?coso7r^(a:)|, 

then, by (7.9.7) and (7.9.11), ft(a) is 

2««-ir(ia+^+i)r(ia+^+|)r(|a- iv +|)r(ia-i y +t) . 
r*(Ja—iv4-i+io)r(|+Jv—Ja—|a) x 

X r(i«— ±v+ J—i«)r(i+Jv—Ja+Ja) 

In this case again h(x) is the sum of two hypergeometric series. There 
are two interesting particular cases. If v = 0, a — 1, then 



f Hardy (13). J Cooke (1). || Bateman (1), (2). 

tt Titchmarsh (6). 
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which satisfies (8.1.9), so that, by (7.9.7), (7.9.11), 
k(x) = rf{r 0 (z)~JW*)} 
is a Fourier kernel. If v = 2, a — 0, then 


«(«) = 2 2 ® -1 


f rg«+sn »fr-f 
inv-W i*+V 


and it(s)Jt(l — s) = —1, so that 


k(x) = 



The formulae in this case are due to A. L. Dixon and Hardy.f Much 
more general formulae of a similar character have been obtained by 
Steen| and Kuttner.|| 

(5) If fl(«) = (a > 0), 

then §(a) = 


Taking c = | in (8.1.10), we find that 


*<*> 

— oo 

and h(x) is the conjugate function. The Fourier formula thus 
obtained may be reduced by a change of variable to the exponential 
form of the ordinary Fourier formula. It is 


e a£<, cos(2loga;) dt = 


2yJ(irax) 


e -i(\ogx)'lia f 


00 


/(*) = 

- f 

p-U\oBTu)*lia 

4 ita J 
0 


J(xu) 

and, if we put 

a — I, 

and 


**> 

ii 

H 

u 


II 

> 

we obtain 

<7(£) = 

i 

2tt 

00 

J e-Mdl 


— 00 


f e i(losuv)*/4a /(y) dy 

J V(«y) y ' 

0 

9(t) = e»'f+»f/(eIf), 

00 

J e < J , »3( 1 j) dt\. 


This formula is not included in our standard form, since the limits 
are —oo and oo instead of 0 and oo. 


t Hardy (17); see also Hardy and Titchmarsh (8). 
J Steen (1). || Kuttner (1). 

P 
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(6) If R(s) = (a > 0), 

then k(x) is a Fourier kernel. Taking c = J in (8.1.10), we find 

—*•00 

- ;s / cos(a< 3 -)-* logx) dt 

(0 < x < 1), 

= 3^bj (loga;),^^ •(v@5) <loga:,, ) <* > "• 

by (7.12.6) and (7.12.6). 

(7) If $1(«) = exp{ie -i(4_i> } = exp(te / ) (s — l+*0> 

then §(«) = exp(— ie~'). 

We obtain 

00 oo 

k(x) = 2- j exp(iV)a; _ * _<< dt = J* e iv u~ iloex ^ 

— 00 0 

00 

= J e- v (ve ii7T )~ il< ' gx — = ^T(—ilogx), 

0 

and h(x) is the conjugate.! 

(8) If 5t(s) = 1, 

then (8.1.0) is satisfied, but the integral (8.1.10) is not convergent. 
If, however, we regard (8.2.3), with 0 < c < 1, as the definition of 
i: 1 (x), we have 

C+i<n 

klx) , _ i r “'-'ds- 1 (*>!)> 

kl(X) ~2ri J 1=5 *“0 


r-ioo 

If we replace (8.1.6), (8.1.6) by 

00 


(0 < x < 1). 


9(x) = | J f(y) dk t (xy), f(x) = i J g(y) dk x (xy), 

o o 

then our formulae become 

= Mi)’ 

which are plainly consequences of one another. 


f Pttley and Wiener, Fourier Trannfonns, § 10. 
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(9) In all these examples SI(s) is analytic. Suppose, however, that 
c — and 5t(i+i£) = i sgn t. 

Then $, defined by (8.3.5), is —ft. The integral (8.1.10) is not con¬ 
vergent, but it is formally 

0 OO 0 y 00 

' J r “ d, ) = 


f(y ) dy _ 

<J(xy)log{xy)' 


2tt\Ix 

X 0 -00 # 0 

the integral being summable (C, 1). Our formulae become 

t(x) “; / 

0 0 

If we replace x and y by and e 7 *, and interpret the integrals as 

principal values, we obtain formulae equivalent to those of the 

theory of Hilbert transforms. 

(10) If ft($) — COt JS7T, 

then (8.1.9) is satisfied. The integral (8.1.10) is of the same type as 
in (9). A formal application of the theorem of residues gives 

and we again obtain formulae of the Hilbert transform type. 

(11) Wo obtain formulae of a somewhat different type by taking 

R(l+it) = e*. 

Then (8.1.9) is satisfied, and 

00 oo 

m - 2jtvx J “ S5 J dt ■ 

— oo 0 

The integral is summable (C, 1) if x ^ 1, and has the value 

— ^Xlogij (0 < x < 1), 0 (*>1). 

If* = 1, the integral for k(x) diverges to infinity, ancl k t (x) has 
a discontinuity, as in example (8). The formula which results is 
therefore y x 
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If we put 

x = e-£, y = e-Vy 
we obtain 

"-h+I*®?*** 

The reciprocal formula is obtained by interchanging <f> and 0. The 
Fourier formula which results may be verified by using the integral f 

J W+Wt+ti "* ~ *-A) <A < 


(12) The kernels which arise in the summation formulae obtained 
formally in § 2.9 are Fourier kernels. For example, in the argument 
of § 2.9 we obtain 2 cos 2irx and 4K 0 (in'Jx)—2TrY 0 (4n A Jx) as the Mellin 
transforms of ?(1—a) £*(1 — a ) 


a*) 


S 2 0) 


respectively. These functions of course satisfy (8.1.9). 

Note also that, if k(x) is a Fourier kernel, so are Va k(ax) and 

**»-»*(*»). 


8.5. J^-theory. In the theory of Fourier integrals we have proved 
theorems of two kinds, theorems on convergence in the ordinary 
sense, and theorems on mean-convergence. There are also theorems 
of both kinds for general transforms; but here the mean-convergence 
theory is both easier and more general than the other, and we begin 
with this. 

In the first place, we need only assume the existence of the function 
$t(s) on the line a — The equation (8.1.9) then takes the form 

H(H*0«(i-*0 = 1. (8.5.1) 

We might simply write H(i+*0 — </>(<), and = 1; but we 

shall retain the previous notation to preserve the appearance of the 
formulae. 

We should now have formally 

oo 

k(x) = ■— j $K(\-\-it)x-l- il dt. (8.5.2) 

— 00 

There is no reason in general to suppose that this integral will exist 

t Watson, § 13.47 (10). 
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in any sense. However, the formula for obtained by formal 
integration will exist in the sense that 

T 

k x (x) = ^-l.i.m. f x~l- u dt. (8.5.3) 

2n T—>ao J \ — lt 

-T 

If, as in most of our formulae, ft(s) takes conjugate values for con¬ 
jugate values of s, then (8.5.1) gives 

m+it)\ = 1. (8.5.4) 

Hence S{(i + it)/(\—it) belongs to L 2 (—oo,oo), the integral in 
(8.5.3) exists in the mean-square sense, and k x (x)jx belongs to 
L 2 (0,oo). 

It follows that our theorems have to be stated in terms, not of 
k(x), but of k\(x). For example, (8.2.2) is no longer significant. 
However, the formula obtained by formal integration with respect 
to x is a, 

J k x (xu)k y (^u) ^ = min(a;,£). (8.5.5) 

0 

This integral is absolutely convergent in the general case, and 
(8.5.5) by itself may be taken as the basis of a Fourier theory. 

The theory takes different forms according to whether (8.5.5) 
appears explicitly or not. The results may be summed up in the 
following theorems. 


Theorem 129. 
(S.5.4), so that 


Let beany function of t satisfying (8.5.1) and 

m+jt) 

i—it 


belongs to L 2 (— oo,oo). Let ^(a?) be defined by (8.5.3). Let f(x) be any 
f unction of L 2 ( 0, oo). Then the formula 

00 

9( x ) = J k 1 (xu)f(u) ^ (8.5.6) 

0 

defines almost everywhere a function g(x), also belonging to L 2 (0,oo); 
the reciprocal formula 

/(*) = J hixujgiu) — 

0 


(8.5.7) 
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also holds almost everywhere; and 

OO 00 

J {/(*)}* dx = J (sf(x)} a dx . (8.5.8) 

0 0 

Theorem 130. If R(^+it) satisfies the conditions of Theorem 129, 
then k x (x)jx belongs to L 2 ( 0,oo), and (8.5.5) holds. 

Theorem 131. Let k x (x) be such that k x (x)/x belongs to L 2 ( 0,oo), and 
let (8.5.5) hold for all values of x and £. Then the reciprocal formulae of 
Theorem 129 hold . 

Theorem 129 is thus a consequence of Theorems 130 and 131. 
But it is possible to prove it directly. 

The above theory is due to Watson.f We shall call functions f(x) 
and g(x) connected by (8.5.6), (8.5.7) ^-transforms; and (8.5.8) the 
Parseval formula for ^-transforms. 

8.6. Proof J of Theorems 129, 130. Let f(x) be any function 
of L 2 (0, oo), and g(s) its Mellin transform, so that ftd+it) belongs 
to Z/ 2 (— oo,oo). Since |ft(£+*OI = h &(i+*O0r(i“-*O a * so belongs 
to L 2 . Let g(x) be its Mellin transform. Then|| 

x i + too 

J g(u) ^ J a(«)3(l-«) p— da. 

0 i —ioo 

Now k x (x)/x is the Mellin transform of R(s)/(1— s). Hence, by the 
Parseval formula; for Mellin transforms, 

H lXI oo 

i-ioo 0 

x oo 

Hence J g(u) du = j ^-~/(y) dy, 

0 0 

and (8.5.6) follows almost everywhere. The ^-transform g(x) of f(x) 
is thus the Mellin transform of ft(a)3r(l — s) (on o = £). By the same 
rule, the ^-transform of g(x) is the Mellin transform of 

mw-mw = gw. 

Thus the fc-transform of g(x) is f(x). All these transformations are 
of the class L 2 , so that the necessary uniqueness theorems hold. 


t Watson (2). % Busbridge (1). 

|| This formula and the next come under Theorem 72, extended as in (2.1.23). 
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J {g(x)}*dx = i- J |«(i+d)aKi-*)| , «B 

0 — oo 


00 

— 00 



tho Parseval theorem for ^-transforms. 

Theorem 130 also follows at once from the Parseval formula for 
Mellin transforms. Since tc x (x)jx is the Mellin transform of St(s)/( 1 —8), 


00 


/ 


k^ax) k t {bx) 
ax bx 


l + ioo 


dx =—. r 


2w* J 

1-* 

1 — iao 


H-i® 


_ j_ r 


2tt* J 

(!-«)* 

i-iao 



ds 


by the functional equation for If a > 6, the integral may be 

evaluated by moving the line of integration away to the right, and 
the value is a -1 . If a > 6, its value, obtained by moving the line of 
integration to the left, is 6- 1 . Also the integral on the left is con¬ 
tinuous at a — b. Hence the result. 


8.7. Proof of Theorem 131.f Suppose first that f(x) has a con¬ 
tinuous derivative, and that it vanishes for all sufficiently small and 
sufficiently large values of x. Let 

0 0 

Then g x (y) is clearly differentiable, and 

00 00 

g(y) = g'liy) = —p J du = - x - J k l (xy)f(x) dx. 

Hence 0 0 


J {?(y )} 2 dy 
0 


00 00 00 

J p J k ^ xy ww dx J kl ^ 


= j /'(X) dx J m d£ J dy 


0 0 0 
■f Titchmarsh (16); see also Plancherei (6). 
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= J f'(x) dx J /'(£)min(x, £) d£ 

0 0 

= J /'(*)* dx J /'(£) dt + J dt j f'(x) dx 

Ox Of 

00 

— —2 j f(x)f'(x)x dx 
o 

o 

= [{/(*)}* dx. 

0 

All the transformations are easily justified if f(x) satisfies the given 
conditions. 

Next let f(x) be any function of Z 2 (0,oo). Then it is known that 
there is a sequence of functions f n (x), each satisfying the conditions 
previously imposed on f(x), and such that 

lim f {f(x)-f n (x)Y dx = 0. 
n -°° 5 

Let g n (x) correspond to /„(x) in the same way as the above g(x) does 
to f(x). Then 

J {9m(x)-9n(z)} 2 dx = J {fjx)-f n {x)}* dx, 

0 0 

which tends to 0 as m and n tend to infinity. Hence the sequence 
g n (x) converges in mean, to a function g(x) say. Then 

f {?(*)}* dx = lim f {g n {x)f dx = lim J {/„(x)} 2 dx = f {/(x)} 2 dx, 

J n—►co J 9i—>00 * J 

0 0 0 0 

the Parseval formula. 

AlSO u y 

I g(u) du = lim f g n (ii) du 

J n—►oo J 


= lim (hM mdx 

n-4-oo J X 
0 

= j k -^f(x)dx, 
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bo that g(y) = ^ J dx, 

0 

i.e. 9(y) is the ^-transform of /(a:). 

Let <f>(x) be another function of L 2 (0,oo), and ifj(x) its ^-transform. 
Then the Parseval formula gives 


Let 


OO UD 

J g(x)tfi(x) dx — J f(x)<j>(x) dx. 
o o 

<f>(x) = 1 (x < u), 0 (x > m). 


Then f^<b. 

0 0 0 
uy 

dy J x y 


and hence 


0 

Hence J gr(x) dx = J /(x) dx, 

o o 

and the reciprocal formula (8.5.7) follows. 


8.8. Necessity of the conditions.! It is also easily seen that 
the conditions imposed on i 1 (x) and S{(s) in the above theorem are 
necessary. For suppose that the reciprocal formulae 



*' ( "V> du, 

U 

(8.8.1) 

u 

(8.8.2) 


o o 

hold for any function/(x) of L 2 ( 0, oo). Let/(x) = 1 (x < |), 0 (x > £). 
Then (8.8.2) gives 


J m dy = j kJ ~ du = J dv, 
0 0 0 

bo that g(x) = 

x 


t Busbridgo (1). 
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Substituting in (8.8.1), we obtain 

fri(*tt)fci(fo) du _ min(a;) £) 


f 


u‘ 


In particular (z = £ = 1) k x (u)/u belongs to L 2 (0,oo). 

If R(a)l(l—a) is the Mellin transform of k x (x)/x, Parseval’s formula 
for Mellin transforms gives 

i+ioo 00 

1 f St(s)a~* 51(1—sty 8 - 1 ___ f k x (ax) k x (bx) ^ _ min(a, 6) 

2tti J ~l^8 s “ J ~aaT “faT * ~ ab ’ 

|+_ioo 0 

a~ 8 b 


i-ioo 

But also 


1 f ar*_ b*2 

2tt i J 1 —8 8 


ds = 


min(a, 6) 
ab * 




Hence (taking 6=1) 


i-rioo 


i f = 0 

27T1 J (1—5)5 


i—too 


for all values of a. Since the integrand (as the product of functions 
of L 2 ) belongs to L, it follows from Theorem 32, p. 47, that it must 
be null, i.e. that it(s)it(l—a) = 1. 


8.9. The unsymmetrical formulae. For the transformation 
arising from the equation (8.3.5) a similar set of theorems holds. We 
now assume that §($-+-*<) and are both bounded. Let 

h x (x)jx and k x (x)/x be the Mellin transforms of §(£4 and 

it(J+»0/(i — *0- Then a given function f(x) of L a (0,oo) has two trans¬ 
forms «, 

«»<*> - s J -~SO) dy. g t (*) = dy. 

0 0 

The A-transform of g h (x) is /( x), and so is the A-transform of g k (x). 

The usual Parseval formula is replaced by the relation 

00 00 

/ 9 k(x)g k (x) dx = j {f(x)} 2 dx, 

0 0 

together with the inequalities 

j lfl r ft(*)l a dx<cj {f(x)} 2 dx, 

0 0 

J l9'*(*)l 2 dx<cj {/(a:)} 2 dx. 

0 0 
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The proof of Theorem 129 extends without substantial change to 
this case. That of 131 holds only if St(%+it) and §(£+if) are con¬ 
jugate, so that g h (x)g k (x) = 1^^) | 2 . In the general case the result 
still holds, but now we have to prove (8.3.5) as in § 8.8, and thence 
proceed as in the proof of Theorem 129. 

8.10. A convergence theorem. In the foregoing theory the trans¬ 
formation is expressed in terms of k x (x), which is not necessarily 
differentiable. To obtain the forms (8.1.5), (8.1.6) we require further 
restrictions, both on the kernel and on the function represented.f 

Theorem 132. Suppose (i) that ft(£+i£) satisfies (8.5.1) and (8.5.4), 
so that x^k^x), defined by (8.2.3) with c = £, belongs to L 2 (0,oo); 
(ii) that k x (x) is the integral of k(x); (iii) that x~^k x (x) is bounded. 

X 

Let f(x) = lj <f>(y)dy, (8.10.1) 

0 

where <f>(y) belongs to L 2 (0,oo). Then 

—♦00 —►CO 

f(x) = J k(xu) du J k(uy)f(y) dy (8.10.2) 

-*o —►o 

for every positive x. 

We have x x 

I/O*)l < 1 J m\*dyj = o(x-i) 

0 0 ' 

as x -> 0; and 

\<f>(y)[ 2 dy j dy\ = 0 (*-*) 

0 ' 

as x -> oo, by choosing first X and then x . 

Let if/(x) be the ^-transform of <f>(x). Then */>{x) belongs to L 2 , and 


X 00 



[ <f>(y) dy — 

r k ^ xu) ^ U ) du. 

1 u 



J 

0 

J w 

0 


Let 

9(u) = 

jMdv. 

(8.10.3) 


IF 



t Hardy and Titchmarsh (8 ); see also Morgan (2). 
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X OO 

1 4 >(y) dy = — f fci{xu)g'(u) du 

0 0 A 

lim J A(a:u)gr(u) iitj. (8.10.4) 

/ °° ® .j. 

W IflMI < I J |«A(v )| 2 dv J * J =o (t*~*) 


as u->oo; and 


l?(«)l < J <*» +| J hM®)l*«k J JJ = o(tt-*) 

as w -> 0, by choosing first 8 and then w. Hence the integrated 
terms in (8.10.4) tend to 0, and we obtain 

X —»QO 

f(x) = ^ J" <f>(y)dy = J k(xu)g{u)du. (8.10.5) 

o ->o 

Again, (8.10.3) may be written 

00 

g(u) = J *l>{v)n(v) dv, 

0 

where fi(v) = 0 {y < w), l/v (v > u ). Hence by the Parseval formula 


where 


Henoe 


ou 

?(«) = J ^(v)A(v) dv, 

0 

u® 1*® 

?(«) = J ^(v) dv J ^ d$ - J dv 


= 9i(u)-gM 

say. Integrating by parts, 


( 8 . 10 . 6 ) 


00 00 —>00 

ffi(«)= + J v tt v ) u ^r^ dv > (8.10.7) 

■ mw n 
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and the integrated terms vanish since vf(v) = o(v*) t and, since 

wm bn, 

J k ~jp-dt = o(v-i) 

UV 

as in the case of g(u). Also 

00 -“>00 

g 2 (u) = _ J v f( v )^}dv+ J v K v ) kj ^ dv, 

( 8 . 10 . 8 ) 

and the integrated terms vanish since v^k^uv) = 0(1). 

From (8.10.6), (8.10.7), and (8.10.8) it follows that 

—*>00 

g(u) — J k(uv)f(v) dv, (8.10.9) 

-io 

and (8.10.6) and (8.10.9) give the theorem. 


8.11. The resultant of two Fourier kernels .f Let 

00 

m[x) = J k(xy)l(y) dy 
0 

be the resultant of k(x) and l(x). Then a formal rule is that, if k(x) 
and l(x) are Fourier kernels , so is m(x). We may, for example, put 


JJ m(xu)m(ut)f(t) dudt = JJJJ k(xuy)k(utz)l(y)l(z)f(t) dudtdydz, 


oo oooo 

and the substitution t = vjz t y = zw gives 


00 00 00 00 

JJ l(z)l(zw) dzdw JJ k(xzwu)k(uv)f^j dudv 
oo oo 


= JJ l{z)l(zw)f(xw) dzdw = f(x) 
o o 

if k and l are Fourier kernels. 

We can also argue in terms of Mellin transforms. If ft and £ are 
the Mellin transforms of k and Z, that of m is 


OO OO 00 

2R(«) = J m(x)x , ~ 1 dx = J X s - 1 dx J k(xy)l{y) dy 

o 0 0 

00 00 00 00 

= J l(y) dy J k(xy)x"~ 1 dx = J l(y)y~ 8 dy J ^(wjw*- 1 du 


= fi(l-s)fl(a). 
f Hardy (20). 
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Hence an(«)®l(l-s) = £(«)£( 1 _,,)£(l_*)£(«) - 1, 

and the result again follows. The argument is still of course purely 
formal. 

The L 2 theory gives 

Theorem 133. Let k x {x) and l x (x) satisfy the conditions of Theorem 
131, and let m x (l/x) be the Z -transform of k x (x)/x. Then m x (x) also 
satisfies the conditions of Theorem 131. 

Here m x (l/x) is defined by 

J \u J u u 

0 0 

Now m x (a/x) is the Z-transform of k x (ax)/x. Hence by Parseval’s 
formula for Z-transforms 

0 0 

0 

the required result. 

As a particular case, let s x (x) = 0 (x < 1), 1 (x > 1), so that 


1,/f 


X \x> 


1 /I 


= zAzb /(*> = Z9\Z 


X \x t 


We call this the transformation S. If k x = l v then 

/ mi (y) dy = J dt = min(l,x), 


o o 

and m 1 = a v If = « 1( then 

X 


0 1 lx 0 

and m x = k v Thus the resultant of k and k is s, the resultant of k 
and s is k. 

Examples. (1) If k and Z are the cosine and sine transformations, 


m x (x) = -log 

7r 


x—l 


x+l 


m(x) 


1 

l—* 8 ’ 
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and the ra-transformation is 
9(%) = 

If / is even, this gives 


2 f m 

t rj 1 -X 2 t 2 


dt. 


VI)-i f M- dt, 

X \x) 7T J x—t 


the Hilbert transform of f(t). 

The resultant of this transformation and k is defined by 


= ^,dl, 

0 

or, regarding k(x) as even, by 

m(x) = - f M*. 
7 T J X — t 


Thus the conjugate of a Fourier kernel is a Fourier kernel . 

(2) The function l x (x) = x (x < 1), 0 (x > 1), satisfies (8.5.5). We 
conclude that, if k(x) is a Fourier kernel, then so is 

OO 1 X 

m(x) — f k(xt) dl x (t) = 

0 0 0 
Similarly, taking l x (x) = 0 (x < 1), logo:—1 (x > 1), we find that 


J k(xt) dt —k(x) = i J k(u) du —k(x). 




X 


is a Fourier kernel. 

(3) The resultant of t*J v (t) and isf J 2 „_ 1 (2<‘). 

(4) The resultant of a /(2/tt')cos x, A /(2/7r)x _1 cosx -1 is (§7.12) 


?{X 0 (2Vx)-r o (2Vx)}; 

7 r 


that of A /(2/w)sinx, ^/(2/ir)x _1 sinx -1 is (2/7r){iT 0 (2Vx)+T 0 (2Vx)}. 

The last kernel is also the conjugate of J 0 (2Vx). ’ 

(5) The resultant of J 0 (2\'x) and eosx is —sinx, and that of 
J 0 (2Vx) and sinx is cosx. This may be proved as in § 7.12. 

t Watson, § 13.61 (1), or as in § 7.12. 
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(6) We have 

** J dt = ^ (C, 1), 

0 

if a; ^ 1, while when x = 1 the integral diverges like 

J <ft. 

The divergence indicates that when we form the resultant of 
and xW^x), there will be a discontinuity in m t (x) at x = 1. 
In fact x 

. . 2 sin fin f d# . .. 

“it*)"- ( * <X) ’ 

0 

2 sin a7r f #*+* eft , t ^ . x 

-W J - T 3<2' + C0S ^ <*>*)• 

0 

The inversion formulae are 


g{x) = 




and the reciprocal formula. 

(7) If we form the resultant m(x) of ^(2/rr)cos x and Jj(2Vx), and 
then replace m(*) by 2 - he- 1 m(l/2a:), we obtain the Fourier kernel 

(2a;)*{cos(a:—Jw) Jj(a:)+sin(ar—^ 7 T)J_j(a:)}. 


8.12. Convergence of ^-integrals. We now leave the transform 
theory, and prove quite independently a theorem on convergence in 
the ordinary sense. To do this we have to make very special assump¬ 
tions, and the theory is practically restricted to those examples in 
§ 8.4 in which A(s) is a product of T-functions. For such functions, 
however, we obtain a direct generalization of Theorem 3. 

Theorem 134.f Let R(s) be regular in a strip <r x < a < a 2 , where 
or x < 0, <7, > 1, except perhaps for a finite number of simple poles on 
the imaginary axis; and let SK(s) be of the forms 

«oW{«+f+o(|l)j, *o(«){y+*+0(|^)} 


t Hardy and Titchmarsh (8). 
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for large positive and negative t respectively , where 

S^(s) = r(«)cos \stt 

is the Jfellin transform of cos a:. Let R(s) satisfy (8.1.9), and let k(x) 
be the Mellin transform of R(s). 

Let x > 0, and letf(y) be L( 0, oo), and be of bounded variation near 
y = x. Then 

—►oo oo 

J k(xu) du | k{uy)f(y) dy = i{/(a:+0)+/(x—0)}. (8.12.1) 

0 0 

The function St 0 (s) is regular in any strip o l < a < or 2 , except for 
a finite number of simple poles at points where a < 0. If t is large 
and positive, then 

W'j+it) = + “ + 

where C and a are complex, and a depends on a; and 5t 0 (cr— 
satisfies the conjugate formula. 

The functions 

I»sin \8n, T(s) —, r (s) 

1 —8 JL—8 

are the Mellin transforms of 

sin a; sin a;—a; cos a; 

sin -, —— 2 - 

x x 2 

and are of the form 

for large t. If ft($) satisfies the conditions of the theorem, we can 
find constants a v a a , a 3 , a 4 , such that 

R(s) = ft(l)( 5 ) + K(2)(«)+it(3)( 5 ), 

where 

5t a) («) = a i r(8)cos^7r+a 2 r(8)sini87r, 

*«>(«) = a 3 I» +o 4 r» , 

and #»>(«) = O{|« 0 («)*- 2 I} = 0(|<r-*) 

for large s of the strip. Let be the Mellin transforms of 


Q 
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8.13. TjUmma «. k(x) is bounded for all positive x. 

This is true for ld l \x) and kP\x), so that it is enough to prove that 

C + <® 

Jfc®(x) = _L, J #3 \8) X -d8 

c-ioo 

is bounded. If x ^ 1, we take c = 1+8, where 0 < 8 < J, 1+8 < o t . 
Since 5t®(«) is then 0( |«| 8- *), & 3) (x) is bounded, and indeed is 0(x~ 1 ~ i ). 
If 0 < x < 1, we take c = —8, where o x < —8 < 0. Then 

—8+ioo 

m*) = 2~- J ms)x-°ds+ P , 

— S —<00 

the latter term being the sum of the residues at any poles on the 
imaginary axis. It is plain that p is bounded, and the integral is 
bounded because ft (3) (a) = 0(|«|~*). Hence k(x) is bounded for all 
positive x. 

8.14. Lemma p. Let 

x 

<f>{X,x,y) = f k(xu)k{yu) du, (8.14.1) 

i/A 

where A > 1 and x is positive and fixed. Then 

1^1 < B(x, £) (8.14.2) 

for all positive y for which \y—x\ ^ £. 

In view of Lemma a we may replace <f> by 
A 

X(A, x > V) = J k(xu)k(yu) du 
i 
A 

= J {kP^xu) + ld 2) (xuj}{te l \yu) + k^\yu) + kP\yu)} du + 
i 

A 

+ J te*\xu)k(yu) du. 

l 

The last term is bounded because ItP>(xu) = 0(« -1-8 ) and k(yu) is 
bounded. 

Denote the integral involving ^(xu^^yu) by x P #- Then xvl is 
clearly bounded. Next, xi,a splits up into four terms, a typical term 
being 
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si„= I sinxu^y^y^y^ 

y*u 2 J yV 


du -f" 


sin aw sin yu 


sin xu cos yu 


Since (sinx—a;cosa;)/a; 2 is positive increasing in 0 < x < 1, the first 
term on the right is 


y 

(8inl—cosl) si nxudu, 

u x 

where 0 < u x < \\y. The second and third are 

1 / t * u, 

J sinxusinyudu, — J sin aw cos yw du, 

1 / 1 / l/i/ 

where u 2 > 1/y, u 3 > \jy. All these are bounded, and the other 
terms of xi,* m &y be shown to be bounded in the same way. Hence 
Xi t 2 is bounded. 

A similar argument applies to X 2 ,i an( i X 2 , 2 * Thus a typical term 
of X 2.2 is 


sm xu sm yu 
xu yu 

l lv A 


f f siny f sinxw , , f sinxw . , 

= + = —- I- du + -smyw du y 

J J y J xu J xu 


i l/y 

and each of these is bounded. 
A typical term in xi,z is 


A C + iao 

J cosaw du J (yw)~ s 5l (S) (3) ds. 

1 c — iao 

If ft (3) has no pole on the imaginary axis, we may take c = 0, and 
invert, and obtain 

oo A 

~ J y- u S< w {it) dt J u-Vcosxu du. 

-00 1 

The inner integral is 0(A) = 0(() for t > A, while for 0 < t < A it 
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differs by 0(t) from 
A 


i 


cos xu j fsin xu\ . Tcos xu 1 

-1*- iu= [I**-],- [^*1, 


A 


it(it -\-l) r 

" * a J 


cos xu 

u ii+2 


du, 


each term of which is 0(t). Since St (3) (it) = Odd*" 1 ) for large t, the 
term in question is bounded. 

If there are poles on the imaginary axis, it is sufficient to consider 
one of them, say at 8 = ir with residue C. Let 

R®\s) = Cr(a-ir)+Si^(s) f m(x) = Cx-”e~*+W\x). 


Then 5t (4) satisfies the conditions imposed above on it (8) , and the 
additional term is 

A A' 


Cy~ iT J u- iT e~ vu coaxu du = Cy~ ir J u" <T cosxu du = 0(1) 


i 


i 


by the argument used for the above inner integral. Hence Xi.s is 
bounded. Practically the same argument proves that * 2,3 is bounded, 
and the lemma follows. 


8.15. Lemma y. Let 

A 

0 (A, x,y) = f k(xu) ft-— du, 

J u 

i/A 

X C + 100 

f If X 1 -* 

where kJx) = I k(u) du = —- I ft(s) -- da. 

J 2m J 1 —a 

0 C —100 

Then \<p\ < B(x,£) for A > 1 , x > 0 , and 0 < x —£ < y < *+£; 
and t/i( A, x, y) converges ( boundedly) as A -> oo to the limit 

o (y < *)» i (y = *), i (y > *)• 

Since k(u) = 0(1), k t (u) = 0(u) for small u, the integral over 
( 1 /A, 1 ) is bounded. We now write 
k(x) = 

where is the same &s before; and 

J k(xu)^^ du 
1 

= J kfVfau) ^ du + jk(xu) — du + j* kP>(xu)du. 

i ii 
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The first term is a multiple of 

A 

f/ , .diainyu + aJl — coayu) , 

I (a x cos xu -f- a 2 sm xu) - -—-—■— -- au 

J 

A A 

cos xu sin yu 


a\ J *, f du + 


+a\ 


2 J sina;w(l— cos 


u 


each term of which converges boundedly. Also k(u) and ^(u) are 
bounded, 

k^\u) = o| J (1+ \t\) a ~*u-° dt^ = 

taking a = 8; and ^(w), like i*# 8) (tt), is 0(u~ B ). The remaining 

terms are therefore bounded. 

This proves the lemma except as regards the value of the limit. 
To calculate this directly requires some further examination of the 
argument, but the result can be obtained from the transform theory. 
We have in fact proved that 

j du 
0 

converges boundedly for x ^ 8, where 0 < S < 1, and uniformly 
except near x = 1; hence, if its value is <f>(x), 

j m do = J d „ = mto(a ,, i)_s 


and hence 
If x = 1, 
x 


4>{X) = 1 (x < 1), 0 (x > 1). 


j kJy)kW du = WX) _ J *(«&(*) du + j k^u) ^ 

0 0 0 
and since each integral tends to a limit as X -*■ co, so does kl(X)/X, 
and this limit must be zero since kl(X)IX 2 belongs to L(0, oo). Hence 

2 ( k jMM du = f W du = 1 

J u J u* 
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8.16. The Riemann-Lebesgue theorem is here replaced by the 
following theorem, due to Hobson (1). 

Lemma 8. Let f(t) belong to L(a , 6) ; let <f>( A, t) belong to L(a f b) for 
all values of A, let it be bounded uniformly with respect to A in (a, 6); 
and let p 

j ^(A, t ) dt — > 0 

a 

as A -> oo, uniformly in a and /? /or a < a < /? < 6. Then 

b 

lim f /(f)<£(A, 0 df = 0. 

A-+00 J 
a 

Suppose first that /(f) is absolutely continuous in (a, 6). Let 

t 

J w) du = <f> x ( A, f). 

a 

6 6 
Then J f(t)<f>(X, t) dt - /(6^(A, 6)- J /'(<)^ 1 (A, Q A. 

a a 

Given «, we have 

0i(A,*)|<e (A > A 0 (e), a <*<&), 

and hence 

J /(OM t) dt < J|/(6)|+ | |/'(«)| <tt) (A > A,). 

a V a ' 

The result therefore follows in this case. 

In the general case we can, given e, define an absolutely con¬ 
tinuous function x(f) such that 

b 

J m-m ^ < e . 

a 

Having fixed t and x(0> we can, by the first part, choose Xq so large 
that & 

J x(0^(A, 0 A < e. 

a 

If |^(A,t)| < M, it follows that 

b b b 

j /(m,t)dt < / x(tm,t)dt + j {m-x(tM*,t)dt 

a a a 

(A > A 0 ). 

This proves the lemma. 
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8.17. Proof of Theorem 134. By Lemma a the integral 

00 

{ k(uy)f(y) dy 
0 

is uniformly convergent for 1/A < u < A, so that we may multiply 
by k(xu) and integrate under the integral sign. Hence 

A oo 00 

J k(xu) du j k(uy)f(y) dy = J f(y)<f>(\, x,y) dy 


l/A 


8 a:—£ 

#• * 




= J J_ j + J + / + J + J 

0 8 a:-£ * x+C A 


It follows from Lemma j8 that 

\h\ < B J |/(y)| dy < c, |/,| < B J )/(y)[ dy < € 

0 A 

for 8 = 8(e), A = A(e), A > 2. 

Next px 

j + dy = j k(xu) k ^ u) ~ k ^ du 

CL l/A 

= ^(A,x,/J)--0(A,:r,a). 

If <x < j3 < x, or x < <x < fi, this tends to 0, when A->oo, by 
Lemma y. Hence, by Lemma 8, 

lim I 2 = 0, lim J 6 = 0 

A—►oo A—►co 

when £, 8, and A are fixed. 

We may suppose £ small enough to ensure that f(y) is of bounded 
variation in (sc—■£,x+£)> and then 

o) =My)-fz(y), 

where/j and f 2 are positive and decreasing and tend to 0 when y -> x 
from below. Then 

h =/(*— 0){>/i(X,x,x)-ifi(\,x,x —£)}+ 

X X 

+ f fi{y)<f>(Kx,y)dy — f f 2 (y)<}>{\X,y) dy. 

x-i x-i 

The first term tends to £/(#—0). The second is 

A(*— C) J <i>dy = f^x—QiW, x, rj) x, x—C)}, 

x-L 
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where a;—£ < ij <x, and, since *f> is bounded, this is less than e (for 
all A in question) if £ is sufficiently small. A similar argument 
applies to the third term. Hence 


limJ s — lf(x— 0) 

A -^00 


< 2e 


if £ is sufficiently small. There is a corresponding result for J 4 , and 
it follows that 


A 00 

lim J k(xu) f k(uy)f(y) dy = i{f(x+0)+f(x—0)}. 
x ~*'° l/A o 

The M-integrand is, however, bounded as u -*■ 0, so that this may 
be replaced by (8.12.1). This proves the theorem. 

It is easily verified that the ft(s) which gives rise to Hankel’s 
theorem satisfies the above conditions if v ^ — J; and so do all 
the other ft’s which are products of T-functions if the parameters 
involved are subject to suitable restrictions. 


8.18. Hankel’s theorem.f The most important particular case 
of the foregoing theorem is that in which k(x) = *JxJ v (x). This case 
can be obtained much more simply. 

Theorem 135. Iff[x) belongs to L( 0,oo), and is of bounded variation 
near the point x, then for v > — £ 

oo oo 

£{/(x+ 0 )+/(a;- 0 )} = J J v (xu)yl(xu) du J J„(uy)y/(uy)f(y) dy. 

0 0 (8.18.1) 
Let 8 be a small positive number. Then 
A as-8 

J J v (xu)<J(xu) du J J„(uy)*J(uy)f(y) dy 
o o 

x-S A 

= Va; J Vy/(y) dy j J v (xu)J v {uy)u du 
0 0 

= 4.x Vy/W dy (8182) 

j ® y 

0 

= om J +0(VA) 7 iy, 

0 0 
t Watson, Chap. 14. 


(8.18.3) 
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for any fixed x and 8. Now 
l/A , 1/A 


(Ay)VI/(y)l d y\ 


( l/A » / l/A v 

A" f y vH \f(y)\ dyj = 0(A~* j |/(y)| dyj = o(A-*). 

For Ay > 1 we have 

r/u) .4 cos Ay-|-.B sin Ay n [ 1 \ 

■ (!rt -(w— + 0 lwr>)- 

ie 0-term contributes 

t-r-f) 

' l/A ' 

( \I^JX \ i x —8 v 

A-* J |/(y)|^j+0(A-» J |/(y)| dyj = o(A-t), 


The 0-term contributes 

/ x-~8 . 


and the main term contributes 


A-* f (A cos Xy+B sin A y) {^\ dy = o (A-*) 
i/A ^ 

by the Biemann-Lebesgue theorem. The second term in (8.18.3) 
may be dealt with in a similar way. Hence (8.18.2) tends to 0 as 
A -> oo. 

Next, we may invert 

A 00 

J J v {xu)<J{xu) du J j v (uy)<j{uy)f(y) dy 

o x+8 

by the uniform convergence of the y-integral. The proof that this 
part tends to 0 is then similar, but simpler, since here y is not small. 

We can suppose 8 so small that f(y) is of bounded variation over 
(a:—8, *+8). Then so is y~ v ~*f{y)- Hence in (a;, £+8) we can write 

y-”-*/(y) = *-—*/(*+0)+xi(y) - Xi (y), 

where X\ and Xi are positive, increasing, and less than e. Then 
A af+8 

/ J v (xu)yl(xu) du f J v (uy)J(uy)f(y) dy 
o x 

A x+8 

= V* J J v (xu)u du J J v (uy)y v+1 {x- v -^f(x+0)+xi(y)—Xt(y)}dy- 

o x 
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The first term in the bracket contributes 
A 

x~ v f(x+0) J J F (*tt)[«/ l , +1 {(a;+S)tt}(a:-|-S) v + 1 — J y+1 (xu)x v+1 ] du 

-> x- v f(x+0)(x v —%x v ) = if(x+ 0), 

by (7.11.15). The second term contributes 
A «+8 

Va; J J y (xu)u du J J v (uy)y v+1 xi(y) dy 

0 X 

AB+S A 

= Vx j Xi(y)y v+1 dy j J,(xu)J y (yu)u du 

X 0 

x+8 A 

= Varv^ar+S) J y v+1 dy j J„(xu)J y (yu)u du 
A 

= ^*Xi(*+&) J Jy(xu)[(x+8) v+1 J y+1 {(x+S)u}—^ +1 J y+1 (^u)]du 
0 

where x < $ < a:+8. Now for x > x 0 > 0, y > x 0 , 

A 

J J y (xu)J y+1 (yu) du 

0 A A 

= 0(1)+| J cos(aj-£wr-i*r)sin(a:- \vn- Jir) J °(^) 

= 0(1) 

for all A. The contribution of the xx term is therefore 0(e). Similarly 
so is that of the x 2 term. 

The theorem therefore follows on choosing first 8 sufficiently 
small, and then, having fixed 8, A sufficiently large. 

8.19. Formulae derived from Hankel’s theorem. Simple 
pairs of Hankel transforms may be. derived from (7.4.6), (7.11.6), 
(7.11.8)-(7.11.15), and (7.11.17). Another elegant pair is 

2»-ir(v+£)V* J y (px)J y (qx), 

{a:*—(p—g)*}‘'“*{(P+?) 2 — x t } v - i x i - v (Ip—g| <x< p+q), 

0 elsewhere. (8.19.1) 

To prove this.f put v = — y. = A— x = 1, y = sin 2 8 in 

t This is Sonine’s proof referred to by Watson, § 11.41. 



8.10 


GENERAL TRANSFORMATIONS 


243 


(7.14.9). We obtain 

0 (8.19.2) 

Putting a = #sin<£, 6 = p~q cos </>, and multiplying by sin A+ ty and 
integrating, we obtain 


J (p i +q i —2pqcos<f>)l x ^ r 
0 

^ ir 7T 

= J|~-- J d( f> J sin^+^^.^g sin 0 sin ^) e* 008 ^-* 008 ^) dO 

o o 

J A w n 

~ J(2 ) \ & i nX+ *0 eipcOBd dO J sin A+ *<^^_j(g r sin0sin^)i 


= q~ A J sin A+ *0e ipco8 ^sin A “*fl J^(g) d0 

o 

= 2 A r(A+i)V7r(pg)- A J X (p)J x (q). 


(8.19.3) 


The result stated follows on taking p 2 +q 2 — 2pqcos<f> = £ as a new 
variable. 

The reciprocal formula t is 


00 

J x x - v J v (px)J v (qx)J v (ux) dx 

= {u 2 ~(p~q) 2 } v ^{(p+q) 2 -u 2 Y^ 

2^^7rT(v+\)(pquY V " ' 

if |j 9 —g| < u < and 0 otherwise. 

Still other results can now be deduced from the Parseval formula. J 
For example, (7.11.12) gives the Hankel transforms 

3fl+ v +iK\(ax), 2 A + v a A £ v+ *r(A4-v+ l)(a 2 +a? 2 )“ A - v_1 , (8.19.5) 
and we deduce 


oo 

J x x +P+ iv + 1 K^(ax)K h (bx) dx 

0 oo 

“ 2>^»r(A+,+i)r (> .+v+i) J {a , +x ^^ +x ^ 

0 


t See Watson, § 13.46; Nicholson (1). 


J See Titchmarsh (11). 
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We can put x = b tan 6 and expand the integral in powers of 
(6 a —a a )/6 a ; if a = 6, the result (with v = -Jp—— 1) is 


J Kx(ax)K fl (ax)xP- 1 dx 

Similarly, from the Hankel transforms (see (7.11.14)) 

2W>+i) J y^ ax ) K ^ ax )> 

we deduce 


(8.19.6) 

(8.19.7) 


0 


2 v-3 r(iv+i) r(v+j)r(fv+i) 

d lv +* \^TVfT) ’ 


and from (8.19.1), with p = q, we deduce 


J Ji(px)x 1 ~ 2v dx = 
o 


p 2 V -2 T(v)r(2v) 

2 xr(v+i)} 2 r(3v)* 


(8.19.8) 


(8.19.9) 



IX 


SELF-RECIPROCAL FUNCTIONS 

9.1. Formalities. In previous chapters we have noticed a number of 
functions which are their own Fourier cosine or sine transforms, i.e. 
functions f(x) such that „ 

/(*) = y(“) J /(y) cos xyfy (911) 

o 

oo 

or f(x) = y® J /(y)sina^ dy. (9.1.2) 

' 0 

The simplest solutions of (9.1.1) are 

e~* x \ aech{xy/(%7T)}. 

Similar solutions of (9.1.2) are 

nr~\ • 1_ 

> xe > e^>-l xj(2ir)‘ 

There are also functions which are their own Hankel transforms 
of order v, i.e. solutions of 

OO 

/(*) = / f ( y ) sl ( xy ) J v (* y ) dy . (9.1.3) 

0 

Solutions of (9.1.1), (9.1.2), (9.1.3) will be called R c , R v re¬ 
spectively. 

Other functions are ‘skew-reciprocal’, i.e. satisfy (9.1.1), (9.1.2), 
or (9.1.3) with the sign of the right-hand side changed. Such functions 
will be called — R c , —R 8y —R v respectively. 

The first problem of this chapter is to determine all self-reciprocal 
functions; or (since complete generality is hardly attainable) all such 
functions of certain classes, such as the class L 2 . We shall take (9.1.1) 
as the typical case. 

In a sense, there is an immediate solution. If g(x) belongs to L 2 , 
then g(x)+O c {x) is also a function of L 2 > and is plainly self-reciprocal. 
Also any self-reciprocal f(x) may be expressed as 

£/(*)+i/(*) = y(x)+iF c (x). 

The formula ?(*)+(?„(«) therefore gives the complete solution of the 
problem. 
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On the other hand, it is obvious that none of the examples quoted 
above have been obtained in this way, and the solution does not 
enable us to decide (unless by actual verification) whether a given 
f(x) is self-reciprocal. To determine whether f(x) is of the form g+O c 
is to solve another integral equation, viz. 

00 

f(x) = g{x) 4 - J g{y)coBxydy. (9.1.4) 

0 

We shall consider such equations in § 11.15; but it is easier to attack 
(9.1.1) directly. 

Let 3f(a) be the Mellin transform of f(x). Then (9.1.1) gives formally 


00 00 

g(a) = J$j x*" 1 dx J f(y)co&xy dy 

' 0 o 

oo oo 

= J f(y) dy J x a ~ 1 coBxy dx 

0 0 

oo 

= J 0 r(s)cos \atT J f{y)y-‘ dy, 


i.e. g(a) satisfies the functional equation 


m 


-JQ 


r(s)cos |s7r g(l —a). 


If now we write 5(a) = 2 i *rthen 

Ha) = H 1 —a), 

and, by Mellin’s formula, 


C + 100 


/(*) — 2 ^ J 2‘*r(Ja)^(a)x-» da. 


(9.1.5) 

(9.1.6) 

(9.1.7) 


We may therefore expect (9.1.7), where H 8 ) satisfies (9.1.6), i.e. is 
an even function of a—to be a general formula for functions of B c . 
The simplest example is 

H 8 ) = 1, /(x) = 2e~ jx *. 

We can deal with (9.1.2), or generally (9.1.3), in a similar way. If 
f(x) satisfies (9.1.3), then 


<S(«) = J !/ l /(y) dy J x* *J v (xy) dx = 
0 0 


2^T(KHa+|) 

r«v-i«+f) 
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«■) - 


(9.1.8) 


, V 1 /1\ 

x{8) = s x h)- 


If fi(s) = 8*x( a *)> then /x(s) = [i j- 


We may write (9.2.1) aa 


ou 

X(s*) — J (2«)-*/{(2ii)*}e-®“ rfu, 


and the reciprocal formula is 


(2«)-‘/{(2u)‘} = ^ j *. 

C —too 

C-f too 

/(*) = ^ j n(a)e* x ' B 3-* da. 


Putting 3r(«) = 2*T(^+ i)<A(s), we obtain as a general solution 

of (9-1.3) c+to 

/(*) = 2^ j 2»T(^+J S +i)^)x-«d a , (9.1.9) 

c —too 

where 0($) again satisfies (9.1.6). 

9.2. Another formal solution of the problem is obtained by 
considering 

x (a) = j dx. (9.2.1) 

u 

Then (9.1.1) gives 

oo oo 

x( s ) = J(r\ J e ~ ia ' x ' dx J f(y)cosxy dy 

0 0 
oo oo 

= J(^\ J f(y) dy J e-l‘' x 'coaxy dx 

0 0 
oo 

= jJ Me-W'dy, 


(9.2.2) 


(9.2.3) 


(9.2.4) 


Hence (9.2.4), where y(s) satisfies (9.2.3), may be expected to be R e . 
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The simplest example is 
For general v, let 


m(«) = 1. /(*) = 


x(s) = j f(x)x v+i e~ ia ' x ' dx. 

Then (9.1.3) gives 

OO 00 

X(«) = J e-“‘ x V+‘ dx J f(y)<J(xy)J v (xy) dy 
0 0 
oo oo 

= J f(y)y/y dy J e-^' x ‘x v+1 J v (xy) dx 
0 0 

oo 

= J dy 

=M)- 

If fi(e) = s iv+i x(^)> then /x(a) again satisfies (9.2.3), and 

C-*-<oo 

ar*-” 




-»*-» da. 


(9.2.5) 


(9.2.6) 


C-too 


9.3. Still other formulae of the same kind can be obtained by 
replacing the e~** # of the above example by other functions which 
are self-reciprocal, and which also are the kernels of a general 
transformation. We may take, for example, the function 

Proceeding as before, we obtain 

x(«) = J (8x)iJ^shs 2 )f(x) dx = jx(^)> 

0 ' ' 

and f(x) can be expressed in terms of xW by Hankel’s theorem. 
This transformation has been studied in detail by Mehrotra (8). 

9.4. Functions of L a . We shall now justify the above arguments 
under a variety of conditions. The simplest conditions are provided 
by the ZMheory of Mellin transforms. 

Theorem 136.f A necessary and sufficient condition that a function 
f(x) of L % ( 0,oo) should be its own cosine transform is that it should 

t Hardy and Titchmarsh (4). Proof suggested by Miss Busbridge. 
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be of the form (9.1.7), where c = the integral is a mean-square 
integral, g($+ft) = 2‘+*«r(J+P)^(J+»0 (9.4.1) 

belongs to L 2 (— oo.oo), and (9.1.6) holds, i.e. ^(|-H0 *® <*» even function 

oft. 

In view of the L 1 theory of Mellin transforms, all that we have to 
prove is the equivalence of the self-reciprocal property of f(x) to 
( 9 . 1 . 6 ). 

Now/(y) and sin xy/y belong to L*(0,oo), and the Mellin transform 
of the latter is 

r(i+i<)cos £tt(£-H0 **“"/(£—*0- 


Hence 




.sin xy 


= J 3 (i-*)r(i+t<)cos WI+«) dt. 

— 00 

X 00 

Also J f(y) dy = i- J 2 K 4 +*Or^ dt. 

0 -oo 

If / is self-reciprocal, the right-band sides must be equal; since each 
integrand belongs to £(-- 00 , 00 ), they must be equal almost every¬ 
where (Theorem 32, p. 47). Hence 0(£+»O is even. Conversely, if 
is even, the right-hand sides are equal; hence so are the 
left-hand sides, and so / is self-reciprocal. 

9.5. Functions of IP. 

Theorem 137. If a function f(x) of IP( 0,oo), where 1 < p < 2, is 
its own cosine transform, then it is of the form (9.1.7), where 

m = 2 » t ( m *(«) 

is an analytic function which (i) is regular in the strip 

I < a < 1 Ip' = (9.6.1) 

P P \ P~ l l 

(ii) tends to 0 uniformly as s -*• 00 inside any interior strip, and (iii) 
satisfies (9.1.6); the integral in (9.1.7) is a mean-square integral along 
any line of the strip ( 9 . 6 . 1 ). 

This is a one-sided theorem, with conditions which are necessary 
only and not sufficient. 
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If f(x) belongs to L p , its cosine transform belongs to L p \ so that 
f(x) here belongs to both L p and IP\ and therefore to all inter¬ 
mediate classes L q . In particular it belongs to L 2 , and so satisfies the 
conditions of Theorem 136. 

The function g(s) reduces to the 3r(i+ l ’0 of Theorem 136 when 
s — \+it f but g($) is now an analytic function, regular in the strip 
(9.6.1). In fact 


J mi **- 1 


dx 




(/ \f\ p ' dxJ' P (/ dxJ' P + (/1/|*» dxJ' P (j dxJ IP , 

and these integrals converge for the values of a stated. It follows in 
the usual manner that g(s) is regular in the strip, and bounded in 
any interior strip. 

Again, we can write g(s) in the form 

A 


m = (/ + / + f}mzr-h*dx = af 1 w+5.(«)+5 3 w. 


Let rj > 0, and 


i/p'+ij ^ a ^ i ip —7j. 

s 


(9.5.2) 


Then |fo(«)| < ( J |/|**' dxJ' P | J x*°~v dxJ' P = 0(8v) 


as 8 -> 0, and we can therefore choose 8 so that |Qf 1 | < e for all s in 
(9.5.2). Similarly, we can choose A so that |g 3 | < e. When 8 and A 
are fixed, 3f 2 -* 0 uniformly as s -> oo in (9.6.2). Hence 5 0 uni¬ 

formly in (9.5.2). 

It follows from Theorem 136 that g(s) satisfies (9.1.5) on 8 = 
and so throughout (9.5.1). 

Thus g(s) possesses the properties stated in the theorem, and it 
remains only to prove (9.1.7). This is true for c = by Theorem 136, 
so that it is sufficient to prove that the value of the integral is 
independent of c; and this follows by the argument of § 5.4. 


9.6. The previous theorem is a one-sided theorem, and we cannot, 
in view of the asymmetry of the theory of transforms about the 
number 2, expect in this case a theorem as satisfactory as Theorem 
136. There is, however, a very similar class of functions for which 
we can obtain a complete solution. 
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We shall say that f{x) belongs to L*( 0 ,oo), where 1 < p < 2 , if 
x a f(x) belongs to L 2 (0,co) for 

1,1 11 

- a °_ -- + -<« <-- § - a £ °. 

It is plain that f(x) then belongs to L q ( 0 , 1 ) for q < 2 . Suppose now 
that p < q < 2 . Then we can choose a < a 0 so that 2qoc > 2 —< 7 ; and 
then 

? / ? \qr/2/ JP \(2-q)l2 

J \f\ q dx < x 2a \f\ 2 dxj x’- 2qatli2 - 9) dxj < 00 , 

so that f(x) belongs to L q . If also/(a) is its own cosine transform, it 
belongs to L q \ so that a self-reciprocal f(x) of L* belongs to all 
Z-classes between L p and L p \ though not usually to either of these. 

The class of self-reciprocal functions of L* is thus in this respect 
a little wider than the class of those of L p . In other respects it is 
narrower. Suppose, for example, that h(x) is defined by 
h(x) = 2~ n (n[-l < z < n! + l, n = 2,3,...), 

and h(x) = 0 elsewhere. Then h(x) belongs to L r for every positive 
r, but to no L* y since 2 2 “ rn is convergent, but 2 ( n\) 2a 2~ 2n divergent 
for every positive a. The cosine transform of h(x) is 

nl + l 

n'.-l 

which is continuous and 0(x- x ) at infinity, so that H c (x) belongs to 
L r for r > 1 , and to L* for 1 < p < 2 . Thus h(x)+H c (x) is a self¬ 
reciprocal function which belongs to L r for all r > 1 , but to no ZJ. 

Theorem 138. A necessary and sufficient condition that a function 
f(x) of Z*( 0 ,oo) should be its own cosine transform is that it should be 
of the form (9.1.7), where g(s) satisfies the conditions (i), (ii), (iii) of 
Theorem 137, and (iv) belongs to Z 2 (— 00 , 00 ), qua function of t, for 
all a of (9.5.1). 

(i) The condition is necessary. Since f(x) belongs to L r for 
p < r < p\ we have only to show that 5 (s) satisfies condition (iv). 
This results immediately from the theory of transforms, since 


ao 

5 (s) = J f(x)x°- i x~ i+il dx. 


and x a ~if(x) belongs to L 2 if |a— £| < <x n , i.e. if 1 /p’ < o < 1 IP- 
(ii) The condition is sufficient. Since g(s) belongs to L 2 on the 
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line s = c+it, the integral (9.1.7) exists as a mean-square integral 
for all c in question, and as before its value is independent of c. It 
therefore defines a function f(x ) independent of c. Since 

GO 

**■*/(*) = 2 “ J ^(c+it)x-*- u dt 

— oo 

for |c—< a 0 , and the right-hand side belongs to L 2 for every such 
c, f(x) belongs to L*. Finally, by Theorem 136, f(x) is self-reciprocal. 

9.7. Analytic functions. We shall say that f(x) belongs to 
A (a, a), where 0 < a < 7r, a < if (i) it is an analytic function of 
x = re id regular in the angle defined by r > 0, \0\ < a, and (ii) it 
is 0(|a;|“ a - € ) for small x , and 0(\x\ a l + e ) for large x, for every positive 
€ and uniformly in any angle |0| < oc— r q < a. 

Theorem 139. A necessary and sufficient condition that a function 
f(x) of A(oL 9 a) should be its own cosine transform is that it should be of 
the form (9.1.7), where ip(s) is regular y and satisfies (9.1.6), in the strip 

a < or < 1— a; (9.7.1) 

</i{s) = 0(^- a +^i) (9.7.2) 

for every positive rj and uniformly in any strip interior to (9.7.1); and 
c is any value of a in (9.7.1). 

(i) The condition is necessary . The integral 

00 

| f(x)x , ~ 1 dx (9.7.3) 

o 

is absolutely convergent for a < o < 1— a, so that g(a) is regular 
in (9.7.1). Also,/(a;) belongs to L 2 , and it follows from Theorem 136 
that g(s) satisfies (9.1.6) on a — and therefore throughout (9.7.1), 
or, what is the same thing, ip (s) satisfies (9.1.6). 

Also, f(x) satisfies the conditions of Theorem 31, with j8 = a and 
b = l—o. Since 

m = 2K«)2-»*/r(*s), | r(i«) | ~ <&-*-» m*-*, 

it follows that ip(s) satisfies the conditions stated. 

(ii) The condition is also sufficient because Theorems 31 and 136, 
on which we have based the argument, are reversible. 

9.8. More general conditions. The next theorem is of a more 
general kind here f(x) does not necessarily belong to any L- or 
A (a, a)-class 
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Theorem 140. Lei f(x) be integrable over any finite interval; lei 

—>°° 

F c( x ) = J f(y)coaxydy (9.8.1) 

0 

exist for every x; and lei 

—►00 

5(s) = | /(x)x*- 1 dx (9.8.2) 

->0 

exist for |a— £| < a, where a > 0. Then a necessary and sufficient 
condition that F c (x) = f(x) almost everywhere is that g(a) should saiisfy 
(9.1.5) for |a—< a. 

Let i < j3 < i+a, and 

M^fMP-'de. 

i 

Then g{x) is bounded. Hence if a <J8 

X X 

J /(x)x® _1 dx = J g'(x)x , ~P dx 
i i 

x 

= g(X)X'~P-(8-p) J g(x)*-P~' dx 
i 

/ £ K 

= 0(l)+0\\a\j x°-P-idx j = 0(|l|) 


for all X. Similarly, 


for a > J—a. Thus 


J /(x)x* —1 dx — 0(|<|) 


1 ix 


jf(x)x'- 1 dx =0(|*|) 


1 IX 

in any strip interior to |or— $| < a. 

It follows by dominated convergence that 

i+ioo 


-• f 

2 m j 


m 


X' 


<3—s 


*-<00 


(«—1)(«—2)(«—S) 


ds 


i + ioo 


(»/e~ 


“27Tt J / (a—1)(«—2)(s—3) 

—►O |-too 

-* J/(«(*—«■ 


da 
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and that 


* + ioo 


i-ioo 


JL f _ J^ _ t 

2tt* J (a-l)(a-2)(a-3) m 1 

i + ioo 

= —. f r(s—3)cos Utt 3f(l— s)x*- 8 da 
2771 J 

I-ioo 

—*•00 14-too 

= md * J r ( a - 3 ) c08 ^ 7r ^)' 8 ^ 

—►O J — too 

_>oo —2i + ioo 

= 2^i J ^ J T(*)sin 


— 21 —ioo 


= J <u. 

o 

If 3(a) satisfies (9.1.5), it follows that 

ijW-f)’« = ,/(;) J 
0 0 
But, as in the proof of Theorem 118, (9.8.1) gives 



F c (v) dv = 



1—cosa;£ 

I 2 


dl 


We may integrate over (0, x) by uniform convergence; hence 


X X £ u 



and, differentiating three times, it follows that f(x) = F c (x) almost 
everywhere. 

Conversely, if f(x) = F c (x) almost everywhere, the argument shows 
that i+*» 

i_ f g^)-V(2Mr(a)cos^3(l-a) . 

2ni J (a—-l)(a—-2)(a—3) 

i—ioo 

for all values of x. Since the integrand belongs to L, it must be null 
(Theorem 32, second part). Hence 3(a) satisfies (9.1.5) on a — J, and 
so throughout its region of regularity. 
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If the conditions are satisfied, f(x) is represented by (9.1.7) in the 
(C, 1 ) sense, by Theorem 32. 

9.9. A general theorem. Even if (as in the case f(x) = x~*) the 
integral (9.8.2) does not exist for any s , it is possible to obtain a result 
corresponding to (9.1.5), but involving the functions 3r+($), 3L(s). 
We shall deduce our result from the following theorem, which is 
frequently useful. 

Theorem 141. Let cf>(w) be regular in the strip a x ^ v ^ a 2 , and 
let <f>(u+iv) be L(— oo,oo) (or L 2 (—oo,oo)), and tend to 0 as u-> ±oo, 
for v in the above interval. Let ip(w) have similar properties in 
< v < b 2i where b 2 < a v Let 

ia + co ib + oo 

J <f>(w)e- ixw dw + | xf,{w)e- ixw dw = 0 (9.9.1) 

ia —qo ib — oo 

for all x t where a x < a < a 2 , b x < b < 6 2 . Then <f> and \ft are regular 
far b x < v < a 2 y their sum is 0 in this strip , and they tend to 0, as 
u-> it oo, uniformly in any interior strip. 

Consider first the L case. Multiply (9.9.1) by e ix t, where £ = 
a < 7] < a 2 y and integrate with respect to x over ( 0 , oo). We can 
invert the order of integration by absolute convergence, and we obtain 

ia + oo ifc-f ao 

f dw + f ^—dw — 0 (a < ij < a 2 ). (9.9.2) 

J w-C J w—C 

ia— oo ib — oo 

Now move the line of integration of the ^-integral to v = a 2 . We 
obtain 

ia«+ oo ife + co 

f dw + f —dw — — 27ri<£(£) (a < 7] < a 2 ). 

J w—t J W—t 

ia t — oo ib -00 (9.9.3) 

The left-hand side is now regular for b < rj < a 2 . It therefore pro¬ 
vides the analytic continuation of —27n<£(£) throughout this strip. 

Similarly, multiplying (9.9.1) by where < r\ < 6 , and inte¬ 
grating over (— oo, 0 ), we obtain (9.9.2) with < 77 < 6 . Moving 
the line of integration of the ^-integral to rj = 6 1? we obtain 

ia+ao i5i + ao 

/ dw + j | ^ = 27ri^(£) (bi< r) < 6 ). 

ia-°o ibi~co (9.9.4) 

This provides the analytic continuation of 27ri^r(£) over 6 X < 77 < a. 
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If b < r) < a, the left-hand sides of (9.9.3) and (9.9.4) are equal, 
by an obvious application of Cauchy’s theorem. Hence 


in the strip. 

Also 

• <a*+oo I 


*«> - -m 


J 


1 fa,—oo 


W—t, 


a U oo. U 

+ J W(^+ ta 2)l j l^(^+ ia 2)l ^ 

— W 1/ ' -17 


which tends to 0 as f -* ±oo, by choosing first U and then Similarly, 
for the other term on the left of (9.9.3). Hence <£(£) -> 0 uniformly in 
the strip. 

In the L 2 case (9.9.2) follows from (9.9.1) by the L 2 case of 
Parseval’s formula, and the argumerft then proceeds as before; in 
the last part we put 

| ( —U —U \1 

J 5 =?*’ < / jiScr. J w«+*h)i**. + 

< 0,-00 1 —00 —00 

+ { J J W*+*»,)l**»]* + 

'u u ' 

u 

+ J W«+*®»)l du > 

and again choose first U and then £. 


9.10. Application. Theorem 142. Letf(x) be integrable over every 
finite interval , and tend to 0 at infinity , and let 


/(*) 


-76 J 


f(y)coBxydy 


(9.10.1) 


for all but a finite set of values of x. Then almost everywhere 

a+ <oo j9+fao 

/(*) = 2^ J &+(«)*"* <fe+2^ J 

a—<oo —p—ico 

03 < 0, a > 1), (9.10.2) 
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where the integrals are (C, 1) integrals; 3_(s) is regular for a <C 0, and 
2r+(*) f or <* > 1; a nd the functions 


S+(*)~ / MS-C 1 —«) r («) c °s 


g_( 5 )- / -)g + (l- 5 )r( 3 )C 0 S 


(9.10.3) 


arc regular for 0 < a < 1, except possibly for simple poles at s = 0; 
and <Aeir cnm is 0 in the strip . 


Let 


* ;r 

A(*) = J /(«) du, f 2 (x) = | /^i) du, 


etc. Then, as in the proof of Theorem 113, (9.10.1) gives 


A(*) 




(9.10.4) 


Let 5_(a) = J ftyx 8 - 1 dx, g + («) = J f(x)x‘~ 1 dx. 

1 0 

These are clearly regular for <r < 0 and a > 1 respectively; and (9.10.2) 
holds by the ((7,1) analogue of Theorem 24, for Mellin integrals. Let 

-J + ioo 

•W-B I 5 - (<l) (.-9=2) <i ‘- 


-J-ioo 


— i 4- too 


_Jf 

2tti J 


— i —ioo 
i + ioo 


3r + (l-*)r(s)cos %sn 


r 2-8 


(S- !)(«—2) 


ds -j- 


+H J 

|-ioo 
t + i<x> 


| — ioo 

= < * > l (*)+ < I > 2(*)+<t > 3(*)+ < l > 4( a: )- 

We may insert the above integrals for g_( a )> etc., and invert, by 
absolute convergence. We obtain 

00 - t + l® 

1 — t—ioo 

= J f(y)(x—y) dy (x > 1), 0 (* < 1), 
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1 1 + 100 

J 5 ^ 5 * 

0 1—ioo 

1 

- J yf(y) dy (x>i), 

0 

x 1 

— J yfty) d y ~ x / f(y) dy < i)- 

' 0 x 

x 1 

Hence 0 1 (x)+0 3 (a;) = j f(y)(x—y) dy —x j f(y) dy 

0 0 

for all x > 0. Also 

1 — J + ioo 

^(z) = — J Q J f(y) dy J T(s—2)cos £st T (xy)-° ds 

/ 0 —|-ioo 

0 

oo | + i ao 

<D 4 (x) = - yQ ^ J f(y) dy J* r(s-2)cos fyn (xy)~» da 

K * 1 f-ioo 

' i 

Altogether «, 

<&(*) J d y +ax+bx*, 

o 

where a and b are constants. Hence, by (9.10.4), 

-i+ioo 

— J—too 

+ 1 {»* ( * , -y(;)®- (1 -* )r< * )cos ^-“- 26 '+}( 

ioo 

= 0 

for every positive x. The result therefore follows from Theorem 
141, with an obvious change of variable. 

A similar result holds if /(x) does not tend to 0, but (9.10.1) holds 
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everywhere. The proof is similar, but with an extra factor 3 in 
the denominator. 


9.11. The Second Solution. A similar set of theorems might be 
constructed for the second solution obtained in § 9.2. It will perhaps 
be sufficient to prove one of them, and we take the case of analytic 
functions. We shall say that f(x) belongs to A*(u>,a), where 
0 < w < \tt, 0 < a < if (i) it is an analytic function of x = re id 
regular in the angle A * defined by r > 0, \6\ < w, and (ii) it is 
0( for small x f and 0( |a;| a -* +8 ) for large x, for every positive 

8 and uniformly in any angle |0| < a i—rj < a>. 


Theorem 143. A necessary and sufficient condition that a function 
/(x) of A*( to, o) should be its own cosine transform is that it should be of 
the form (9.2.4), where c is any positive number, the integral is the limit 
of an integral over ( c—iT , c-\-iT), and /jl(s) has the properties 

(i) = /x(pe 7 ^) is an analytic function of s, regular in the angle 
B(ix},a) defined by p > 0, \<f>\ < i7r+2a>; 

(ii) p(s) is 0(\s\~l a ~S) for small s, and 0(|s| ia+s )/or large s,for every 
positive 8 and uniformly in any angle \<f>\ < \tt-\-2w —£ < 

(iii) p(s) satisfies (9.2.3) in B(to, a). 

The conditions of regularity and order follow from Theorem 31. 

It is then only a question of proving that (9.2.3) is necessary and 
sufficient for f(x) to be self-reciprocal. 

Integrating (9.2.4), we get 


c+ioo 

1 C el*' 8 —. 1 

AM-SS / 

c-i® 


2ni 


c f ioo 

J ix{s)s-*e* x ‘‘ ds, 

C — i x> 


the other term being zero, by an obvious application of Cauchy’s 
theorem. Again, 

c +ioo 

sin ^ = f e x’»-v'im s -l ds, 

V 47 ri J 

c — ico 

and hence 


j iy — 


c + i® 



c — ioo 


ds J f(y)e~ v 'l {U) dy 
0 
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c+ioo 

= J c x '*«-»x{(2a)- 1 } da 

C~ioo 

C + ioo 

= V^) f da, 

47n J \s/ 

c—i® 

the inversion being justified by absolute convergence. It follows 
that 

oo c+ioo 

0 C —ioo 

and hence that the condition (9.2.3) is both necessary and sufficient. 


9.12. Examples. 

(1) If 0(*) = 1 in (9.1.7), then 

f(x) = 2e~* x \ f(x) = 2*-i''x v +te-i*' 

in the cosine and general cases respectively. The conditions of 
Theorem 139 (and a fortiori those of the less special theorems) are 
satisfied. 

If 0(«) = P(£—«), where P(u) is an even polynomial, or an even 
integral function of order less than 1, we find that 


/(*) = 2 2 

v. n»0 

is its own cosine transform. If P(u) is a polynomial, /(a:) = e-* x ‘Q(z 2 ), 
where Q(u) is a polynomial. 

(2) Sonine’s polynomials T*(x) are defined by 


T*(x) = V (-') r * n - r 

rl ’ r 4.r!(»-r)!r(n+v-r+l)' 


If 

then 


f(x) = x v T?(x)e- ix , 

° n oo 

m _ J/ W ,~ & -1 rT j n -^ )i ( ^^_ f+1 ) j 

(i r**0 n 


y (~i) r 

r! (n—r)! 

r-0 ' 


( a+ *)r-»-v-l 


_ 1 ( i~*) n 

n! (£+«) n+, ' +1 ’ 


g{x) = x v+ ie-* x 'T?(x 2 ), 


If 
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00 

fi(8) = «**’+* J gr(x)x v+ *e -ix '* dx 
o 


Hence 


M( a ) = (— !)"/* I- » 
\s 


and g(x) is ±R y according as n is even or odd.f 

The parabolic cylinder functions D n (x) may be defined for integral 
» by o» 

On+l 

and xT?(x 2 ) = ^—^ e*D in+l (x>/2). 

Thus D 2n {x^2) is ±-B c according as n is even or odd, and *®2n+i(*^2) 
is ±i£, according as n is even or odd. This is equivalent to the self¬ 
reciprocal property of Hermite polynomials (§ 3.8). In fact it is easily 
verified that 

H 2n (z) = (2ti)! Vtt H 2n+1 (x) = (2n+ 1)! V nxT J(x 2 ). 

In the case v ~ \ Parseval’s formula gives 


TO C“t 1TO 

|* {f( x )} 2 e~ 8X d x = 2 “. J <f>{w)(f>(s—w) dw 


c T too 

1 f (j-u> )" ( j-a+u>)" dw 

2iri(n\) 2 J (£+w>) n+l (£+«—u>) n+l 


27ri(n!) 2 J (£+w>) n+l (£+«—u>) n+l 

c-ioo 

Denoting this by £o($), and putting w = we obtain 

*,(*) = —i_7>=IML 

27n(7i!) 2 J {(£+£s) a —w' 2 } n+t 

c' — ioo 

Changing « into l/«, and then putting w/ = w'/s, it follows that 

w(l/8) = 8 2 0)(8). 

qo 

If now /*,(«) = s J *~*D| n+1 (*) .x^ -1 *’* dx, 


we have 


. , {(2n+l)!} 2 ir , , 


t A. MUne (1), B. M. Wilson (1). 
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and hence fi L (s) satisfies (9.2.3). Hencej 
is R v 

For negative (not necessarily integral) n we have 

OO 

A(*) - ) J e-^-WV-"- 1 dt. 

o 

It follows that 


J 3?~ l e ix 'D n {x) dx = 

o 


r(«)r(-In-Js) 
2 J»+i.+xr(-n) ’ 


It is then easily verified from the formulae of § 9.1 thatj 
x>«e**'D_ 2v _ a (x), a?-WD„ 2v { x) 

are R v . 


(3) If f(x) — sech XyJ($ir), we find that 

rn = 2(|’r ( S )L(8), 

where L(s) = I-I + I-..., • 


(9.12.1) 


and g(«) satisfies (9.1.6) by the functional equation for L(s) (§ 2.11). 
This is another example of Theorem 139. 

If M = 

we find that g(«) = (27r)~ ,, T(s)£(s). Taking v = £ in the formulae 
at the end of § 9.1, we obtain 

m = s ^ iy 

where £($) is Riemann’s ^-function. This is an example of the 
analogue of Theorem 139 for sine transforms. 

Other self-reciprocal functions are associated in a similar way 
with the functional equations of other Dirichlet’s L-functions. For 
example the functions 

cosh(^V7r) 1 

cosh(xV7r) ’ l + 2cosh{:r v /(§7r)} 

t Mitra (1), Watson (4). J Varma(l). 
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are B c ] they are associated with 

Ll(S) “ 2 (_1) 1(4r+l) s + (4^f3p}’ 

L * {8) = 2 {(3r-fl)*~(3r+2p) 
respectively. And 

sinh(ia:V7r) smhjx^Tr)} 

cosh(xV7r) ’ 2 cosh{a;^(§7r)}— 1 

are R 8 \ they are associated with 

L,i,) " 2 <_1), {(itr+i)' — (6r+5)'} 

respectively. 

(4) It is easily verified from (7.1.8), (7.1.9) that 

f(x) = cos(ia: 2 —£tt) 

is its own cosine transform. This does not belong to any L-class, 
but is an example of Theorem 140. The integral (9.8.2) exists for 
0 < a < 2, and %(s) = 2**- i r(i$)cos ^(s— 1) satisfies (9.1.5). 

(5) The function f(x) — x~* is its own cosine transform, and is an 
example of Theorem 142. Here 

5 + ( a ) = r L p »-(«) =-r^i. 

3 — 2 S—% 

and 

which has a simple pole at s = 0, and is regular for a > 0. 

A more general example of the same kind is 

/(*) = 2t«r(^o)x- a +2i-l“r(i-^a)x a - 1 (0 < a < 1). 

(6) It follows from (7.5.6) and (7.5.7) that 

cos ix 2 +sin lx 2 
cosh {x^in)} 

is R e , and from (7.5.10) that 

sin lx* 
sinh \xj($irj} 
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is R,. These are examples of Theorems 139 and 143, but M a ) and 
/*(«) do not seem to be particularly simple. 

(7) Taking fix) = xV^x 2 ), 

we find Ms) = rdv+l+iTTHiv+g-R’ 

so that 0(a) = 0(1—5). By Theorem 140 f(x) is its own Hankel 
transform of order v. In this case, however, f(x) behaves like x v+i 
for. small x , and x~* for large x , and does not belong to L 2 , or to any 
L*> for which p < 2. 

In the case v = — \ the resulting formula is 

-) f ^JyJ. k (^y 2 )coBxydy — <xJ.^{\x 2 ). 


70/ 


Differentiating twice with respect to x> we obtain formally 


70/ 


-j J y l J-i(tef 2 )coBxy dy = x*J_ k (\x 2 ). 
o 

This is true if the integral is taken in the (C, 1) sense, but it does not 
come under any of our general theorems. A discussion of functions 
self-reciprocal in this sense is given by Mehrotra (8). 

(8) Let f{x) = x*~ v (x 2 —b 2 )U v - 1) J hv _ k {b<J(x 2 — 6 2 )} (x > b > 0), 

Then 0 (0 < a :<b). 

3(a) = J ^-i-'(x 2 -6 2 )‘C'-«Jj v _j{6V(a: 2 -6 2 )} 

b 

oo 

= 6* -1 *'J (l-\-u 2 )U'- v -l ) ul v+ lJ iv _ i (b 2 u) du 
_ ^K M _ a) (b 2 ) 

by (7.11.6); and, K^x) being an even function of /*, (9.1.8) follows. 

Here fix) is 0{(x— h) 1 ” - *} near x = b, and 0(x-* v ~l) at infinity; 
it belongs to L 2 if v > 0, and to IP and L* if v > |1—2/j>|. 
If — 1 < v < 0 it is a case of Theorem 140. 

(9) The function 

fix) = x v +l(x 2 i-a 2 )-i v -lK iy+i {aJ(x 2 +a 2 )} (a > 0 ) 
is R v (see Watson § 13.47 (2)). By Watson § 13.47 (6) we find 

Ms) = 2-»(T + V 1 < 4 _ 1) (a’). 
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9.13. Lattice-point formulae. There are some interesting 
examples of self-reciprocal functions in the analytic theory of num- 
bers.f Let r(n) denote the number of representations of n as a sum 
of two squares, and let 

P(x) = 2' t(ti) — ttXj (9.13.1) 

the dash implying the insertion of a factor \ in the last term of the 
sum when x is an integer. Then 

/(x) = *-«{pg)-l) (9.13.2) 

belongs to R 2 - 

It is clear from the definition that f(x) = 0(x*) as x -> 0. That 
P(x) = 0(x*) as x -*> oo is comparatively trivial, and in fact it is 
knownj that P{x) = 0(x*). Hence f(x) = 0(x~*) as x ->ao. Hence 
f(x) is L 2 y and is L p and L* if p > g. 

We have 

oo 00 

m = f J {P(z)-l}z*-* dx, 

0 0 

the integral being convergent, and $ 5 ( 3 ) analytic, for — \ < a < g. 
The last integral is 

00 00 

f ( 2 r(») — irx\xl'-idx = — r-TT+ f f 2 r(»)— irx\xl‘-i dx. 


and this provides the analytic continuation of g( s ) to a < — there 
being a simple pole at s = — |. If a < — £ 


and 


j^(-nx)x*'-ldx~^y 

°o v + 1 

f 2 dx = 2 f {r(l)+...+r(v)}x* f " 1 dx 

J v~l J 


where 


zw - 2 


r(n) 


n-1 




4 {(«)£(»), 


t See Hardy (17), Hardy and Titchmarsh (4), 212-3. 
$ Landau, Vorleaungen iiber Zahlentheorie , 2, 204-8. 

S 
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L{8) being (9.12.1). Hence 

ff(«) = 

Now Z( 1 -8) = tt*-* f Z{s) 

by the functional equations for £($) and L(s) (pp. 65-6), or inde- 
pendently.f Hence g(a) satisfies (9.1.8) with v = 2, and &of(x) is i? 2 . 

It follows from the analogue for J 2 -transforms of Theorem 136 
(p. 248) that (9.1.3), with v = 2, holds in the mean-square sense. 
In fact it holds in the ordinary sense, i.e. 

?( ? (£)->)= J < 9 ,33 > 

0 

for every positive f. To prove this we require the analogue for 
.^-transforms of Theorem 58 (p. 83). It is easy to obtain this 
analogue by adapting the argument of § 8.18. There we justified the 
inversion of 

X 00 

J J v (xu)J(xu) du J j v {uy)j(uy)f{y) dy 
0 0 

by the uniform convergence of the inner integral. If f(x) is L 2 , the 
inversion is justified by the mean convergence of the inner integral, 
and the result is a case of Parseval’s formula for Hankel transforms. 
Having obtained the inversion, the rest of the proof is the same as 
that given in § 8.18. 

Putting y = t/g, £ = <J(2nx), (9.13.3) gives 


P(s)-1 

2ttx 

Now 

2W{(iV+l)i} 




N 27»V{(n,-fl)x}‘ 


nsa, ° 27TV(?IX) 

_Vfr(0)4- +r(n))i J ^ 2n ^ nx ^ * 7 it 2 W{( n + 1 M]) 

„4 0 \ 2 W(^) 2 *y/{{n+i)x} r 

2W{(iV + l)i} 

~dx J tJ * (t)dt 


t See e.g. Mordell (2), Potter (1). 
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_ 2 l) 2nj(nx) { ( )+ - +()) 2^{(N+~l)x} 

~inx[- 2 ”M N + + ] l)x}]+2 J“^(0 +o (1)1 

for N -> co y x fixed. The terms involving J^2tt^]{(N + l)x}] are 

—{r(0)+...+r(iV)—(i\r+ = O(N-i), 

—►00 

and, since [ J x (t) dt = 1, we obtain finally! 


/>(#) = Vr ^ -^~M 27T ^J( nx )} 


(9.13.4) 


n»l 


It has been proved by WalfiszJ and Oppenheim|| that, if r p (n) is 
the number of representations of n as a sum of p squares, and 

— «-a / 7 jkP 

-P p (*) = ^ 


0<n<jp 


__riP 

r(i+Jp) ’ 


then P p (x) = 

1 

the series being summable by Ceskro’s means of sufficiently high 
order. It follows that 


z-l-tolR 


— / \ 

P [_1- 
jj \27t) 


1 


belongs to B 1+ip . If we take p = 3, and use Walfisz’s result 
P 3 (x) = 0(a; w+€ ), we find that f(x) falls under the obvious extension 
of Theorem 136. This is not true for any larger p. 

If we take p — 1, we find that 


f(x) - i(vi) [v(L)])’ 


where [ u ] is the integral part of w, belongs to j?j, as may be verified 
directly. 


9.14. Formulae connecting different classes of self-reci¬ 
procal functions. ff The simplest such formula is given by 
Rule 1. Iff(x) is its own cosine (sine) transform , then 

oo 

g(x) = ff(t)e-«dt (9.14.1) 

0 

is its own sine (cosine) transform. 

t See Hardy and Landau (1), Hardy (15). % Walfisz (1), (2). || Oppenlieim (1) 

tt Phillips (1), Hardy and Titchmarsh (6), Mehrotra (1), (6). 
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Supposing, for example, that f(z) is its own cosine transform, we 

have m m 

00 00 00 

Ji~\ J g(t)sinxt dt — J J sinxf dt |* f(y)e~ tv dy 

o o o 

00 00 

= J(~\ J /(?) dy j* e~*tunxt dt 


u 
X 

— i s the cosine transform of e~ xy } and fly) is its own 

pl*+y 

cosine transform. Hence Parseval’s theorem for cosine transforms 
gives 


Now / 1- 



I) j dy = J f(y'> e ~ xv dy = ?(*)• 


and the rule follows. The example with /(<) = sech{^(f7r)}, g(x) R a , 
has been observed by various authors. Rule 1 is a particular case of 

Rule 2. If f(x) belongs to R„, and 


e+too 


k(x) 


= 2 ^. J mi+h*+*m+b'+ywyr*d8. 


c-io o 


where 

then 


x( a ) = x( 1— *)» 

00 

g(x) = | f(y)k(xy) dy 


(9.14.2) 

(9.14.3) 

(9.14.4) 


belongs to R„. 

A general formula for f(x) of R^ is 


C + <00 


f( x ) = 2 “. J 2 *T(J+i/x4 -ls)>fi(8)x- l ds, (9.14.5) 

C —100 

where fi(s) = ^(1—«). By (2.1.22), 

C+ioo 

9[x)== bi J 2 *-‘ <r (l+i/i^)*A(i-/) 2 ‘r(i+^+^) x 

X r(i+i»'+i*)x( s ) a!_ * ds 


c—i<x> 
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r I )'-» 

= 2J 2i * r U+$ v +l s ) , l > i( 8 ) x ~ a ds > 

c—ico 

where = 2 *ni+ 

Since tp^s) = (/^(l—s), 

< 7 (#) is of the same form as (9.14.5), with /* replaced by v. This 
proves the rule. 

Since the rule is symmetrical in \i and v , a kernel which transforms 
Rp into R v also effects the converse transformation. 

Taking fi = 1, v = — i, or vice versa, we obtain 

e+ ico 

*(*) = J V(s)x(s)x-° ds, 

c — i<x> 

where *(s) satisfies (9.14 3), as the general kernel which transforms R c 
into Rg (or vice versa). Rule 1 is the case x(s) = 1/2 Vjt. Taking 

x(s) = 2r(Hi*)r , (i^Js)’ riSjfiFF)’ — r(«—j)r(f—«), 

we obtain 

k(x) = J 0 (x), xJ 0 (x), x~^ x K { (\x) 

as other kernels with the same property. 

Taking x( 5 ) = in the general rule, we obtain 

k(x) = xW+iK^ix), 

and, in particular, K 0 (x) transforms R c into itself. 

Taking x (s) = r(i +^ + ^)r(|T^-R ’ 

we obtain k(x) = x^ v ^^ +i J ili+iv (x); 

“d takir,g * (s) =fii+ji+wnr+iv-w’ 

we obtain k(x) = x 1 P -1, ' +i J lfl+lv (x). 

Naturally any of these rules, once they have been obtained, can 
be verified in the same way as Rule 1. 

9.15. Other rules for such transformations may be obtained by 
combining those already known. For example, if we iterate Rule 1, 
we obtain » ® <*> 

g(x) = f e~ xv dy J f(t)e~v‘ dt = J j®- dt 
0 0 0 


(9.15.1) 
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as a function which is R c (R a ) if f(x) is R c {R a ). This transformation 
is not of the above form; but it is of the form 


00 

g(x) = i J d v> 


(9.15.2) 


with k(u) = 1/(1 +u). This suggests a general rule for transformations 
of this type. 

Rule 3. If f(x) belongs to R u) and 

c + ioo 

H x ) = ^ J r (i +\n+¥W{l+\v-\8)x( 8 )*~'*8, 

c - ico (9.15.3) 

where x(«) = x(*~ 8 )y Men (9.15.2) belongs to R v . 

If f(x) is given by (9.14.5), (2.1.17) gives 

c+ioo 

g(x) = ~ J 2‘»r(J+Jv-|-|«)i/r 1 (5)a;-*d«, 

c — ioo 

where ^(s) = r(| + |/x+£«)r(£+ J/a— i*)^(*)x(l““*)• 

This verifies the rule as before. 

In the particular case /x = v, (9.15.3) reduces simply to 

C+<00 


k(x) 


2ni 


j Xi( 8 ) x ~“ ds, 


where Xi(«) = Xi(^““ 5 )‘> an ^ this is equivalent to 


Hence 


if-] = xk(x). 


(9.15.4) 


Rule 4. If f(x) belongs to R v , and k(x) satisfies (9.15.4), then g(x), 
defined by (9.15.2), belongs to R v . 

It is easy to verify this directly in the usual way. 

Particular cases are 

*(*) = 


i 


(l+a^) 1 ' 1 *’ 
x i «*P-D 

or, more generally, *(x) = ^ +a . tt jg- 

Taking f(x) = r?+h- ix ', which belongs to R v , and « = 2, j5 = 1— v, 
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we obtain 

»(*> = ij d « 

0 

oo 

= x»-e*** J p-*er* dt 

X 

(putting x 2 -\-y 2 = < 2 ) as a function of R v . In particular! 

00 

e‘*’ J e-W 

is 1 

The formula gr(x) = x^ +v J y v+ ^h(y)e~ ix>v ‘ dy 

0 

for functions of fl„, where A(y) = h(l/y), is derivable from the above 
rule by taking f(x) — x v +h-* x ', and making obvious transforma¬ 
tions. 

Taking y = —- l, v = J, we obtain 
Rule 5. If f(x) belongs to R c , and 

cf ioo 

k(x) — f x-• ds, 

2i J sm ^sn 

c— loo 

where xM = ^ ien 

oo 

g(x) = ljf(y)ktfydy 
0 

belongs to R 8 . 

For example, if x(*) = 1> then k(x) = 1/(1 +x 2 ) f and 


dy. 


If x(*) = ^W r (£+l a ) r (l—£*)» then 

k(x) = (1-x 2 )-* (0 < x < 1), 0 (x > 1), 


and 


X 

9(x) = J 


/(y) dy 

V(x 2 -y 2 )‘ 


There are, of course, similar rules for transformations from R t 


to R. 


t Hardy (1). 
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9.16. The main interest of the above rules is in their formal 
appearance. A considerable variety of theorems about them could 
be constructed.! We shall give here only one, applying to Buie 2. 
The reader should have little difficulty in dealing with the other 
rules in the same way. 

Theorem 144. Let f(x) and k(x) be L 2 (0,co), and letf(x) be R„. Let 


g(x) = J f(y)H*y) dy 


(9.16.1) 


be also L 2 (0,oo). Then, in order that g(x) should be R v , it is necessary 
and sufficient that Si(s), the Mellin transform of k(x), should be of the 

form m = 2 .r(i+^+^)r(i+iv+^) x («), (9.16.2) 

where x( 8 ) = x(l —tf )> an d die right-hand side is A 2 (£—too, £-f-ico). 

By Theorem 72, with g(x) replaced by Jc(xy). 

co i + ioo 

J f(y)H*y) d y = ^i \ S(«)ft(i-«)y * _1 da. 

0 i —ia> 

The Mellin transform of g(x) is therefore 

©(*) = 5(l-s)«(s). 

By the analogue for of Theorem 136 

m = 2»«r (1+^+taWs), 

where <p(a) = 0(1— a). If g(x) is R v , we have also 

ffi(a) = 2**r(H^+i«)^(«). 

where w(a) = tn(l-s). Hence 

o/.\ _ 

1 ’ 2»-*T(|+^-is)0(l -a)’ 

which is of the form (9.16.2), with 

x (a) = V2r(i+$/*+$a)r($+^— £«>>(a)/0(l—s) 

satisfying x( 8 ) = x(l—«)• Hence the form (9.16.2) is necessary; and 
the reversed argument shows that it is sufficient. 

9.17. A series formula for self-reciprocal functions may be 
derived from the function 


nx) - Km 


1 /( 2 ’)])' 


t See e.g. Mehrotra (1). 
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which belongs to 22j. Let k(x) be a kernel which transforms R e to R v . 
Then, by Rule 3, 

C + 10O 

*(*) = 2w»' J 2 ‘ r (i«)r(i + ii'+^s)x(3)a:-*^; 


c—ioo 
c-fioo 


t "T 

and xk'(x) = f 2*r(l + i«)r(l+iv+J«)x(«)a: _ *da 
7rt J 

c-ioo 

is a kernel which transforms to R v . Hence 

GO 

g(x) = J f(y)xyk'(xy) dy 
0 

00 nV(27T) 

“2* / { 3 £>-»+l}‘' ( *» ) * 


00 00 
= 2 k{nx J(2n)} - -^-- x J k(u) du 


should be a function of R v . 

The rule may be verified as follows. Let 


c-Ma> 


Then 


Hence 


k(x) = J-. f S<(s)x-* ds (c > 0). 

2m J 

c—ioo 

c ' + i® oo 

i k{nx<J(2n)} = -L | m y {nxJ(2n)}-° da (c' > 1) 

i-i J *—4. 

c' —100 n “ 1 

c' + i® 

= 2^. J ^(a)(27r)-“C(a)x-* ds 

c' —100 
C-fiao 

-si j 

c—ioo 
c+£oo 

?(*) = 2 ^. f ^(«)(2ir)-**$(a)*-« ds. 
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If k{x) transforms R 0 to R v , then by Rule 3 

m = 2T(wr(i+i*+MxW, 

where x( a ) = x(l — *)• Hence 

ffi(s) = R(s)(27r)-* S C(«) 

where XiW = »r-**r(£«)fO»)x(s). 

Hence Xi(«) = XiU-*) 

by the functional equation for £(s). 

Hence g(x) belongs to R„, by (9.1.9). 

As examples, let k(x) = e~ x , v = \. Then 

— C 3F''(2 W )_ j “ oQ(2n) 

is R„ as in §9.12 (3). 

Taking k(x) = J 0 (x), another R„ function isf 

- J (-) w< 2 (2ff) 

Taking k(x) = x iv+i K iv+i (x), we obtainj 
I {nx^l(2n)}^K iv+i {nXy/(2n)}- 

n-l X 

as a function of R v . 

t See § 2.10 (vi). 
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1 

2* 


} Watson (1). 
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DIFFERENTIAL AND DIFFERENCE EQUATIONS 

10.1. Introduction. In this chapter we use Fourier’s integral 
formula and its related formulae to obtain the solutions of certain 
differential equations. The general method is to transform a 
differential (or other functional) equation, involving an unknown 
function, into a relation involving the Fourier transform, or some 
similar transform, of the original function. The new relation may 
be simpler, and so lead to the solution. 

That certain differential equations can be solved by means of 
definite integrals was shown by Laplace and Cauchy. The main 
object of this chapter is to present some cases of this familiar method 
as exercises in the use of Fourier’s integral formula. 

The chapter is merely a collection of examples illustrating the 
possibilities of the method. Most of them are familiar, and the solu¬ 
tions are to be found in standard works. The methods usually 
employed, however, are more or less tentative, and often make no 
explicit use of Fourier’s theorem. Here we aim at solving the 
equations subject to simple conditions which justify a priori the 
process used. 

10.2. Ordinary differential equations. We shall first give a 
method of solving ordinary linear differential equations, due to 
Bromwich.f The method, in its rigorous form, depends on Theorems 
33 and 34. 

One of Bromwich’s examples is 



where x( 0) = x 0 , s'(0) = x v y( 0) = y 0i y'{ 0) = y x are given con¬ 
stants. 

It can be seen a priori that x(t) and y(t) are integral functions of 
exponential type. For example, by further differentiation and 
elimination we obtain 

x w (t)-\-c l x' t (t) \-c 2 x'(t)-{-c 3 x(t) = 0. 

■f Bromwich (1). 
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Hence x ( " +3) (<)-fc 1 i< n + 2 )(<)-f-c 2 x (n+1) (<)+C 3 X ( " ) (<) = 0. 


If |z< m> (<)| < {#(<)}"* for m = l,2,...,n+2, it follows that 

M n+#) (0I < (|CiH-...+ |Cal)W0}“ + * < {*(<)} n+8 

provided that K(t) > 1, K(t) > |c 1 |+...+ |c 3 l- Hence x(t) is ex¬ 
pansible by Taylor’s theorem, and 


n—0 


< V = e Km\t\ f 

Z-t n\ 9 


so that x{t) is an integral function of exponential type. Similarly 
for y(t). 

Hence, by Theorem 33, 


x(t) = 5 ^. J f(u>)e ,rf dw, y[t) = ^ J vM eWt dw > 

c c ( 10 . 2 . 2 ) 
where £(w) and ij(w) are regular for \w\ > R, say, and zero at infinity; 
and C is a simple closed curve surrounding \w \ — R. 

The differential equations then give 


J* 4w)—rj(w)(w~\)}e' ,H dw = 0, ' 

c 

J {$(w)(w-\-6)-\-t](w)(w 2 —w)}e ,,M dw = 0. 
c > 

£(i»)(t» 2 —4u>)— i](w){w— 1) = p(w), \ 
£(w)(w+Q)-\-r](w)(w 2 —w) = q(w). f 


(10.2.3) 


(10.2.4) 


Then p{w) and q(w) are regular for \w\ > R, except for poles of the 
first order at infinity. Hence, by Theorem 34, they are linear 
functions of w, say 


p(w) — a+bw, q(w) = a+/9u\ 

Also, from (10.2.2), 

*0 = 2wi J dw> Xl== 2 wi / dw > 

c c 

and hence, by Laurent’s theorem, 

' ’ \\w\ 3 ) 

for large |w|. Similarly, 

r,(w) = + 

w w a \jto| 3 / 


(10.2.5) 


( 10 . 2 . 6 ) 

(10.2.7) 
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Substituting (10.2.5), (10.2.6), (10.2.7) in (10.2.4), and equating 
coefficients, we find 

p{w) = (w-^Xo+Xt-yg, q(w) = x 0 +{w-l)y 0 +y v 
Solving (10.2.4) for £ and y, we obtain 

t (w) = wp(w)+q(w) = —(w+6)p(w) + (w 2 —4w)q (w) 

n ' (w+l)(w-2)(w-3)’ ' (w 2 —l)(w>—2)(w»—3) '* 

The values of x(t) and y(t) now follow from (10.2.2) by the calculus 
of residues. For example, the term in x(t) corresponding to the pole 
at w = — 1 is 


—p(—!)+?(— l) . _ Q^o-^- yo+y. 
12 12 


Naturally the method is quite general. Another simple example is 

0, 


^ 4 -2n-A-n*x 
dt* + 2 n dt +nX 


g +a .g + . v _4 


where a:(0) — 0, x'(0) == A, y( 0) = 0, y'(0) = 0. This is given by 
Jeffreys, Operational Methods , § 3.31, as an example of the operational 
equivalent of the above method. 


10.3. If we are given a linear equation whose coefficients are 
polynomials of degree m, and treat it by the above method, we have 
to integrate by parts m times, and the transform of the original function 
satisfies a differential equation of the rath order. Consider, for 
example, Bessel’s equation, 


ft 1 dz 
dx 2 x dx 



2 = 0 , 


where v > 0. Putting z = x v y> we obtain 


dh, 
dx 2 


x dx 


Let us seek a solution which is an integral function of exponential 
type. Let it be 

y = _i- J rj(vj)e xlu dw. 
c 
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Then 


Hence 


xy = — - J rj'(w)e xw dw, 
c 

E-53 

c 

J {2wy(w)+w 2 7j f (w)}e xw dw. 
c 

j {(\-\-w 2 )r)\w)— (2y— l)wrj(w)}e xw dw = 0. 


The factor in brackets has at most a pole of the first order at infinity; 
hence, by Theorem 34, 

(\-\-w 1 )t)'(w)— (2y— l)wr](w) = a, 

r)(w) = a( 1 +w 2 y-i J —^-—+b(l+w*y-K 

Since y(w) is regular at infinity, 6 = 0, and 


ou 

= a(l+w 2 ) 1 '-* J 


(£ 2 +ir 4 ’ 


where we take the branches of (w 2 -f- l) v -* and (£ 2 +l) v +* which are 
real on the real axis, and suppose the plane cut along the imaginary 
axis from —i to i. Then «, 

y = f (1 -\-w 2 ) v ~*e xw dw f —^ . 

y 27riJ v ^ ] ) u 2 +iy+* 

C w 

This can be reduced to a more familiar form. Let w be a point on 
the imaginary axis between 0 and i, w’ the same point after a circuit 
has befen made round i. Then 
y(w)—rj(w f ) 


Now 


= a(l-t-w’ 2 )” - * J 

— c 

J 


dt, 


W 

di 


(£ 2 +ir> 


-ae 27Ti(l '~ i) ( \ + w 2 ) v ~ i J 


d£ 

(P+i)'*' 


(P+iy* 


_0-2irf(>’+|) 


IV 

J 


dt 

(£ 2 +i)J + *’ 


where the suffix denotes the branch obtained by cuts from —too to 
—i and i to too. Hence 

= J = aK(l+w*) v -l, 
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where K depends on v only. Hence 

i i 

y = K x J (1— v 2 ) v ~*e ixv dv = K 2 J (1— v 2 ) v -^cosxvdv. 

-i o 

10.4, If we put z = x~ v y> x 2 = U in Bessel’s equation, we obtain 

‘S +<i - ) l +! '“ 0 ' < ioai > 

The solution corresponding to z = J v (x) is not an integral function 
for general v . Let us look instead for solutions y(i) such that 
y(t) — 0(e d ) as t -> oo for some positive c, and y(0) = 0. 

Such a solution is representable by a Fourier integral, by Theorem 
24. Let f(t) =s y(t) for t > 0, and f(t) — 0 for t < 0. Then F_(w) = 0, 
and F + (w) is 

Y(w) = v(t) / y{t)eiwl dt (10 ' 4,2) 

o 

for v > c. Since y(t) is continuous and of bounded variation in any 
finite interval, Theorem 24 gives 

ia-f A 

y(t) = - lim f Y(w)e~ iwl dw, (10.4.3) 

V(^7Tj A~>oo J 

ia-A 

for < > 0, a > c. 

Integrating (10.4.2) by parts, we have 

—► <» 

J(2n)Y(w) = — J- f y'(t)e iwt dt, (10.4.4) 

J 

0 

the integrated term vanishing. Similarly, 

oo 

<J(2rr)Y'(w) = J ity(t)e iwi dt 
o 

—►00 

= J {y(0+¥(0}c < “ < ^- (10.4.5) 

0 

Integrating by parts again, 

—►00 

V(2tt)F» = ±- f {2 y'(t)+ty"(t)}e™dt 

IW J 
0 

—>00 

= i f (10.4.6) 

o 
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by (10.4.1). The last integral is convergent since (10.4.4) is; the 
integrated term , 


tw‘ 


must therefore tend to a limit as t -*■ oo, and the limit can only be 0. 
From (10.4.2), (10.4.4), and (10.4.6) it follows that 

v+1 


Hence 


\ w iwy 


w %w* 
Y(w) = Kw-'-'e 1 !™, 


Y(w). 


ia + oo 


y( 0 


= _*_ f 

V(*»). J 


g-iutf+l/iui 
U)^ 1 


dw. 


ia— oo 


This is in fact a multiple of l l *'J y (2v'l), by (7.13.9). 

10.5. A similar method may be used to solve differential equations 
with a given function on the right-hand side. To take a simple case, 
consider , 2 

9r+** = *(<> (O0). 

where all the functions concerned are of the form Ofe**) as 1 -> oo. 
If v > c, 


V(2t t)Y{w) = | y(t)e iwl dt 


_y(0) 2/'(0) J_ 


IW w* 

integrating by parts twice. Hence 


w 4 


CO 

J y”(t)e iwl dt, 


oo oo 

®(w) = J = -p-- J {«/'(<)+W)}e <u< df 


i.e. 


y M = 


1 iwy(0)— y'(0) 


k 2 —w 2 J(2 t r) k 2 —w 2 

Hence for a sufficiently large, in particular a > c, 


ia+A 


v(t) : _L lim f (*M. _ J_ dw. 

^ V ( 2 tt ) a-mo J \k 2 —w 2 ^/(2 it) k 2 —w 2 J 

ui—A 
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In the first part we can insert the Fourier integral for 4 >(m;), and 
invert, by absolute convergence. We obtain 

00 ifl + oo t 

if f piute-o i r 

— J <f>(x) dx J Jp—i du) -= ~ J <f>(x) sin k(l-x) dx, 

0 ia—co 0 

evaluating the inner integral by the calculus of residues. The remain¬ 
ing terms are . 

y(0)coakt +2/(0)—^—• 

Hence t 

2/(0 = y(0)cos£/+y'(0)^^-fi J <£(x)sin&(/— x)dx, 

0 

the usual solution. 


10.6. Partial differential equations. Obtain the solution v(x,t) of 

Vv d 2 v , __ ^ . _ , . ^ 


dt dx 2 


(—oo < .r < oo, t > 0) 


( 10 . 6 . 1 ) 


such that v(x,0) — f(x) (^-oo < x < oo). 

This is the classical problem of the flow of heat in an infinite rod 
with a given initial temperature distribution, v being the temperature, 
t the time, and x the distance along the rod.| 

Formally we proceed as follows. Let 

oo 

V(f ' ,, = V(S) / ’■■<*• 

— 00 

Then «> oo 

St ~ V(2i) J St V( 2 ”) J ““ 

— CO — 00 

00 

“-vfe J "***--^- 

— oo 

integrating by parts twice, and assuming that the terms at the 
limits vanish. Hence 

V(U) = A(£)e-(\ 

where .4(£) depends on £ only. Putting t — 0, 

oo 

= v(L> / dx = 

— 00 

t Riemann-Weber, 2, §30; Carslaw, Heat , § 16. 


T 
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F being the transform of /. Hence 

V(U) = F(t)e-t\ 

and the solution is „ 

V{x ’ t) = ^j J 

— oo 

or, in terms of f(x), „ „ 

v(x, t) — J- J d£ J /(«)e'f “ < 


00 00 
= ^ J f(u)du J 
— 00 — 00 

-ijb 


( 10 . 6 . 2 ) 


That in fact v(z, t) -+f(x) as t->0 follows from the theory of 
Weierstrass’s singular integral. The method would be justified e.g. 
if all the functions concerned belong to L(— oo,oo). But the follow¬ 
ing procedure is much more general. 

Suppose that \v(x y t)| < Kef^ for some c and all t y with similar con¬ 
ditions on any of the partial derivatives which occur . We shall say that 
such a function is of exponential type. 

Let v(x,t) ->f(x), as £->0, for almost all values of x. Then 
\f(x)\ < Kepw almost everywhere. 

Let a, o 

V+iC, 0 = J v{x, 0e <J * dx, v_{t, t) = J v(x, dx, 

0 — CO 

where £ = Then V+ exists and is regular for ij > c, F_ for 

7] < —c. 

Now if r/ > c, 

0 0 

= e ,x ^ j —i£[t)e te £]“—J ve ix l dx 

= ~v x (0, t)+i£v( 0, t)-^(2n)V + a, t). 
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This is an ordinary differential equation, of which (e.g. as in § 10.5) 
the solution is 

t 

V + (U) = J {v x (0,r)-iCv(0,r)}e^ dr. 

0 

Making t -> 0, « 

A(0 = Iim7 + (U) = - 77 ^ f f(x)e<*dx = F + (Z) 

0 V( 27r ) j 


by dominated convergence, since v(x,t) ->f(x) for almost all x , and 

\v(x, t)e i2 %\ < Ke^ x . 

Hence V+(U) = m)e^- x (U), 

where *(£, t) is an integral function of £ which -> 0 as f -> ± oo. 

In the corresponding argument with VL the integrated terms 
appear with the opposite sign, and we obtain 

VM,0 = F-(t)e-l'‘+x(U). 

Hence, by Theorem 24, 

ui+A 

V(x,t) = J {^ + (Oc-{*'-x(?,0}c- te{ ^ + 

in- A 

ift 4- A 

+_~)Km J {^_(0c- {v +x(^0}c-^^. 

ift - A 


The contribution of x is plainly 0. The contribution of F + ia 

ia + oo oo oo ia+ao 

JL J e -p/-te{ J f(u)e iu Zdu = i- J f(u) du J d£ 


ia -oo 


(inverting by absolute convergence) 


0 

Similarly for J_, and we obtain (10.6.2) as before. 

We do not know whether, for a unique solution, it is necessary to 
assume that v(x, t) is of exponential type. But some condition 
bearing on v(x , t) and not merely on f(x) is necessary. It is an easily 
verified rule that, if v(x , t) is a solution of (10.6.1), then so is 
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Hence, v(x 9 1) = x being a solution, so is 

xt-h-l*' 11 , 

as is easily verified; and this function tends to 0, as t -> 0, for every 
x , without vanishing identically. It is of course unbounded near 
x = 0 as t-> 0 (e.g. for x = V<), so that it does not satisfy the con¬ 
ditions of the above analysis. 


10.7. Obtain the solution v(x>t) of 

s“S <*>°.<>°> 

such, that v{x, 0) = 0 (x > 0), «(0, t) = /(<) (t > 0). 

This is the problem! of the conduction of heat in a semi-infinite 
rod, initially at zero temperature, the end being suddenly raised to, 
and maintained at, a given temperature f(t). 

For a formal solution let 


Then 



v(x , $)sin £x dx. 


II 2\ Cd 2 v 


a/ \tt/ J dx 2 

- 70 */ 


sin £x dx 


cos f x dx 


= — J C0s ^]oJ V S ^ n & 


=. %(0-f% 


Hence 


V, = A(£)e-V‘+J(fyte~C* J «**-/(«) du. 


Since v(x, 0) = 0, V a (%, 0) = 0, and hence ^4(£) = 0. Hence 

00 t 

v(x, t) — ^ j* d£ J ef' u f(u) du 

o o 

| Riemann-Weber, 2, § 40; Carslaw, Heat , § 23. 
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l 00 

= - J f(u) du J fjef'^-^Qingx d£ 

0 0 
t 

— ~j~ f f(u)(t-~u)-h-t x 'l (i - u) du. 
2\7t J 


That this tends to f(x) in general follows from Theorem 13. 

For a rigorous proof suppose again that v(x , t) is of exponential 
type. Let « 

F(£, t) = J v(x, t)S x dx ( v > c). 


Then 


^li = J s e “' ix “ J S e ‘ fa ix 


= -<iJ0 ,<)+*W)-V(2”K ! >', 

integrating by parts twice. Hence 

t 

0 

As before, A(£) = 0; if f(u) and v x (0, u) are bounded in a finite 
interval, the other term is 

O^e-t' 1 j \g\e£' u duj = 0(|£| _1 ) 

as f -> ±°0- Hence, by A 2 theory, 

ia 4- oo t 

e-ite—l 


v{x, t) 


L d 

2tt 


^ J 6 l e-t'‘d£ J {itf(u)-v x (O y u)}e?“du 

ia — oo 0 

for x > 0, while the right-hand side is 0 for x < 0. The repeated 
integral is absolutely convergent, and we may invert, and then 
replace a by 0. The term in f(u) contributes 

t oo 

J J (1 —e-^e^'^dt; 


= 1 d f /(«){l-e-**W-«>} - 

2Vff dx J JK n s V(<~«) 

0 
t 

— x ( fMe-wv-") . 

_ 4Vt7J /W (<—«)* 
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The contribution of the other term is an even function of x. Changing 
the sign of x and subtracting, we obtain the same result as before. 


10.8. Obtain the solution of 

8v _ d 2 v 
M ~ 8x '»" 


■ a 2 l’, 


where v(x, 0 ) = 0 (x > 0 ), v( 0 , t) = f(t) (t > 0 ). 
Proceeding as before, we obtain 


oo 



Hence t 

V„ = J e^'+“>/(«) du, 

o 

A(£) = 0 as before, and 

t oo 

v(x, t) = - j* f(u)du J £e ( f ,+ ° ,)<u - <) sin £x d£ 

b o 

t 

0 

The rigorous solution may be obtained as before. 


10.9. Solved 


8v c 2 v , n 

a = a3 _A <° < * < 0. 


where v = v 0 (x = 0, t > 0), v — 0 (t = 0, 0 < x < l), and 

B- # = 

Here we take < as the variable of the Fourier integral, and suppose 
that \v{x, t) | < K&w for all x. Let 


V(x, £) = J v(x, t)eW dt (rj > c). 
0 

t See Jeffreys, Operational Methods , p. 70. 
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Then 


!!T = _L f — dt 

&t“ J{2n) J &t* 

0 

“VTS3 J M'** 


‘ [wi!,J »“vw J J 


V( 2 ^) J ° V(2t 
- (<x 2 -*0F. 

Hence F — ^(£)coshy(a 2 —*£)x}+i?(0sinhy(ai 2 —*£)x}. 
When x = 0 , 

• mc) = 7 § 1 f e*dt 

v( 27r ) J *W( 2it ) 


Hence 


>1(0 


aF 


*W( 2w )' 


When x = l, — = 0 . Hence 

ax 

il(C)irinh{V(«*-*00+^(Oeo8h{V(a*-i;)0 - 0. 

Hence 

K = - [cosh 

*W( 27r )L cosh y(a 2 —*£)0 J 

_ _ r 0 cosh^ot 2 — *£)(x— l)} 

iQ(2ir) {cosh ^/(a 2 —*00 
Hence for t > 0 ia+n 

v(xl) = --5 ®. f cosh{V( a 2 -*'0(x-/)} f{t g 

2tt* J coshy (a 2 —*00 £ ’ 

ia — oo 

Here arg^a 2 —i£) varies from J 7 r to — £ 77 , and the integral is 
absolutely convergent if 0 < x < Z. 


10.10. Obtain the solution o/f 

du d 2 v Idv , ^ x 

S“5»+?«F 

«mcA JAa* r(r, 0) = 0 (r > «), r(a, t) = /(£). 


t See Nicholson (2), Goldstein (2). 
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Suppose that v(r, t) — 0(eP r+ci ). If 

oo 

V(r, 0 = J v ( r > W* dt fa > c )> 

0 

then * 

HS + r ! S)-/S*- 

0 

oo 

= [re*&]”—i£ J* ve^dt 

o 

The solution of this may be written 

V(r, 0 = ^(0^ 1 >W(*0}+5(0^ 2) W(*0}, 

where 

W*) = J 0 (z)+iY 0 (z), H™(z) = J 0 (z)—iY 0 (z). 

Let £ = £+»£, V(*0 = C' = £'+«?'• Then 

f W 2 = -k, 

i.e. £' varies along a branch of this rectangular hyperbola, say the 
upper branch. On it 

Since V(r, £) = 0(6") in the upper half-plane, we must have B(£) — 0. 
Also, as r a, x 

V(r,Z)^^)jf(t)e«dt=m). 


Hence 
and the solution is 


A(£) — 


ifc + oo 

v i r t) — * f F(l) e -<Q 

ik-<x> 


where \tt < arg^/(i£) < £tt. 

For suitable functions /(<) we can make k -> 0, and obtain the 
solution in the form of integrals along the real axis. 
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10.11. Obtain the solution of 
d 2 v . dh) 


such that 


S> + 8»*“ 0 <* > 0 , 0 < Jf < 6 ) 


•>=/(*) (y = 0, 0 < x < oo), 

V = 0 (j/ = 6, 0 < z < oo), 

v = 0 (x = 0, 0 < y < 6). 

This is the problem of the steady distribution of heat in a semi¬ 
infinite strip with the edges kept at given temperatures, f 
Formally, let 

00 

VM>y) = J »-’(*> y)sin £x dx. 

Then „ 

V \nf J dy* 

o 

- -V© J S“ tofi ‘ te 

=-./©[£ sin H +V(!H"£ cos ^ <b 

0 o 

00 00 

=[ 7 Q^ c ° s ^] +J $ 2 J v * in t xd * 

0 0 

= ev 3 . 

Hence V„ = -4(£)cosh£y-f i?(£)sinh£y. 


Hence V„ = -4(£)cosh£y-f i?(£)sinh£y. 

00 

Making y-> 0, A(£) = J j* /(x)sinfx dx, 

0 

so that A(£) is the sine transform of /(x), A(g) = F e (£). 
Putting y = b, 

A (£)cosh £6+i?(£)sinh £b = 0, 

B(Z) = -coth tbF'it). 

Hence j, = j;(£)( CO sh fy-sinh ft coth $b) 

__ ric\ sinh ^ h ~y) 




sinh £6 


f Cftrslaw, Hca/, § 45. 
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•nd **•»> = 

o 

In terms of / this gives 

v(z,y) = | J /(») du J Sm s ^ 6 ~ y) s in £* sin 


= a 8in ?j /W ( cos(6-i,W6+ 1 


■/6+cosh (x—u)Trjb 

1 




cos(6—y)7r/6+cosh(a;+tt)7 

That this tends to £{/(a:+0)+/(a;—0)} wherever it exists, follows 
from Theorem 18; for 

sinhg(6— y) {u > 6 sinh& 
sinhfft sinh^6 > 

and the contribution of the last term is clearly 0. 

Suppose now that v(x, y) = 0(e° x ) as x -> oo, uniformly with respect 
to y , wAere tt/ 6 < c < 27r/6. 

Let F(£, j/) = J v(a:, y)e^ da:, 

o 

where c < ij < 2w/6. Then 

dx 
dy* 


0 

J 0a: 2 


= —+£ 2 J ve^ x dx 

= 9(y)+yl(2*K 2 V, 

where </(y) = v x (0, y). Hence „ 

V<£,y) = 4(0cosh&+J3(£)sinh£?/+-^^ J sinh £(y—u)g(u) du. 

0 

Making y -> 0, we obtain, by dominated convergence, 

00 

A(Q = f(x)e«*dx = F(C), 
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and making y -> 6, b 

0 = A(Qcosh^b+B(l^)&inh^b + n -^— - f sinli£(6— u)g(u) du. 

V( 27r )£ J 

o 

Hence y 

V«,y) - J »inh£» S W 4. - 


sinh ly 


j(2n)£ sinh £6 


0 

J sinh 5(6—du. 


Hence if c < a < 27 t/6, 

ia+oo 


V( 2 ' 


k> J 


ia — cd 


ia + ao 


+ 




sinhg(y —6)sinhgtt _- fj _ 
£ sinh £6 


ia - ao 
b 


ia-f-oo 


J 


sinh £y sinh £(6-«) ^ 

£ sinh £6 ' ' 


y ia — oo 

= v(z,i/) (x > 0), 0 (a < 0). 

Replacing x by — x and subtracting, we find that, for x > 0, v(x,y) 
is equal to the above expression with e~^ x replaced by — 2isin £x. In 
this form, if we replace a by 0 in the last two terms, we obtain 0; 
but if a > 7r/6, the pole at 5 = iir/b gives a residue term of the form 


K sin sinh 
b b 


( 10 . 11 . 1 ) 


In the first term we may insert the Fourier integral for F(£) and 
invert, by absolute convergence. The result (again allowing for the 
pole at 5 = iir/b) is «, 

/ fWxW du > 


where 

y(u) = — sin — 
* v ' 26 6 


/ 1 .. 

1 \ 

\ COS 7 T —| — cosh '—r— Tt 

\ b b 

b—y , , x+u I 

cos 7T +cosh —— 7 r J 


2 . 

"6 Sm 6 


—sinh ^e~ n "/*. 


We obtain the same solution as before, plus a term of the form 
(10.11.1), which isasolution of the corresponding problem with/= 0. 
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The solution in this case is therefore not unique, unless we make 
some hypothesis which excludes such a term. 

10.12. Obtain the solution of 

s5-§5 <-®<*<«.<>o). 

such that y(x , 0) = /(*), y t {x , 0) = g(x). 

This is the problem of the motion of an infinite string with a given 
initial displacement and velocity, y being the displacement at distance 
x along the string at time t. 

For a formal solution, let 


Then 


J y( ' x> dx ' 

— OO 

dt 2 yj(2n) J 8t 2 


: dx 


ml 


— e't* dx 
dx 2 


V ( 2v 

— 00 

= -?Y, 

integrating by parts twice. Hence 

Y = ^4(^)cos|<+B(|)sin^, 
and clearly Ji(|) = F(£), £B(£) = G(£). Hence 


oo oo 

y(Xj) = j&r) J ^ )C 08 ^ C ' <fX ^ + V(b / ^ 8in ^ C " <fX ^- 


— 00 

The first term is 


oo oo 

4 *r J { e_ ^ <x_<> + e_if( ' r+() } J fMe^" du = Uf(x—l)+f(x+t)}, 


— 00 

and the second is 


1 f 

2ir J 


1 du 


^ d£ J g(u)e^ H i 

— 00 

- i J »(«)du j-sfi-ja-a* _ j j „ w 


x+< 
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x+t 

Hence y(x,t) = h{f(x+t)+f(x— <)}±£ J g(u)du, 

x—t 

the classical solution. 

For a rigorous solution let y(x, t) — and similarly for the 

partial derivatives. Let 

oo 0 

r + (£, t] = ^bj J y(x ’ ° e<£ * dx ' 0 = V(k) J y{x ‘ t)eiCx 

0 —oo 

where Y+ exists for r) > c,Y_ for rj < —c. Now 

0 0 

= [^£*1 [ye^dx 

l dx J 0 i ‘ 

- -4,(t)+i^(t)-^(2n)Y + , 

where <f>(t) — y x ( 0, t), — y( 0, t). Hence 

< 

Y+ = J sin £(t-u){<f>(u)-ity(u)} du, 

0 

and the initial conditions give /!(£) = F t (£), = (? + (£). Then 

Y + (U) = ^(£^£<±^^(£^£<±*(£,0, 

where x i s an integral function which tends to 0 for £ — f±»jfe, 
f -> ±oo. Similarly, 

Y_(U) = ^_(£)cos£<±£-^_(08in^- X (£,0. 


Now 
y(x,t) = 


ia+A 


«i+A 


-l^-lim f Y + (t,t)e-&dt+- 1 -. lim 
> /(27r)A-^ao J <j(ZTT)\-+n 



where a > c, 6 < —c. The contribution of x(C>0 to this is 0. The 
contribution of F is 


ia+A 

J F4me- mx * ) +e- ibx - l) )dt + 

<a-A 

<6+A 

id—A 
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The contribution of G+ is 

ao ia-f oo 

i- J g(u) du J 

0 ia —oo 

(inverting by the bounded convergence of the ([-integral). The 
([-integral is it if x—t < u < x-\-t, and otherwise 0. Similarly for 
GL, and we obtain the same result as before. 


10.13 Obtain the solution of\ 

8 Jy- 8 Jy = o 

8t 2 dx 2 


(0 < X < l, t > 0) 


such that y( 0, t) = 0, y(l, t) = 0, y(x, 0) = f(x), and y t {x, 0) = 0. 

This is the problem of the vibration of an elastic string with fixed 
ends, y being the displacement of the string at distance x along the 
string at time t. 

Suppose that y(x, t) and its derivatives are 0(ef' 1 ) for some c. Let 


Y(x,0 = J y(x,t)e^dt 

o 

for rj > c. Then 

0 0 

-[? *i-*it** 

0 0 

= -i;[ye^-l 2 [ye^dt = iCf(x)-^(2n)Y. 
0 

x 

Y = .4(([)cos([a;-|-.B((;)sin(;£ + - 7 -|— f f(u)sin £(x—u) du. 

V(2 w)J 


Hence 


The initial conditions give Y (0, £) = 0, Y(l, £) = 0. Hence A{t) — 0, 
and , 

H(0sinCi+^-~ J sin i(l-u)f(u) du = 0. 


f Riemann-Weber, 2, § 85. 
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Hence 

i sin £x 


F = — 


sin 


f Mtottt—)* +^J /(«)sin £(x—«) 


i sin£(J—x) f „ , 

•^&)-arr J /W8m{ “ i, ‘- 

0 

l 

J /(tt)sin£(Z— u) du. 


i sin £x 
A /(27r) sin£i 


Hence 


= 2S J 


ia + ao 

1 f sinj^-x) , 


sin tJL 


ta — oo 

ia-H oo 


x 

& J /(w)sin dw 


+ 


+ 2 ~* J J/(«)8in{(i-u)dii. (10.13.1) 


If we replace £ by <+2/ and subtract, we introduce a factor 
2isin£/e~^ / , and the resulting integrals tend to 0 when a -> — oo, if 
t > 0. Hence the solution has the period 21, and wc may suppose 
0 < t < 21. We then write 


1 

sin £/ 


= — 2tVP+ 


e 2 # 
sin £/* 


and the contribution of the last term is seen to be 0 on making 
a -> oo. The contribution of the first term may then be deduced from 
Fourier’s theorem. For example, the first term in (10.13.1) gives 


ia+ oo 


4-7T 



X 



0 


du. 


The first terms in each bracket give 


— \f(2l—x—t) 

if 21—2x < t < 21—x, and otherwise 0. The complete solution may 


be written 


where f(x) is defined outside (0,1) by saying that it is odd and. has 
the period 21. 

If f”(x) exists everywhere and is continuous, the whole process is 
plainly valid. In other cases the differential equation is not satisfied 
everywhere, and the given conditions are not strictly consistent. 
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Suppose, for example, that f(x) = x (0 < * < \l), f(x) = l—x 
(*l < x < l). Then f'(x) = 1 or —1, and f”(x) = 0 where it exists. 

To cover a case of this kind we could restate the problem by assum¬ 
ing that, instead of the differential equation, y satisfies 



for every t , for all but a finite number of values of x f and that dy/dx 
is bounded in x for each t. Then 


ILF'"* 

0 

0 X\ 

"“jifef/*'***'] 

L x t J 0 o Xl 

*2 

^assuming that ^ J y dx -> 0 as t -> oj 

X, 

X\ Xx 

d 2 Y i£f(x) 

Hence t - exists, and is equal to ^ v — —£ 2 Y. The analysis then 
proceeds as before. 

Another equation^ which may be solved in a similar way is 

W‘-W‘ = 3 <°<*< 

where g is a constant, y(x, 0) = g(lx—\x 2 ), y(0,t) = 0, y t (x, 0) = 0. 


10 . 14 . The problem^ of the waves on a plane sheet of water, caused 
by a disturbance of strength f(t) at a fixed point (the origin), depends 
on the solution of 


b 2 <f> 
dt 2 



Ht) 


(r > 0, t > 0), 


t Jeffreys, Operational Methods , p. 59. 


% Lamb, Hydrodynamics, p. 297. 
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0 

If the surface of the water is initially flat and at rest, <f>(r, 0) = 0 and 
<^(r, 0) = 0, and the usual partial integration shows that the right- 
hand side is — S 2 ^). Hencef 


Since <h must be bounded for 1(5) > 0, J5(£) = 0. Also 

«» - m j *>•*•“ ={-' ,(2 ' )r j t e ' v - l 

0 o 

= lim (—2w—^ = lirn—^(M”® = 2rrA({). 
r - o\ Sr) r-o c \c) 


Hence 


ia- f- oo 


ia— ao 

oo ia-foo 

= ^ 2 J/(«)<*« j 

q ia- oo 

The inner integral is 0 if t < w+ r / c > an( ^ otherwise it is 

2tt 


Hence 


J{(u-t) 2 -r 2 lc 2 y 


3nce t-r'c cosh ~'et!r 

. fr# v 1 f /(«)** . = _L f /If--cosh A) d\. 

* (r,<)- 2 ^ J M-ur-r'Ic*} 2rt J J \ c ) > 

0 0 

10.15. Obtain the solution ofX 

— = « (x > 0, y > 0) 
dxdy 

such that u(x, 0) = a, u( 0, y) — a- 

t See Wataon, J 3.8. t Bateman, Partial Differential Equations, p. 125. 


IT 
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00 

Let U (£, y) = J u(x, y)e* x dx 


for tj > c. Then 

8U _* f*z 

J 8 v 


dy 


e‘£ x dx 


= 1 f ^ e —T 1 f 8hl c^ dr 

J(2n)[dy iC\ 0 i^(2n)j8xdy 


_ U 

iV 

since (with sufficient continuity) u u (0, y) — 0. Hence 

U(C,y) = A(0e^. 

Making y -* 0, 

no 

r/ 


A(C) 


V( 2 tt) J 


ae' : ^ dx — — 


ityjW 


Hence 


by (7.13.9). 


ifc+oo 

u ( x > y) — 2^1 J —(— d £ 

ik — x> 

= al 0 {2y](xy)} 


10.16. Differential-difference equations. f We shall illustrate 
the general method of solution by considering the simple special case 

/'(*) = ^{f( x +h)-f(x-h)}. (10.16.1) 

We shall first assume that f(x) — 0(e clxl ) for some positive c. It 
follows by repeated appeal to the equation that f(x) has derivatives 
of all orders, each of which is 0(e clJrl ); and iif(x) satisfies the equation, 
so does/*(x) = f(x)— t /(0)— xf'(Q), and/*(0) = /*'(0) == 0. Hence we 
may suppose without loss of generality that/(0) = /'(0) = 0. 

Define F+{w) y F_(w) as usual, for v > c, v < — c respectively. Then 

o 

t Hilb (2), Titchmarsh (16), Kitagawa (1), Dickson (1). 
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as \w\ -*oo; and similarly for F_(w). Hence (1.3.4) and the formula 
obtained from it by differentiating under the integral sign are both 
valid; and (10.16.1) gives 


ia +oo 


J (-« 

ia — oo 




ihw _ (>ihw\ 

2h j 


F + (w)e~ ixw 


dw + ... = 0, 


where +... indicates the corresponding term with b and F_ instead 
of a and F + . Hence, by Theorem 141, 

( sinAii; . . , v /sin Aw , v 

—j - wJF + (w) = x(w), I — - w)F_(w) = -xW, 

where x( w ) is regular for b ^ v < a, and \( w ) -> 0 as u -> ±oo. Hence 

ia 4- oo ib + oo 

^(2^) J sin Aw—Aw V(^ 7r ) J sin hw—hw 

ia — oo ib — oo 

This is the sum of the residues at poles in the strip b < v < a. There 
is a triple pole at the origin, giving a quadratic in x. The other zeros 
of the denominator give exponential terms. Hence 

f(x) = ^ + 2*r+C'a; 2 + J C v e~ ixw v , (10.16.2) 

where A, B, C, C v are constants , and w v runs through zeros of sin hw—hw 
other than 0 such that |I(w v )| ^ c. 

If we do not assume that/(x) = 0(e clxl ), we can proceed as follows. 

i f 

Let K.pM = J fW e ' WX dx ‘ 

Ot 

Then 


j f(x+h)e iwx dx 

a 


f3+h 

J f(x)e iu * x 


01+ h 


~ h) dx 


= e- iwh ^(2n){F^{w)+F^ +h (w)-F aa+h (w)}, 
and similarly with —h. Also 

J f'(x)e iwx dx — f(f})e iw P—f(a.)e iwa —iwiJ(27T)F a p(w). 


On multiplying (10.16.1) by e iwx and integrating over (a,/3), we thus 
obtain 


^J(2ir)ih- 1 (amhw—hw)F a< p(w) = O a (w)— 
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where 


*«(») =f(oc)e^-^l{e~^F c 


a,a+i 


h (w)-e> wh F a _ h Jw)}, 


and similarly for 0>p(w). Now 

ia+oo 

/(*) = J F^(w)e- iwx dw (a < x < p) 

ia— oo 


for any real a. Choose a so that no zero of sin Aw—Aw has the 
imaginary part a, e.g. take a positive and sufficiently small. Then 


it i+ao 



ia — oo 


<t> 0L (w)e- iwx 
sin Aw—Aw 


dw — 


ia-\- GO 

A f 

27ri J sin Aw—Aw 

ia—co 


It is easily verified that for a fixed ]3, and I(w) = v > 0, 

<fy(w) = 

Also we can choose a sequence of contours, e.g. the squares C n with 
vertices at 2mrh" 1 (^ z l± : i), on which |sinAw—Aw| > C\w\. The usual 
process of contour integration then gives 


ia+oo 

A r <S>p{w)e- iwx dw _ 

2iri J sin Aw—Aw cos hw v — 1 

ia—co 


{x < J8—A), 


where w v runs through the zeros of sin Aw—Aw in the upper half-plane. 
The coefficients in this series are independent of j8, since 

4 - e iw Miw v 4- _ JL e ««v) = 0. 

^ \ *^2A 2A / 

Similarly the term involving 4> a gives a series depending on the zeros 
of sin Aw—Aw in the lower half-plane, convergent for x >a -\-h, 
together with a quadratic in x arising from the triple zero at w = 0. 
The result is that (10.16.2) again holds, w v now running through aJl 
zeros of sin Aw—Aw except w = 0, and the series converging uniformly 
in any finite interval. 


10.17. The equationf 

f (n) {x)+ *2«*/ W (*+ftr) = 9( x ) 

v-0 

t For another method see Schmidt (1). 
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can be treated in a similar way. Consider the case in which each 
function is 0(e c|x| ). By putting 

'Y‘71 —1 

/*(*) = /(*)-/(0)-...- 

we can reduce it to a similar problem in which 


m =/'( 0) = - =/ <n - 1) (0) = 0; 

and repeated partial integration then shows that w n F + (w) belongs to 
L*(ia— oo.io-f-oo) if a > c, and similarly for F_(w). It follows as in 
the previous section that 

ia+o O 

J {F + (w)K{w)~dw +... = 0, 

ia—ao 

n-1 

where K(w) = ( — iw) n + 2 a v (—iw) v e~ ib ' iW , 

v~0 


and the integrals are mean-square integrals. Hence, by Theorem 141, 
F + (w)K(w) — G + (w) = x( w )> F_(w)K(w)—G_(w) — —x( w ) 

where x( w ) is regular for b < v < a. Hence 


ia-f-oo 


ia—ao 


f(x) = -J- f °-±W+xS w h-™ d W ■ 

J{ 1 V(2 "), ) Mw) 

,_L_ *V 0 (w) -* (w) die 

+ V(2rr). J K(w) 


’ + 
ib + co 


ib — ao 


where a and b can be chosen so that all the zeros of K(w) in 


—c < v < c, 


but no others, lie in b < v < a. The terms involving x( w ) can be 
calculated by the theorem of residues. The result is 

ia-f-oo i£+ao 


/(*) = 


1 f G4w) 
V(2ir) J 

ia—oo 


e-^ dw 


1 f GL(w) 

J 

ib — ao 


e -ixw dw -f 


+ 2 ^e-^, 

where w v runs through the zeros of K(w) in the strip —c < v < c, 
and C v is a constant for simple zeros, a linear function of x for double 


zeros, and so on. 

We have used L 2 theory in the proof, but there is no difficulty in 
avoiding it, e.g. by first integrating twice, so that all the integrals 
dealt with are absolutely convergent. 

The problem can also be solved by the method of the last section 
in the case in which the functions are not 0(e c|x| ). 
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10.18. Difference equations. A pure difference equation can be 
solved in the same way. Take, for example, 

f(x+l)—f(x) = g(x) 

with the usual assumptions about / and g. This is equivalent to 

ia+ oo 

J {F + (w)e~ i < x+l)w —F + (w)e- ixw —G + (w)e~ iJCW } dw -f 

ia — oo 

ib + oo 

+ J {F4w)e~ i < x + 1 *°-F4w)e- ixw -G_{w)e- ix ' l ’}dw = 0. 


Hence 


ib — oo 


F + (w)(e~ iw -l)-G + (w) = x(w), 
F_{w){e~ iw —\)—G_{w) = — x( w )> 
where x( w ) is regular for 6 < v < a. Hence 


ia + oo 


fix) = -t—— f xM±Q+We-<™dw- 
JK > <J(2n) J e~ iw — 1 


ib+oo 


V( 2ir ). J 


x( w )— Q -( w ) ,-ixw 


e~ iw — 1 


dw. 


ib—oo 


The terms involving x( w ) merely represent a function of period 1, 
which is obviously part of the solution. Hence the solution is 

ia f oo 

/(*)=/*(*) + -- J -? i M L e-<*"dw + 

ia- oo 

16 + oo 

I 1 f °-( w ) c-i^dw 

+ V(2*) J e~ iw — 1 C dW> 

ib — oo 

where f*(x) Is any function of period 1. 

The formulae are valid in the L 2 sense if g{x)e~ <!W belongs to L 2 for 
some c. Under more special circumstances we can reduce it to 
other forms. If we expand \j(e~ iw — 1) in powers of e~ iu ’, we obtain 
formally f{x) = f * (x) _ g{x) _ g{x+l) _^ 

which is obviously a solution if the series converges. 



XI 


INTEGRAL EQUATIONS 


11.1. Introduction. The most familiar form of integral equation is 

b 

f(x) = sr(a;)+A J k(x,y)f(y) dy, 

a 

where g{x) and k(x , y) are given functions, and f(x) is to be deter¬ 
mined. 

The equation can be solved by means of Fourier integrals in certain 
special cases; these are, roughly, the cases in which k(x , y) is of such a 
form that the integral is a ‘resultant* of one kind or another. 

We shall usually suppress the factor A, which is of no importance 
in most of our results. 

First take k(x } y) = k(x—y), and the limits —oo, oo, so that the 
equation is 

f(x) = g(x)+ J k{x—y)f{y) dy (—00 < x < 00 ). (11.1.1) 

— 00 

A formal solution may be obtained as follows. With our standard 
notation for transforms, we have 


00 oo 

F(u) = J J rf y } ei ' I “ dx 

— 00 -- 00 

CO CO 

= <?(«)+-p^-) J f(y)dy J k(x—y)e Uu dx 

— 00 ~CO 

00 00 

==G(w)+^-- J f(y)dy J k(t)e ! ^+‘> u dl 

— oo — 00 

= G(u)+J(2it)F(u)K(u). 

FhA = g ( tt ) 

{l) l-V(27r)A'(«) > 

and the solution may be written 


Hence 


( 11 . 1 . 2 ) 

(11.1.3) 


tO 

'w-asji ■=$feruf , " du - inXi) 
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Also, (11.1.4) gives 




e~ Uu du 


oo 

= J 


K(u) 


j(2n)K(u) 


e~ ixu du. 


If 


v , x A(m) 

l-V(2»r)A(«)’ 


and m(«) is the transform of M(u), this gives 

00 

f(x) — j j(x)+ J g(t)m(x—t) dt 


as another formal solution. 

The equation 

f(x) = g{x)+ 


IK)f 


( 11 . 1 . 6 ) 


( 11 . 1 . 6 ) 


may be reduced to the form (11.1.1), or solved similarly by Mellin 
integrals. The formal process is 

\ 

oo - oo 

3(*) = ©(«)+ J xf>- l dx J f(y) k l^j y 

0 0 

= ©(«)+ j f(y) y J dx 

0 0 

00 00 

= ©(«)+ J f(y)y‘- x dy J k(u)u a ~ x du 
0 0 

= ®(*)+3(«)ft(*)» 

and the solution is c+ioo 

™ = L “ LW > 

C —<00 

This can also be reduced to a form corresponding to (11.1.5). 

The simplest conditions under which the process is valid are 
given by 

Theorem 145. Let g(x) belong to L 2 (— oo.oo), and k(x) to L{— oo.oo), 
and let the upper bound of K(u) be lees than l/J(2ir). Then (11.1.4) gives 
a solution of the equation of the class L 2 , and any other solution of L 2 is 
equal to it almost everywhere. 
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Clearly 0(u)/{l— J(2n)K(u)} belongs to L 2 , so that (11.1.4) exists 
in the L 2 sense, and defines a function fix) of L 2 ; as in § 3.13 

oo 

h(x) = J k{x—y)f(y) dy 


exists for almost all x, and belongs to L 2 \ and, by Theorem 65, if 
F, H, K are the transforms of /, h, k, 

Hence the transform of g(x)-\-h(x) is 


V(2 n)G(u)K(u) _ 0(u) 

K i—^(2ir)K(u) “ l-J(2n)K(u) 


= F(u). 


Hence g(x)+h(x) = f(x) 

almost everywhere, i.e. the equation is satisfied. 

Conversely, if / and g are L 2 , k is L, and (11.1.1) holds, then by 
Theorem 65 (11.1.2) holds, and hence (11.1.4). This proves the 
theorem. 

If also k is L 2 , so are K and M, and (11.1.5) is equivalent to (11.1.4). 


11.2. The homogeneous equation. We have shown that, so 
far as the class L 2 goes, the solution is unique. But under special 
circumstances there may be other solutions not of L 2 . If there were 
two solutions of (11.1.1), their difference would satisfy the homo¬ 
geneous equation 

oo 

fix) = | k(x—y)f(y) dy (—oo < a; < oo). (11.2.1) 
— 00 

This equation is satisfied formally by putting f(x) — e ax , if a is such 
that «, 

| k(t)e-°*dt = 1. (11.2.2) 

— 00 

We shall next show that, under fairly simple conditions, the only 
solutions of the homogeneous equation are of this type. 

Theorem 146. Let 0 < c < c', and let eP^ x] k(x) belong to L and 
e~c\ x \f(x) to L 2 (— oo,oo). Then, if fix) satisfies (11.2.1), it is of the form 

f{x) = C y<p x»-H~^ x , (11.2.3) 

V J9 —1 

where w v runs throughall thezeros of l—Ji2ir)K{w) such that |I(«v)| ^ c, 
the C vp are constants, and q is the order of multiplicity of the zero w v . 
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It is at once verified that (11.2.3) is a solution of (11.2.1). 

To prove the theorem we observe that, with the usual notation, 
K(w) is analytic for — c' < v < c', F + (w) is analytic for v > c, and 
F_(w) analytic for v < — c. For c < a < c' 


ia + o o 

J F + ( ' W '> e ~ iXW dw = > °)> 

ia — oo 


0 {x < 0) 


in the mean-square sense; and by Theorem 65 

oo ia + oo 

J k(x—y)f(y) dy = J F + (w)K{w)e~ ixw du>, 

0 ia — oo 

also in the mean-square sense. Similarly for F_(w ), with a replaced 
by 6, where — c' < b < —c. Hence (11.2.1) gives 

iVr + oo 

f F + {v)){\—^J(2-n)K{w)}e.- ixw dw -f 

ia — oo 

i'6 + oo 

+ J F_(w){l—J(2ir)K(w)}e- ix,o dw = 0 

ih —oo 

in the mean-square sense. 

It therefore follows from Theorem 141 that F + (w){l—y/(27r)K(w)} 
and F_(w){l— J(27r)K(w)} can both be continued throughout the strip 
6 < v < a, and F + (w) = — F_(w) in this strip. Hence F + (w) and 
F_(w) are regular in the strip except possibly for poles at the zeros 
of 1 

We can now write 


<a+oo 


i6 + oo 


/(x)_ V(kj J J 

ia — oo ib—oo 


and, since F+(w) -> 0 as u -> ±oo, we can evaluate the right-hand 
side by the calculus of residues in the usual way. This proves the 
theorem. 

In particular, the result is true if k(x) = Oie-^'W) and/(x) = 0(e? ,xl ), 
where 0 < c < c'. In this case it can be obtained without recourse 
to L 2 theory. For, if c < a < rj, 


lim 

T-*oo 


ia+T 


I 


F + (w) 

w—£ 


ia-T 


ia+T 


dw - & vifc) / 


ia—T 
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00 ia+T 

1 C r e ixw 

= m\ Mdx i i Z J 5=?*” 

0 <a-Z* 

GO 

= V(2w)t f f(x)e ix i dx 
0 

by dominated convergence; and similarly 

ia+T oo oo ia + 2 

J J tMdyVm j 

ia—T 0 —oo ia—T 

00 00 

= * J /(x) dx J k(y)e i i (x+v) dy 


e iw(x+v) 


= i J e*# d£ J f(x)k(t—x) dx. 


Hence 


tg r^ M{l-V(2,r)Z( W )} 

J ' 

1-00 

oo . oo v 

= <J(2ir)i | c*{' d<|/(«)— | f(x)k(t—x) dxj. 

n ' n * 


Similarly 


00 0 


J ^-- H 1 dw ^ -V(2?r)i J* e^dt J f{x)k(t-x) dx. 

ib — ao 0 —oo 

Hence the sum of the terms on the left is zero, the result of Theorem 
141 again holds, and the theorem follows as before.f 

11.3. Examples, (i) Let 

g(x) = e-l* 1 , k(z) = Ac x (x < 0), 0 (x > 0). 

Then m 

/ «-»'«• *-J§rh’ 

— oo 


t A solution under different conditions is given by Bochner (2). 
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The L 2 solution is therefore 




e 


-t'xu 


(1—*«)(!—A+ttt) 


du. 


Suppose, for example, that 0 < A < 1. Then 

/(*) = 2zr x e ~ x (* > °)> = 2~x^ l X)x < 0) ‘ 

This is plainly a solution, and so the only L 2 solution. There are 
similar solutions for other values of A. 

The equation is 

f(x) = e-^+Ae* J e~«f(y) dy, 

X 

and is reducible to differential equations. Let 

00 

<f>(x) = J e~ v f(y) dy, <f>'(x) = -e~ x f(x). 


(11.3.1) 


Then, for x > 0, 
so that 
For x < 0, 
so that 


-<t>'(x) = e~^+X<f>(x), 
m = |^ + C7e-^. 
—<f>'(x) = 

m = -l + C'e-^. 


Since <f>(x) is continuous at x — 0, C' = C-\- - — -|- ^. Hence 

«—A A 


f(x) = e-^+CAe^-^ (x > 0) 


= {^x+ cx y~ x)x {x<o) • 

The complete solution therefore contains a term with an arbitrary 
constant; and in fact __ 

is a solution of the homogeneous equation 

00 

f(x) = \fe?-vf(y)dy, (11.3.2) 

X 

corresponding to the zero w = *(1—A) of the function 

A 
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(ii) Lett *(*) = Ac-'* 1 (A < A). Then 


300 


K(u) 


-M 


A 


M(u) 


nl 1-fx 2 —2A' 


m(x) = 


V(l~ 2A) 

and, if g(x) is L 2 , the L 2 solution is 




Also 


oo 

f(x) = g( x ) + J g(t)e-"-*W-^dt. 

— 00 

i 


so that ^4e j;V(1 - 2A) -t- Be~ Xy/( 1-2 ^) 

is a solution of the homogeneous equation if A > 0. 

(iii) Consider the homogeneous equation in which k(x) — e~* x \ 

x 


(iv) Let A = -, k(x) = - , g(x) - 

7T 7T 1-f-Z* I+Z 2 


. Then 


K(u) = J[^T j e_lul > O(tt) = i sgn «irc _lu| , 

and the solution is 

f {r) - 1 [ *Vsgn We -i“i £ 

JW yl(2n) J ~r^T R dU 

— 00 

= V( 2w ) J = ^(2n)l~cothirx-^j. 

o 

Tliis just fails to come under the above conditions, and in fact f(x) is 
not L 2 . 


(v) LetJ &(«) = A/(l+«) hi (11.1.6). Then R(s) = An cosec an, and 
the solution is c+foo 

©(*) 


f(x) = JL f -—-x-* da, 

2m J 1 — Att cosec stt 


c+i® 


or 




t Picard (1). 


{ A. C. Dixon (1). 



310 


INTEGRAL EQUATIONS 


Chap. XI 


If A n = sin an, where 0 < a < £, we have 

C+too 


1 f sin oltt . j tan oltt 

— I- u~ 8 au =- 

2 ni J sin sin aw n 1 




-U e 


and, by Parseval’s formula, the solution may be written 

A x ly)~ 1 ~ a —( x ly) < * 


/<*) _ | M 

0 

(vi) The homogeneous equation 

f(x) = \jf (y) 


dy 


x+y 


dy 


(11.3.3) 


is reduced by the substitutions 

x = ef, y = ev, eMf(et) = <£(£) 

•Hv) 


to 


m 


j 


2 cosh £(£— 7 ]) 


drj. 


The only solutions of this of the form <f>(£) = 0 < c < i, are 

exponentials. We have 

A yt / \ AVtt 


m = 


2 cosh 


K(w) = 


and 


1-V(2 n)K(w) = 1-. 

v cosh 7TW 


V2 cosh 77^’ 

7tA 


This has an infinity of zeros, some of which may lie in —A < v < 
and give solutions. For example, if A = l/7r, there is a double zero 
at w = 0, and 


<£(£) = A-\-B£ 

_ -d + Blog# 
Vx 


is the solution, i.e. /(x) 
is the solution of (11.3.3). 

That there are in fact no other solutions of any kind is proved by 
Hardy and Titchmarsh (3). 

(vii) The homogeneous equation 

X 

*“/(*) = J (*-y)“ -1 /(y) dy (0 < a < 1) (11.3.4) 

o 

is reduced by the substitution 

x = ef, y = ev, e«if(ef) = <j>(£) 
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to the form <f>(£) = J (ef- 1 *— l)“~V(t)) dr). 

— 00 

Here 1(f) = ^ (cf—.1 )■-» (^0), 0 (£ < 0), 

l (a) 

and (»>-(■-))• 

11.4. Various forms. Various other forms of equation are 
reducible to that just considered. 

For example, consider*}* x 


f(z) = g(x) + 


JHD 


i f(y) <iy- 


Putting x = e - f, y = e -7 ?, and writing 

/(e-f) = ffl), g(e~t) = 0(£), *(ef) = *(f), 

oo 

we obtain ^(£) = ^(£)+ J *(£— -rj)^(r;) dr;. 

I 

This is of the standard form if *•(£) = 0 for f > 0. 
Another related form is 


X 

g(x) = J #• 


If /i(*) = / /(<) <&, and A: is an integral, 
o 


X X 

J dy = J J ^'(|)a(2/) 


and if &(1) #0 the equation is 


AW= S + /liwHD" ! ' ), ' ! '- 


This is of the same form as (11.4.1). 


(11.4.1) 


(11.4.2) 


(11.4.3) 


11.5. The equation with finite limits. Another equation of 
some interest is obtained by putting f(x) = 0, g(x) = 0, k(x) = 0, 
for x < 0, in (11.1.1). We obtain the equation 

f(x) = g(x)+ J k(x—y)f(y) dy (x > 0), (11.5.1) 

0 

■f Browne (1). 
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considered by Doetschf and Fock.J Theorem 145 of course still 
applies; but now there is a more general solution of the same type. 

Theorem 147. Lei g(x)e' <x belong to L 2 (0,co), and k(x)e~* x to 
2/(0, oo), for some positive c. Then there is just one solution f(x) of 
(11.5.1) such that f(x)e~ cx belongs to L 2 (0,oo) for some positive c'; it is 
given by <a+A 

f{x) = — * l.i.m. f -- ~. e~ ixw dw (11.5.2) 

V(2»r) J 1— *J(2ir)K(w) 

ia -A 

if a is sufficiently large . 

The equation (11.5.1) is unchanged if we replace f(x),g(x), and k(x) 
by /(^)^ -ax , and k(x)e~ ax respectively, and we may argue in 

terms of these functions; or, what comes to the same thing, we may 
apply the argument of § 11.1 to K(u+ia) f etc., instead of to K(u). 
We have 

!*(•+«! 

0 

if a is sufficiently large. The solution then proceeds as before. 

The solution (11.5.2) may also be written 

ia+A 

f(x) = g(x)+ l.i.m. J G(w) l _^2n)K(w) e ~ iXW dw ’ (115-3) 

ia- A 

Suppose that k(x)e~ ex is also L 2 . Then K(w) is L 2 , and hence so is 

K(w) 


M(w) = 


l-<J(2n)K(w)’ 

ia +A 


(11.5.4) 


and 


m(x) = - 7 ,-* , l.i.m. f M(w)e~ ixw dw. 
V(2ir) J 

ia-A 


Making a-> oo, it is seen that m(x) = 0 for x < 0. The solution 
can therefore be put in the form 


fix) = g(x)+ jg{y)m(x-y ) dy. 
0 

The relation (11.5.4) is equivalent to 

X 

m(x) = k(x)+ J k(t)m(x—t) dt ; 


(11.5.5) 


(11.5.6) 


t Doetsch (1), (2). 


t Fock(l). 
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in fact it is at once verified that (11.5.5) is a solution of (11.5.1) if 
(11.5.6) holds and the inversions are justified. 

(11.5.4) also gives 

M(w) = f (2 tt)* w -»{^(m 0} w , 

H«l 

and this is equivalent to 

m(x) — 2 te n) {x), 

n — 1 

x 

where tt l) (x) = k(x) t U n \x) = J k(t)U n ~ x \x--t) dt. 

o 

This is the well-known Volterra form of the solution.f 

It has been proved^ by Wiener that, if k(x) is L(0,oo), a necessary 
and sufficient condition that (11.5.6) should have a solution h(x) of 
L(0,oo) is that ^ 0 for u real. This is bound up with 

Wiener’s Tauberian theory, which we do not discuss here. 

Examples, (i) Let k{x) = Xe x (x > 0), 0 (x < 0). Then 

J(2ir)K(w) = - --A_, M(w) - -JL _ A -, , 

l+tw ^(2tt) l-f-A-j-ttu 

m(x) — Ae x(1+A) . 

Hence the solution of 

X 

f{x) = flf(a:)+A j t?' v fiy) dy 
0 

X 

is fix) = 0 (x)+A J d 1+x * x -rtgiy) dy. 

0 

X 

If <f>ix) = j e~ v f{y) dy, the equation reduces to the differential 
equation f (*)-A <f>ix) = e~*gix). 

This gives for fix) the above solution, together with A^ +1)x - ) but 
.4 = 0, since all the other terms vanish for x < 0. 

(ii) Let|| k{x) be a finite sum of exponentials, 

k(x) = PeP*+Qc« x +... (z>0). 

Then Kiw) = - - JL (_£ _ +-£- +. J. 

' ' ji2n)\p+tw q+tw ) 
t See Goursat’a Coura d'analyse , t. 3, § 548-9. 

X Paley and Wiener, Fourier Transforms , § 18. || E. T. Whittaker (1). 


x 
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Hence M(w) is a rational function, and may be written 

where iot, are the zeros of 1— J(2ir)K(w). The calculus of residues 
then gives — ( „_ a)(g _ a) ... 

m{x) = - > Y -f--e ax , 

since ^J(27r)K(iot ) = 1. 

A similar expression may be obtained for the solution if k(x) is a 
polynomial. 

(iii) Letf g(x) = k(x) = AJ 0 (a;). Then 


0(w) = K(w) 




J Q (x)e ixw dx = 


and the solution is 

ia+ao 

f(z) 


A 

27T 


V(2xr) V(l— t" 2 )’ 

c p-ixw x r 

J V(l^ipA^ = 2^ J 7(1+^^ (a>0) 


a + iao 


<0—00 

o+ioo 


O — <oo 


= A f + 

2iri J 1—A 2 +s 2 ^ 


a-<oo 


a+<oo 


+ 


f — 

27T1 J 1—J 


a-f ioo 


e**ds -f 


a—ioo 


-A 2 +S 2 

- TiRP) J * 

0 

+A cos^l—A 2 )x} -f- 


A 2 f e x *_ 

27 ri J 1 —A 2 -fa 2 


da 


a— ioo 


+ 


A 2 


by (7.13.2), (7.13.3), and (7.13.8). 


V( 1 -A 2 ) 


sin(V(l—A 2 )*}, 


11.6. Another type. Another integral equation which can be 
solved formally by means of Fourier integrals is 


w 

g(x)= j k(x—y)f(y) dy. 

— 00 

This gives formally 

oo oo 

°( u ) = J e tou J k{x-y)f(y)dy 


( 11 . 6 . 1 ) 


t Fock (1). 
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^00 00 

= vi) I f{y) dy / k{x ~y^ eixudx 

— 00 —00 

00 00 

= V(^) J ^ y)dy J k(t)eHl+v)u dt 

— oo — oo 


= <J(2n)F(u)K(u). 


Hence the solution is 



GW 

K(u) 


e -ixu d u 


( 11 . 6 . 2 ) 

(11.6.3) 


For this to be an actual solution K(u) has to satisfy special condi¬ 
tions. 


Theorem 148. Let g(x) belong to L 2 (—oo,oo), and k(x) to L(— oo,oo). 
Then, in order that there should be a solution f(x) of L 2 { —oo,oo), it is 
necessary and sufficient that G(u)/K(u) should belong to L 2 (— oo,oo). 

Suppose that g, k, and / belong to the given A-classes, and (11.6.1) 
holds. Then (11.6.2) holds, by Theorem 65, p. 90, and F is L 2 . 
Hence G/K is L 2 . 

Conversely, if G/K is L 2 , then /, defined by (11.6.3), is L 2 , and, 
by Theorem 65, the transform of the right-hand side of (11.6.1) is 


v /(2tt)A» 


1 G(u) 
*J(2n) K(u) 


= G(u). 


Hence (11.6.1) holds. 

A similar equation soluble in terms of Mellin transforms is 


g{x) = | k(xy)f(y) dy. (11.6.4) 

o 

This gives formally 

CO QO 

©(a) = J X s ' 1 dx j k(xy)f(y) dy 
0 0 

oo oo 

= J f(y) dy J k(xy)xf -* dx 
0 0 

oo oo 

= J f(y)y-‘ dy J kiuju*- 1 du 
0 0 
= 5(1-«)#(«). 
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Hence 

and the solution is 


sw- 


©(i-«) 

m-»)’ 



c + ioo 

f 

J *(i-«) 


C-lOO 


x~ a ds. 


(11.6.5) 


11.7. Laplace’s integral equation. This is 

00 

g(x) = j f(y)e-*v dy. (11.7.1) 

0 

A formal solution i+ia0 

i-ioo 

is given by (11.6.5). The equation can, however, be solved directly 
by Fourier’s integral formula. This gives 

oo 

g{ix) = J j(y)e~ ixv dy, 

0 


and hence 


00 

f(x) = ^ J g(iy)e ixv dy (x > 0), 

— co 


(11.7.3) 


the right-hand side being zero for x < 0. 

If g(x) is given originally for real x , the solution (11.7.3) involves 
an appeal to analytic continuation. The solution (11.7.2), with the 
usual definition of ©, only involves explicitly g(x) for real x; but 
it contains the factor 1/F(1 —s), which is exponentially large at 
infinity, and it seems difficult to justify it except by an argument 
involving analytic continuation. In fact the equation (11.7.1) can 
only be satisfied if g(x) has the values assumed on the real axis by an 
analytic function g(z) regular for x > 0, so that some reference to 
the analytic character of g(x) is almost inevitable. 

We shall prove that a necessary and sufficient condition that (11.7.2) 
should exist in the mean-square sense , and define a solution of (11.7.1) 
belonging to L\ 0,oo), is that g(x) should have the values assumed on 
the real axis by an analytic function g(z ), regular for |argz| < fa, and 
such that qq 

/ \g{re«)\*dr<K (11.7.4) 

0 

for — \it <d <\it. 

Suppose first that f(x) satisfies the equation and belongs to L z (0,oo). 



11.7, 11.8 


INTEGRAL EQUATIONS 


317 


Plainly g(z) is regular for R(z) > 0, i.e. |argz| < \i r. Now by 
Theorem 99, p. 131, we can write 

f(u) =/(+)(«)+/(_)(«), 

where f M (w) is regular for argw > 0, /<_>(«;) for argw < 0. Then if 
— \ir < 6 < \ir, 

00 00 

g(re i0 ) = J e-” w “/(+)(«) du + j e-« w “/ < _ ) («) du. 

0 0 

In the first integral we can turn the line of integration through an 
angle 0, and in the second through —±n—9. We obtain 

00 00 

g(re id ) — e- ir Pf M (pe i «”-°') dp J e ir f>f ( _ ) (pe~ i «”+ e >) dp, 

. o o 

and since / (+) and / ( _) belong to L 2 along every line arg w — const, 
(11.7.4) follows. 

Conversely, suppose that g(z) satisfies the above condition. We 
have 

©(1 —*) = J g(x)x~ 8 dx. 

o 

If t > 0, we rotate the line of integration through — Jtt, giving, 

00 

©(!—*) — —» J g(—iy)(ye- l7,i )~ s dy 

0 

on 

— —icM ia c-i nl j g(—iy)y~°~ u dy. 

0 

For cr == i this is e~^ nt multiplied by a function of L 2 ( 0,oo); a similar 
argument with t < 0 and a rotation through \i r shows that ©(1— a) 
is c~4 7r| *i multiplied by a function of L 2 (—oo,oo). Also 
|l/r(l—«)| = 0(e*"W). 

Hence the integral in (11.7.2) exists in the mean-square sense. That 
the f(x) so defined satisfies the equation follows from Theorem 72. 

Alternative forms of solution have been given by Widder (1), 
Palcy and Wiener, § 13. 

11.8. Stieltjes’s integral equation. If we iterate the previous 
equation, i.e. put 

00 00 

g(x) = f f(y)e- xv dy, h(x) =■ J g(y)e~ xv dy, 

0 o 
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we obtain formally 


h(x) = J e~ xv dy J f(u)e~ vu du 
o o 

OO 00 

= j f(u) du J e^ x+u)v dy 


oc 

-/ 


f(u) 

X + U 


du , 


( 11 . 8 . 1 ) 


another integral equation of a similar type. This equation has been 
considered in connexion with Stieltjes’s moment problem.f 

Putting# = y = e 1 ?, e^h(e£) = </>(£), e^f(e^) = <£(|), the equation 
becomes 

_ 

2 cosh tj) 


oo 

0(f) = J 


( 11 . 8 . 2 ) 


This is of the form (11.6.1), with 

k(g) — |sech££, K(u) = ^(A7r)secli7ra, 
and the formal solution is 

OO 

<)>(£) = — ^ ■ - f T(u)cosh7 rue~^ u du 

7TyJ(2ir) J 

— 00 

00 


= 2^{0(f+*w)+0(f— mt)}» 


or 


/(*) = —{h{xe in )—h(xe- in )}. 

ATT 


(11.8.3) 

(11.8.4) 


An appeal to analytic continuation is again obviously involved. 
We shall show that a necessary and sufficient condition that (11.8.3) 
should define a solution of (11.8.2) belonging to L 2 (—oo,co) is that 
\jj{z) should be an analytic function , regular for — rr < y < n, and that 

00 

j \<p(x+iy)\ 2 dy < K 
— 00 

for —it <y <tt. 


t See Hardy (7), Paley and Wiener, § 14. 
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As in § 5.4, the condition implies that there are limit-functions 
and ^x—i-n) belonging to L 2 (— oo,oo). 

If <f> is L 2 and 0 is defined by (11.8.2), then ip(z) is plainly analytic 
for — 7 r < y < n; and by Theorem G4, 


QO 

i//(z) = f er izu du , 

J cosh 7m 

~ 00 

where G> is the transform of </>. Hence 

00 00 

f \*p(x-\-iy)\ 2 dy — 7 t 2 f e 2yu du 

J J cosh 2 7m 


00 

-J 


{*(«)>* 

COsh 2 7TW 


e 27rlw| du. 


Hence the condition is necessary. 

Conversely, if if/ is of the given form, then 


C*> 

e ±w “M \T(u)= J du 


belong to Z/ 2 (0,oo) and i 2 (— oo,0) respectively. Hence T^JcosliTra 
belongs to Z 2 (—oo,oo), and (11.8.3) defines a function <f> of L 2 . That 
it is a solution of (11.8.2) follows from Theorem 64. 

In terms of the original functions, a necessary and sufficient condi¬ 
tion for (11.8.1) to have a solution of L 2 is that g(z) = g(re i6 ) should 
be analytic for — tt < 0 < 7r, and that 


J \g(re ie )\ i dr 

o 

should be bounded for — n < 0 < it. 

That (11.8.4) is a solution of the original problem is easily verified, 
for the right-hand side of (11.8.1) is then 

1 f h S uei ”} du — f du. 

2ir J x-\-u 2n J x+u 
0 o 

Rotating the line of integration of the second integral through 27r, 
and allowing for the residue at u = xe i7T , we see that this is equal 
to h{x). 
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11.9. Stieltjes’s moment problem. f A note on Stieltjes’s 
moment problem itself may be inserted here. The problem is to 
determine f(x) such that 

00 

j x n f(x) dx ~ c„ (n = 0,1,...), 

0 

where c 0 , c v ... are given. 


Suppose that f(x)e Mx is 2/(0, oo) for some positive k. Let 




n-0 


(-1 
(2 n)\ 


= //<*, 2 


(_l)»a:» a 2n 

( 2 «)! 


dx 


00 00 

= J /(x)cosWx dx = 2 J ^(f^cossf rff. 

o o 


The inversion is justified by the convergence of 

00 00 

J l/(*)l dx = J /(^)co8h|«|Vx dx, 

0 n “° 0 

provided that |s| < k. The final integral, however, converges if 
s — o+it, —k<t<k. Hence <f>(s) is an analytic function, regular 
in this strip, and <f>(s) -> 0 as o ±oo in the strip. Also 

A 

#(£ 2 ) =.^lim J |l—?j<£(«)coss£ ds 
0 

for almost all f. Hence f{x) is unique apart from sets of zero measure. 
To show that this is actually a solution, we have, if a > 0, 

<a + oo 


in I ((>0> ’ 0 ,(<0> - 


ia- oo 


Hence 


au w 

j x n f{x) dx = 2 j e n+i Ke) di 


(_ l)»+i2n! 


7T% 


ao ia+oo 

J irnodi f £* * 


ia —qo 


t See Hardy (7). 
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ia+oo 

(—l) n + x 2ra! j* jk 

iri J « 2n + x 

ia —oo 
io "4" oo 

(—l) n+1 2ra! r j(j) 

iri J a* n+x 

ia-ao 


J m me-*# 

— ao 

da . 


The inversion is justified by absolute convergence if n > 0, and by 
the bounded convergence of the ^-integral if n = 0; in the latter case 

ia+A 

the final integral is lim f . The result is, of course, a case of Par- 

A-»oo ia -X 

seval’s formula. 

Now 


f' A _f <f>(—o'+ia) _f <f>(a’—ia) , , 

J (a+ia) 2 "* 1 J (-a'+ia)^ 1 J (a’-i o) 2 »+ x ’ 

— 00 —oo —00 

since <f> is even. Hence 

io+oo . ia 4 a) —ia+oo. 

i [ Mds=-L ( - r \ 

ni J s 2 »+1" 2iri\ J J )« 2n+1 ^ 

fa —00 —"ft —in — m 


(~l) n+1 c n 

2nl 


ia — oo — ia — ao 


by the theorem of residues. The desired result therefore follows. 

The method, of course, does not show whether a particular set of 
c„ correspond to a function f(x) of the class considered. For example, 
if c n = 1 for every », then <f>(s) = cos 5, which is not the transform of 
a function integrable in the ordinary sense. It is here that Stieltjes 
integrals become relevant. 

If c„ = l/(»+l), then 

<f>(8) — 2s _2 («sins+cosa—1), 
and * 

1 f/2sin« 1—cos«\ >, 

(—-5* jcosjf* 

0 

= £ (0<f<i), 0 (f>i). 

Since 

J? . „ . l„ln+l\ . (»+l)s* 

J x n e~ xl,cota sm(x' 1 sm a) dx = —jsm——— 

if p > 0 and 0 < <x < the function 


f(x) = e~ x>looe,tn sin(x>‘ sin /nr) 
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satisfies J x n f(x) dx — 0 (n = 0,1,...) 

o 

for every value of y, less than J. The solution is therefore not unique 
if we merely assume that f(x) = 0(e~ kx “), where /x < J. 


11.10. Finite limits. The equation 

X 

g(x) = J k(x—y)f(y) dy (x > 0) (11.10.1) 

0 

is, formally, the particular case of (11.6.1) in which f(x) and k(x), 
and so also g(x)> vanish for x < 0. The formal process of § 11.6 gives 

as before (?(„,) = ^/(2, t)F(w)K(w), (11.10.2) 

and the formal solution is 

10 + 00 

J 9 m r *‘ iw - (1U0 - 3 > 

ia — ao 

As before, for this to be a solution, special conditions on K(w) or 
special relations between 0(w) and K(w) are required. 

Theorem 149 . Let g{x)e~ €X belong to L 2 ( 0 ,oo), and k(x)e~ cx to 
jL(0,oo). Then , in order that there should be a solution f(x) such that 
f(x)e~° x belongs to L 2 ( 0 ,oo), it is necessary and sufficient that 


f 


— 00 


G(u-\-iv) 

K(u-j-iv) 


2 

du ^ M t 


where M is a constant independent of v, for all v ^ c. 

We can replace f(x), g(x), and k(x) in (11.10.1) by e~ ax f(x), e~ ax g(x) 
and e~ ax k(x) respectively, and the result follows from Theorems 148 
and 95. 


That the solution of (11.10.1), if it exists, is unique, can be proved 
more generally. 

Theorem 150 . Let f(x)e^ cx and k(x)e^ x belong to L( 0, oo) for some 
positive c, and let 

X 

j k(x—y)f(y) dy = 0 (x > 0). 

0 

Then at least one of k and f is null . 
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For (11.10.2) holds, the inversion in the proof being justified by 
absolute convergence; and now 0(w) = 0. Hence either F(w) or K(w) 
is 0 for all w , and the corresponding / or k is null, by Theorem 14. 

We shall next show that the same result holds without any restric¬ 
tion on the behaviour of the functions at infinity.f We use the 
following lemmas. 

Lemma a. Let <f>{w) be regular in the upper half-plane y 
<f>(w) = 0(e klw '), \<f>{u)\ <1 (w = u+iv), 

and let <f>(iv) be real. If e >0, the connected region in which 

W")l > l+€, 

if it exists , contains arbitrarily large purely imaginary values of w. 

Let w x be a point (if there is one) at which \<f>(w x )\ > l+c, let D be 
the connected region containing w x in which \<f>(w)\ > l+€, and let 
D x and Z> 2 be the parts of D in the first and second quadrants. If the 
lemma is false, D x and D 2 meet at most along a finite stretch of the 
imaginary axis. Let \<f>(w)\ < m on this stretch. Since <f>(w) — 1+e 
on the boundary of D , \<f>(w) \ < M ,= max(l+€, m) on the boundary 
of D v and so, by the Phragmen-LindelOf theorem, throughout D x ; 
and similarly throughout D 2 . 

But actually l+€, so that M — 1-fe. For the function 
i[j(w) = (w+i^tfriw), where rj > 0, satisfies \ifj(w)\ ^ l+€ on the 
boundary of D , and -> 0 as \w\ oo in D. Hence \^{w)\ ^ 1+c 

throughout D. Hence 

\<f>(w)\ < (l+cJlw+ih 

throughout Z), and, making rj-+ 0, \<f>(w)\ < l+€. Since the reversed 
inequality also holds, <f>(w) = (7, where \C\ = l+c. This is incon¬ 
sistent with \<f>(u)\ < 1, so that D must contain arbitrarily large 
purely imaginary values. Also since <j>{iv) is real, the region 

\<f>(l+w)\ > 1+6 

is symmetrical about the imaginary axis, and it is easily seen that 
two regions with the properties of the above D would have to overlap. 
Hence there is only one such connected region. 


f Titchmarsh (8), Crum (2). 
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Lemma Let F(w) and K(w) both have the properties of the above 
and let \F(w)K(w)\ < e~v 3 where y > 0, for all v > 0. Then 
there exist a and p such that ot+fi = y,and \F(w)\ < e~* v y |X(u;)| < e~P v 
for all v > 0. 

Consider the regions D and U in which 

\F{w)e«' w \ ^ 1+e, \K(w)eP' w \ > 1+*, 

where a' and fi' are any fixed real numbers whose sum is y, and € > 0. 
We shall show that either D or D' is empty. 

By applying Lemma a to F(w)e a ' w and K(w)eP w , we see that D and 
D', if they exist, both contain arbitrarily large purely imaginary 
values of w. Let iv t be a point of D , iv 2 a point of D' with v 2 > v v 
and iv 3 a point of D with V 9 > v 2 . Since D is a connected region, and 
is symmetrical about the imaginary axis, there must be a closed curve 
joining iv y and iv 3 , lying entirely in D, surrounding iv 2 . On this 
|^ T (w)e ac '“'| > 1+e, and so 

\K(w)e ( y- a -'^ w \ < 1/(1+e). 

This inequality therefore holds throughout the area enclosed by the 
curve, and in particular at iv r This involves a contradiction, so that 
either D or D' is empty. 

Suppose that, for some w 1 and w 2 , 

|| > and \K(w 2 )\ > e~P' Vt . 

Then, for some positive e, 

|^K)I > (l+€)e-“'^, \K(w 2 )\ ^ (l+ e )e-^*. 

Since we have shown that this cannot be so, it follows that either 
\F{w)\ < e~“'* for all v > 0, or |/£(«>) I < e~P' v for all v > 0. Let a be 
the upper bound of values of a.' for which the first inequality holds. 
If it held for all a', F(w) would be identically zero; if it held for no a', 
the second inequality would hold for all /}', and K(w) would be 
identically zero. Otherwise 0 < a <ao, \F(w)\ < e-(<*-«>» f or a ll w 
and arbitrarily small e, and so |.F(u>)| < e - “*. If a! = a+e, the 
second of the above alternatives holds, so that 

for all w, and so |Jf(w)| < e~0° for all w. This proves the lemma. 
Theorem 151. Let f and k belong to L(0,y), and let 

X 

g{x) =r j f(y)k(x—y) dy = 0 
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far almost all x in (0, y). Then f(x) = 0 for almost all x in (0, a), and 
k(x) = 0 for almost all x in (0,j3), where a+j8 = y. 

We may suppose that 

v y 

-J-J |/<*)| <&«!, 

0 0 

and that f(x) and k(x) are null for x <0 and x > y. Then g(x) is null 
for a; < y and x > 2y, and 

2 y 2y x 

j \9( x )\ dx^ j dx j \f(y)k(x—y)\ dy 
y oo 

2 y 2 y 

= f lf(y)l dy f \k.{x~y)\ dx 

0 y 

2 y 2 y 

< J 1/(2/)I dy J |fc(t)| dt ^ 2 tt. 


As before, the transforms F(w) of f(x), etc., are related by 
0(w) = ^J(2tt)F(w)K(w)\ 

hence 


\F(w)K(w)\ = - 


y 

I g(x)e ixw dx 


e~v v 

^ 2w 


J \g(*)\ 


dx < e - ?®. 


Hence, by Lemma /?, either F(w) = 0 or K(w) = 0, or there exist a 
and /3 such that = y, and \F(w)\ < e _ “®, \K(w)\ < e - 0® for 
v > 0. Now 

f A •> 

, e-‘* w — 1 


o -A 


dw 


-iw 


by Theorem 22, and the ordinary method of integrating round a 
contour in the upper half-plane shows that this is 0 if £ < a. Hence 
f(x) is null in (0,a), and similarly k(x) is null in (0,j8). 


Theorem 152. Iff and k are integrable over any finite interval , k is 
not null , and 

X 

f f(y)k(x—y) dy = 0 (0 < x < oo), 

0 

then f is null in (0,oo). 

By the previous theorem / is null in (0, a), where a-f-0 = y, y is 
arbitrarily large, jS bounded. 
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11.11. Another example of an equation with finite limits isf 

1 

f(x) = j k(t)f(x-t) dt, (11.11.1) 

0 

where k(t) belongs to L\ 0,1), and /(<) to L 2 over any finite interval. 
Here the integral represents a continuous function, so that f(x) is, in 
fact, continuous. 

Let f(x) = e cx g(x). Then 

i 

g(x) = f kitje^gix—t) dt. 
o 
i 

Taking c so large that J |fc(t)|e~ c, d< < 1, it follows that 
o 

|0(*)I < max |jr(£)|, 

and hence that g(x) is bounded as x -> oo. Hence f(x) — 0(e cx ). If we 
assume also that /( x) — 0(e clxl ) as x — co, the theory of § 11.2 
applies, (11.11.1) being the particular case of (11.2.1) in which 
k(t) = 0 for t <0 and for t > 1. 

We can, however, prove without this assumption 

Theorem 163. The solution of (11.11.1) is 


Ax) = 'Z c * e ~ iw " x > ( 11 . 11 . 2 ) 


where w„ runs through the zeros of 

i 

G(w) = 1— j k(t)e iwl dt 
0 


with I (w v ) < c, and C v is a constant at simple zeros , linear at double 
zeros , etc. 


Let 


KM = J f(x)e iwx dx 


(11.11.3) 


(cf. § 10.16). Then FJw) is regular for v > c, with the above c. The 
formal argument is then as follows. If a > c, 


ia+oo 


J 

ia —oo 


■twx d w 


f(x) (x > a), 
,0 (x < a). 


(11.11.4) 


f Schurer (1), Titchmarsh (16). 
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Hence, if x > a+ 1 , 

1 ia + oo 1 

J k(t)f(x—t)dt = J F a (w)e- iwx dw j k(t)e iwl dt, 

0 ia — co 0 

and ( 11 . 11 . 1 ) gives 

ia+oo 

f F a (w)G(w)e~ iwx dw =0 (x > a+ 1 ). 

ia—co 

Multiplying by e ixl =, where £ = 77 > a, and integrating over 

(a+l,oo), we obtain 

ia + oo 

C gtfS-U’Xa+l) 

I F a (w)G(w) —-- dw = 0 . 

. J £—w 

ia — co 

The result may be justified by mean-square theory, as in 
Theorem 141. 

Moving the integral to the parallel line through ia', where a > rj, 
we obtain 


ia' + oo 

r gi(£-wXa+l) 

F 0i (w)G(w) — - dw - —2iriF a {Z)G(Q. 

J i— w 

ia'—co 

The left-hand side is an analytic function of £, regular for rj < a'. 
It therefore provides the analytic continuation of the right-hand 
side throughout rj < a'. It follows that ^ a (£) is regular for rj < a', 
except possibly for poles at the zeros of (?(£)• Also 

= o(e-*«+ D) 


as £ -> oo uniformly for 77 < a < o'. If the zeros of C?(£) are separated 
by suitable contours on which |(?(£)| > const., ( 11 . 11 . 2 ) follows on 
applying the usual contour integration to (11.11.4). The result cer¬ 
tainly holds if k(t) is absolutely continuous near t — 1 , and fc(l) ^ 0 ; 
for then we can integrate by parts and obtain 


G(w) = 1 


k( l )e iw / e -«l 

iw \|w;|/ 


from which the result easily follows. 
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Finally, the C v are independent of a; for example, at a simple zero 

ia'+oo 

1 r -u>Xa+l) 

ia' —oo 
a'4- 

/ 


ag y _ /(flt)e <u ’v (a ‘ +1 ) °°G(w)e'^’ 

3a 2 ttQ'(w v ) J w v —w 


’ + 


ia'—oo 


ia' + oo 


W'£>. | 


Each of these integrals is zero by Cauchy’s theorem, the integrands 
being regular in the half-plane below the path of integration. 

Similar methods can be applied to the solution of many other 
problems, t 


11.12. Examples. The following example of (11.10.1) is considered 
by Bateman (6). A tradesman buys and sells various articles. It 
is assumed (i) that buying and selling are continuous processes, and 
that goods bought begin to be sold at once; (ii) that when the trades¬ 
man buys a new supply of any article, he buys just as much as he 
can sell in time T , the same for all such purchases; (iii) that the new 
supply sells uniformly during the time T. 

The tradesman starts with a new supply of unit value, and it is 
required to find the law according to which purchases must be made 
if the value of the stock is to remain constant. 

The amount of the original stock remaining after time t is k(t), 

where k(t) = l-t/T (t < T), 0 (t > T). 

Suppose that articles of value /(r) Sr are purchased in the interval of 
time between r and This stock is reduced by sales in such a 

way that the value of the remainder at time t > r is 

Kt— r )f{ r ) 

The value at time t of the unsold stock due to purchases is therefore 

t 

J W— T )f(.r) dr- 

0 


f Busbridge (6), Cooper (2). 
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Hence /satisfies the integral equation 


* 

l—k(t) = J k(t—r)f(r) dr. 


and 

G i w ) — J e aw dt—K(yo) 

o 

- 1 Kl - 1 l ~ eiu>T 

V(2t r)iw {W) J(2n) Tw * ’ 

We can take I(w;) > 0 , and the solution is 

Ul+ 00 

1 r 1—piwT 

f(t) = —— I- ~^e~ iu:t dw (a > 0). 

Jyl 2rr J iwT+l-e"» T V ' 

ia — oo 

This can be expanded in various forms. If we move the line of 
integration to a parallel line through w = — 16 , where 6 > 0 , we 
obtain - ib +« 

9 I r 1 piu* 

i*/.v 1 I i C _ .W » 


2 1 C 

/(0=y-^ J 


---- e~ iwt dw , 

iwT+ l-e"" T 


and the last integral is exponentially small as t oo. Further terms 
in the approximation arise from the zeros of the denominator.! 

11.13. As another example we shall sum the series! 

f(x) = f,nJ n (x)J n (£). (11.13.1) 

n-1 

We have |«/ n (;r)| < 1 for all n and x, and hence 

K(*)l = ~{^-i(*)+^i(*)}| < * 
for n > 1 and x ^ 0. Also, for a fixed £, as n -*■ co 

jjt) = omrM. 

Hence we may multiply (11.13.1) by J 0 (t—x)jx and integrate term- 


t See also Goldstein (1). 


t See Watson, $ 16.32. 
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by-term over (0,$). We obtain 

t 


J Mj 0 (t-x) dx = 2 nJ nti) J dx 

n n=*l 


= i = iMt-n-iMtw), 


n- 1 


by (7.14.6) and the ‘addition formula’ for Bessel coefficients, f 
This is an integral equation for /(#)/# of the form (11.10.1); by the 
above inequalities,/^)/# is bounded, so that it is given by (11.10.3). 
Here 

- m S Mx)e ‘“’ * - jtwh&w 

0 

where u > 0, and the branch which is real and positive on the real 
axis is taken. Similarly, 

oo 

0(w) = J {J 0 (*-£)-, J 0 (x)J 0 ($)}e^dx 
0 

oo 

0 

on integrating by parts. Hence 

ia+A oo 

= J_lim f e-*™dw f {JAt-£)-J l (t)J ( ,me i *»dt, 

X 47TA-00 J IW J 

ia -A 0 

where a > 0. Now 
ia+A 


-i-lim J dw J dt 


ia—A 


and the remainder is 

ia+oo 


1_ | p ^+ lw e -^> dw J dt 

0 

oo ia+oo 

= j ^ (l ~^ )+iw e^dw. 


ia—oo 


ia—oo 


The inner integral is 0 if t > x (by making a -> oo). For t < x its 

t See Watson, § 2.4. 




11.13, 11.14 


INTEGRAL EQUATIONS 


331 


derivative with respect to t is 2? TJ 1 (t—x)l(t—x), by (7.13.8). Hence, 
on integrating the repeated integral by parts, we obtain 

X 

o 

x 

= l J dt -ww. 

by (7.14.6). Hence 

^ = \ J dl - i 

o o 

again by (7.14.6). 

11.14. Abel’s integral equation. This is 

X 

g(x) = J (x—y)~ a f(y) dy (0 < « < 1 ), 

0 

and is of the form (11.10.1), with k(x) = a; -a . Here 


K(w) 


oc 

V(2w) J 


x -a e ixw dx = ^ (_m,)«-ir(l_ a ) > 

V( 277 ) 


where (—iw) a_1 is real on the positive imaginary axis. The formal 
solution is therefore 

ia-foo 

t( x \ _ _j;_ f G(w) o-ixw fj w 

ia—oo 

If this is an L 2 solution, its integral is 

ia ■+ oo 


/i(*) 


V<* 


1 f G(w) 

Tr)r(l-a) J (-iw)*- 1 


G(w) l—e~ ixw 


IW 


dw 


ia— oo 
ia -f oo 


i /• p-ixw _i r 

-- -——- dw I g(t)e twl dt 

277r(l-o<) J J 

ia—oo 0 

oo ia)- oo 

1 r r piMt-x) _ piwl 

=___g(0 dt dw. 

27rr(l-a )J J (-ttc)“ 


0 ia — oo 

The inner integral is 0 if t > x (by making a -> +oo). For 0 < t < x 
the contribution of e M is still 0, while the other part is (by deforming 
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the line of integration into the negative imaginary axis) 

00 

J v -<* e v«-x)( e inat —g-iira^—dv = 2 8111 7 T 0 L F(1 — Oc)(x —J)®"" 1 . 

0 x 

Hence f x {x) = ~5f J (x-t)*- l g(t) dt, 

0 

* 

and /(x) = sin -~ f (x—<)“ _1 0(<) 

7T ax J 
o 

the usual form of solution. - }" 

11.15. An equation of Fox. Another equation of ‘resultant’ 
type is 

f(x) = g(x)+ j k(x+y)f(y) dy. (11.15.1) 

— ao 

This is equivalent to the equation considered by Fox (2). The solu¬ 
tion is a little more elaborate. We have as before 

ao ao 

F(u) = °( u )+^ 2 n) J eixudx J k ( x +y)f(y) d y 

— oo — uo 

00 00 

= g (u) + ~ 2 ~- J f(y) dy J k(x+y)e ixu dx 

— oo — 00 f 

00 oo 

= 0(U)+ ^) J M dy J k ^ m ~ V)dt 

— ao —oo 

= G(u)+J(2n)F(-u)K(u). 

Changing the sign of u, 

F(—u) = G(—u)+^(2ir)F(u)K(—u), 
and, eliminating F(—u), 

F(u\ = aw- NV*)Q(-»)K(u) 

y 1 i-2nK(u)K(-u) ' 


' 7 1-2 nK(u)K(-u) 

Hence /(x) = * f du . 

V( 2,r ) J 1-2 nK(u)K(—u) 


The form actually considered by Fox is 


/(x) = j(x)+ J k(ux)f(u) du, 


(11.16.2) 


(11.16.3) 


t See Bosanquet (1) for a direct study of the solution. 
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which is connected with (11.15.1) by obvious transformations. The 
corresponding analysis for this equation goes in terms of Mellin 
transforms, and the solution is 


c+<» 



C—ioo 


®(«)+ft(*)ffi(l-«) 
~ l-fl(«)ft(l-«) 


X~* ds. 


(11.15.4) 


Theorem 154. Let g(x) belong to L 2 and k(x) to L, and let the upper 
bound of K(u)K(—u) be less than 1/27r. Then the equation (11.15.1) his 
just one solution of L 2 , given by (11.15.2). 

As in § 11.1, f(x) belongs to L 2 and satisfies the equation. Also the 
difference between two solutions of L 2 satisfies 


/(*) = J k(x+y)f(y)dy, (11.15.5) 

— 00 

and so its transform satisfies 

F(u) = J(2ir)F(-u)K{u). (11.15.6) 

Hence F(—u) = y](2ir)F(u)K(—u), 

and so F(u)F(—u){\—2itK(u)K(—u)} — 0. 

Hence F(u) or F(—u) is 0 for almost all u. But, by (11.15.6), if 
F( — u) = 0, then F(u) — 0. Hence F(u) = 0 for almost all u, and 
hence f{x) = 0 for almost all x. 

There are obvious extensions, e.g. we could simply say that 
11— 2irK(u)K(—u) | > A > 0. 


Examples, (i) In (11.15.3) let 

*<*> = *«/(;) 


cosx. 


Then ft(«) = Ar(s)cos fan, 

and B(s)B( 1-a) = A 2 . 

Hence, if A 2 ^ 1, the solution is 


C f i® 


/(*) = J {©(*)+A©(i-«)rwcos^}x-d« 


1 / M A 

M x )+ 


g(u)coaxu du. 


1—A 2 *'”' ‘ 1—A 2 / 

This may be verified by Fourier’s cosine formula. 
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(ii) In (11.15.3) let k(x) = 7r^e^ x and 

m -W-+?> (»<«<i), !sm±^_i (*>!,. 

X XX 

Then R(s) = 7 r~W{s), ©(«) =» -l], 

1—d\sin57r / 

and the solution is 

C + iao 

**>-55 f 

c — <00 

/ 1 — e ~ X m i \ / 1 — e ~ X T* / n 

= \7T -(0 < X < 1), V7T- (X > 1). 

X XX 


11.16. ‘Dual’ integral equations. In some problems the un¬ 
known function satisfies one integral equation over part of the range 
(0,oo), and a different equation over the rest of the range. 

For example,f let v(p , z) be the potential of a flat circular electrified 
disk of conducting material, its centre being at the origin, and its 
axis along the axis of z. The potential satisfies the differential 
equation «* 1 _ 0 . 


Let 

Then 

and 

Hence 


dp 2 p dp dz 2 

00 

V(u, z) = j pv(p, z)J 0 (pu) dp (z > 0). 


( 11 . 16 . 2 ) 


8W 

8z 2 


8W 

dz 2 


Hence 


= Jf-S-Wf)** - - J 
0 0 

J d P — — J ^{ J o(p u )+P uJ o(pu)} dp. 

0 0 

oo oo 

= J ^puJoipu) dp = —u j v{Ja(pu)+puJ' 0 {pu)} dp 

0 0 
oo 

= u 2 j vpJ 0 (pu) dp = u 2 V. 

0 

V = A(u)e- V ‘+B(u)e u *, 


f Riemann-Weber, 1, § 134. 
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and plainly B(u) = 0. Hence, by Hankel’s theorem, 


v(p,z) — J uA(u)e~ uz J 0 (pu) du. 

0 

Taking the radius of the disk to be unity, the boundary conditions 
are 

v = const, (z = 0, 0 < p < 1); —- = 0 (z = 0, p > 1). 

dz 

Hence, writing uA(u) = /(«), f(u) must satisfy 

00 

J f(u)J 0 (pu) du = g{p) (0 < p < 1), (11.16.3) 

0 

oo 

J f(u)uj 0 (pu) du = 0 (p > 1), (11.16.4) 

0 

where, in the above case, g(p) is a constant. 

To solve these equations formally!, apply Parseval’s formula for 
Mellin transforms to the left-hand sides. We obtain 

k+iao 

*~ ia> (11.16.5) 

fc+iao 

S! J ( ' >>1) ' (11 ' l "- 6) 

k—ico 


where 0 < k < 1. Putting 


3(«) = rTTrli^*)' 


r(*-W 

k —too 
k+i® 

53 J 


the equations become 

fc+ioo 


k—ioo 


(11.16.7) 


(0 < p < 1), 

(11.16.8) 
(p > 1). (11.16.9) 


In this form the T-function factor in (11.16.8) has no poles or zeros 
for a > 0, and that in (11.16.9) has no poles or zeros for a < 1. 

j* See also Busbridge (2), Copson (2). 
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Multiplying ( 11 . 16 . 8 ) by p~ w , where a—u > 0, and integrating 
over (0,1), we obtain 

Jfc+i® 1 

is f = <•<*»■ 

k-ioo 0 

Moving the line of integration to a — k' <u, 

v+ico 

* f F($«) *(«) fo _ (gn _ l y\_ YSk^l^yt W ) 

k'—ioo 

The left-hand side is regular for u > k\ and so for u > 0. Hence so 
is the right-hand side. Hence so also is 

Hence (assuming suitable conditions at infinity) 

ifc-Moo 

is ) ( “ <4) - 

*-<» ■ (11.16.10) 

Similarly, multiplying (11.16.9) by p~ w , where a—u < 0, and 
integrating over (l,oo), we obtain 

i- m * - “ (»> *•)• 

2m J r(£—is) 8—w 

k'—ioo 

We conclude as before that {r(l —l«)/r(£—£«)}x(«), and so x( 8 )> is 
regular for a < 1. Hence 


KT + % 

± f 

2nt J 


ds = 0 (u > k’). 


Moving the line of integration from k’ to k > u, 


2^ J ~, < k = x(«’) (“<*)• (H.16.11) 


Prom (11.16.10), (11.16.11) 


* + ioo 

x (w) = — f ds (» < 1c), 

XK ’ 2iri J T(J«) s-w K h 


(11.16.12) 
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and this, with (11.16.7) and Mellin’s inversion formula for f(x), gives 
the solution. 

If ff(p) = = const., then 

= v 0 f p~ $ da = 

J 1 —s 

0 

k+ico 

y(w) = [ nttjfl _ *• 

2 iri J (1—«)r(J «)«—tv Vw(l— w) 

k—ioo 

(from the pole at * = 1). Hence 

a/„\ _ v o 2 ' r (i*) __ v 0 2*- i r(i«) 

m 1 Mi-*) r(i-*«) “ v*r(f-K 

and, by (7.9.0), /(«) = ^ (11.10.13) 

IT U 

Hence „ 

2v o f *»Ti x8in« , 

v = —" e~ ,u J 0 (pu) - du 

7 T J U 

0 

_ 2v 0 . f 2 ) 

_ w arc8m ^ {(p _r ) * +2 *) + ^ (p+ i). +z «})' 

the solution obtained by Weber. 

The pair of equations! 

00 

J y*f(y)Jv(xy) d v = 9( x ) (o < * < 0 , (11.10.14) 

0 

ao 

j fivWxy) dy = 0 (x > i) (ii.i0.i5) 

0 

can be solved in a similar way. They are equivalent to 


lc+ioo 

JL f r'd+jy+i*) 

2 iri J r(J+|v—|a+^s) 

k—ioo 


X^)**- 1 -® da = g(x) 


k+ioo 

J_ f r (l +jv-ja) 

2 iri J r(i+i»»+ia—J«) 

k—ioo 


x(«)x* -1 da = 0 


where 


S(«) = 2»-« 


r(i+iv+ia—$«) 


xM- 


(0 < x < 1), 

( 11 . 10 . 10 ) 

(x > 1), 

(11.10.17) 


t See King (1). 
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Multiplying (11.16.16) by x a - w , where a—u > 0, and integrating 
over (0,1), we obtain 

k+i oo 1 

-L f —... x( 8 l da = f g(x)x<*- w dx = (5(«—w+1). 

2ni J J yK ’ ( ^ h 

*-100 0 

Moving the line of integration to a = k' < u, we obtain 

*'+<oo 


_L f nHjHJi) xw 

2 iri J r (l+lv-fr+ls) 8-w 


k'—iao 


r(Hiv-i«+iu») xv + ; 

Hence the right-hand side is regular for u > 0, and we deduce as 
before that 


*+<oo 


» J K 


rXj + fr *—+[++0 


©(. 


a—a+l)l — 0 (u < k). 
) 8—W 


k—ioa 

From (11.16.17) we deduce (ll.16.11) as before. Hence 

Jfe+ioo 


= JL f EiHHg+j i) <B («+i-e) . 
x( ’ 27T* J r(*+iH-M s-w 

*—<oo 

k +<ao 1 1 

- a J r %+7,+£r * J * J * 

*—<oo 0 0 

1 1 *+<oo 

0 0 *—<00 

0 0 
1 1 

= J M“~ u ’ <*/* J dp- 
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* + too 


M “ S3 J 


fc-ioo 






A A 

= Trt^a) J **“ ^ J ?(pft)p v+ 1 (l—P 2 )*“ _1 <fy> X 


* + <00 


/ 


2*-«._ 


fc —<00 


r(i+iv4-|a—1«) 


[fix)-* da 


(2z)i-i« 

r(* 


— J n 1+ia J y+ia (iix) dp J g[pn)p v + 1 [l—p i )i a - 1 dp. 


For this form of the solution to hold we must suppose that « > 0; 
the previous equations correspond to v = 0, a = — 1. 

As an example, let a = 1, v = 0, g[x) — 1; the solution is 


,, . 2/sin x cosaA 


11.17. The method of Hopf and Wiener .f A method of Hopf 
and Wiener for solving the homogeneous equation 

oo 

f[x) — J k[x—y)f(y) dy (0 < x < oo) (11.17.1) 
0 

will now be given. It depends on the following lemma. 

Lemma. Let <f>(w) be an analytic function , regular in the strip 
— 1 < v < 1, and let 
00 

J tv)|® du < K — K[a) 

— 00 

in any interior strip —1 < —a ^ v ^ a < 1 (so that, in particular, 
by the lemma of § 5.4, <f>[u+iv) -> 0 as u -> ± oo uniformly in any 
interior strip). 

In any interior strip —1 < —/J ^ v ^ fi < 1, \—<f>(w) has only 
a finite number of zeros. If they are w v ..., w n , we can write 

\-<f>(w) = fy^\[w-w t )...[w-w n ), (11.17.2) 

t Wiener and Hopf (1); Hopf, Radiative Equilibrium , Chap. IV; Paley and Wiener, 
Fourier Transforms, Chap. IV. 
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where <f> x (w) is regular and free from zeros in v < /?, <f> 2 (w) is regular 
and free from zeros in v ^ and , in their respective half-planes of 

regularity , 


\<l>i(w)\ > K\w\-' n - k y \<f> 2 (w)\ > K\w\l n - k , 
where k is a positive integer depending on <f>. 

Let m = - (g=*)*, 

1 5 (w—w x )...(w—w n ) \w+l) 


(11.17.3) 


where (w 2 + l)* w is that single-valued branch in the strip — p < v < p 
which behaves like w n for large w, and where k is an integer still to 
be determined. Then -> I as ±oo. Hence we can choose 
k so that the variation of log along the whole strip is 0. Having 
fixed k, let logi/i(w) denote the branch which tends to 0 as u~> ± 00 . 

>I>M = {i-#*>)} 

|logi/i(w)j belongs to L 2 uniformly in the strip. Hence 


1 


-iy+oo ty+oo 

f !?««!>& __L f '•**<=>* 

J z—w 2rri J z—w 


-iy -foo ty+oo 

. r i ' - 1 

log«»>) = 2>ri 

— iy — 00 t'y — 00 

= Xx(« , )-X2(«’) {—y < v < y), 

where 0 < /3 < y < 1, but y—/J is so small that no zeros of i/t(w) 
lie in jS < v ^ y. Now Xi( w ) is regular for v > — y, and regular and 
bounded for v ^ — /J; and similarly Xi for d < /9. Since 
eXiM(w- »)-*»-* . , 

= e^> ( w+ i)»n - ^ 


the result now follows. 

Suppose now that /(x) is a function which satisfies (11.17.1) for 
all real x, and is 0(e cx ) as x -> oo, where 0 < c < 1; and let 
]c(x) = 0(e _,xl ), or more generally let e A|x| fc(x) belong to L 2 (— co, oo) 
for all A < 1. Then as x -> — oo 


/(x) = Oj J ete-rtlhfr—yllew dyj 

for any A < 1, where h(y) is L 2 (—cx),oo); and by choosing A > c, and 
applying Schwarz’s inequality, we have 

f(x) = O(e^) 

for any A < 1. Thus F+(w) is regular for v > c, F_(w) is regular for 
V < 1, and K{w) is regular for — 1 < v < 1. 
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J k(x-y)J(y) dy — j Hx-y)/^) dy 
0 -00 
(where f y (y) =f(y) (y > 0), 0 (y < 0)) 

ia 4- co 

— J F + (w)K{w)e~ ixw dw (c < a < 1), 

ia—co 

by Theorem 64. The equation (11.17.1) therefore gives 

ia +co ta+ °o 

J F+(tc){l-J(2TT)K(w)}e- ix '» dw -f j F_(w)e~ ixu ’ dw = 0. 

ia —oo ia — oo 

Here each integrand is regular throughout the strip c < v < 1, and 
so in this strip we must have 

= o, 

which implies that in fact each term is regular for v < 1. If 
w v ...,w n are the zeros of 1— ^J(2tt)K(w) in — ^ v ^ P, by the 


lemma 


F+{u’)-, l ~{w-w 1 )...(w-w n )+F4w) = 0, 


where <)> 1 and <f> 2 have the properties stated in the lemma. We can 
write this F (w) F (w) 

and here the left-hand side is regular for v > — /?, the right-hand side 
for v < /?. Hence each side is an integral function, and by (11.17.3) 
this must be a polynomial of degree not exceeding \n-\-k. Hence 

F(w) = _ 

+ (w—w 1 )...(w—w n )’ 

where P(w) is a polynomial. Hence 

ia+ oo 

1 f WP( td) _,-*■»*. 


fix) = 1 f V*™) 1 

JK ' <J(2tt) J {w—w 1 )...(w—w n y 

ia—<x> 

satisfies the original equation (and vanishes for x < 0). 
As a simple example, let 

k{x) = Ae -1 * 1 (0 < A < $), 


K(w) = 


g-|x| +ixw fa 


j(2 n) 1+w*’ 


1-V(2 n)K(w) = 1-^ = W J+jf -• 
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The roots are w = ±^/( 2 A— 1 ) = w v w 2 , and 


(w—w 1 )(w—w i ) 


i 


&(«0 = 


IV —l 


<f> 2 (u>) = w+i, 


JVM = - const.. 


ia-foo 


io —00 

_/-»>( 1 ~t~V(^ 2A) -sva-aA) 1 ~ V( 1 ^A) e -xva-aA)| 

~ \ 2V(1-2A) ~ 2V(1-2A) 1‘ 


11.18. An equation of A. C. Dixon. A similar problem is pre¬ 
sented by the equation! i 

f{x) = gr(x)+A I* 

6 

This is satisfied formally by 

i 

/(x) = ff(x)+A J g(t)x(x,t) dt 


(11.18.1) 

(11.18.2) 


if x( x > 0 satisfies the integral equation 


xM) = 


x+t 


-|-A 


X 

/ 


x(y»0 

x+y 


dy. 


(11.18.3) 


Putting x — e~t, y = e-i, t = e~0, this is 


or, writing e-^xi^, e~P) = <£(f), 


00 

J 




2 cosh £(£— 17 ) 


dr). 


(11.18.4) 


Suppose that — 0 (e c t) as f -*■ 00, where 0 < c < Then, as 
in § 11.17, <£(£) = 0 (e*f) as f -> —00. Let c < o < |. Then O + (w) 
is regular for v > c, <J>_( W ) is regular for v < and so (11.18.4) is 
equivalent to 

fa+oo ia+ 00 

J dw-f J dw 


ia— 00 


ta— 00 

t A. C. Dixon (2). 
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xb + 

=V(D J 


ehP+iwp 
cosh 7 tw 


e~^ w dw \-rr\ 


0 + (w) 


e-'t"' dw, 


where —J < b < We can take b — a. It follows that 


° +(U,) ( 1 cosh J J(2 


t t \ e*P +i P w 
21 cosh TTW 


(11.18.5) 


and —0_(w) are regular and equal in the strip —a < v < a. Hence 
(11.18.5) is regular for v < Hence 0 + (w) is regular for v < 
except possibly for simple poles at the zeros of coshTrw— tt\. Suppose 
for example that nX = sin a7r, where 0 < a < £. Then the zeros 
are at /i \» / a .a* / i i \« / & » _\ • 


(£—«)*» (—|—<*)*>—» (—£+«)»> (—£+«)*>••• 
'F(w) =__ 


Hence 


is regular for v < 

To cancel the poles of sech7ru; in (11.18.5) we must also have 

at w — ——(«+£)»,•••• Hence 

J g(7l H)j3 

¥{-(»+*)<} = = 

say. The most obvious function with these properties is 

•* v(-!) n «» 


T(w) = 


r (%—iw) Z-i n\ w-\-(n+\)i 


and it is easily verified that this does in fact give a solution. 
The difference between two solutions of (11.18.4) satisfies 


00 


osh£(£—ij) 


(11.18.6) 


which is of the form (11.17.1). Here 


1-J(2tt)K(w) = 1- 


COahTJW 


2nT(^—iw)T(i+iw) __ 

= r(i-j<*+i»«;)r(i-l^ iw)r(f+jiw)r(f+|«-iw) 

9t\ w i 
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where 


4>iM = 


_ 2nT (i+w) _ 

r(f-ia+iw)r(f+ia+|tw)’ 


</>tM — 


r(f—1«—iw)T(|+^ot— %iw) 
r(i—w) 


have the properties stated in § 11.17. 


11.19. A problem of radiative equilibrium.! Consider a 
medium stratified in planes perpendicular to the axis of x, extending 
indefinitely on the positive side of its boundary * = 0. 

Let I (a function of x and 0) be the intensity of radiation of all wave¬ 
lengths, at any point, in a direction making an angle 0 with the nega¬ 
tive direction of the axis of x. Let p be the density at any point, and 
k the coefficient of mass-absorption, supposed independent of the 
wave-length. Let B (a function of x) be the intensity of black-body 
radiation corresponding to the temperature of the matter at x. 

The rate of absorption of energy per unit volume from the radia¬ 
tion in a solid angle a> is 

kp J f I dot, 

while the rate of emission is 

kp j j B doo = kpBui. 

Consider a narrow circular cylinder, area of cross-section a, the 
centres of whose ends are at x and x', and whose axis makes an angle 
0 with the negative z-axis. The energy radiated from the x'-end 
through a distant area in the line of the axis of the cylinder, at which 
all points of the cylinder subtend approximately the same small solid 
angle u>, is l(x',0)aor, this is made up of l(x,0)ao> from the x-end, 
together with j 

from the interior of the cylinder, v being its element of volume. 

In the limit as a -*■ 0, a> -► 0 we obtain 

af 

l(x',0) = I{x, 6)- f kp(B-I)sec0d£, 

X 

and, making x' -*■ x, 

^ = kpsec0(I-B). (11.19.1) 

For radiative equilibrium, the rate of absorption of energy per 
t E. A. Milne (1), Hopf (3); Hopf, Radiative Equilibrium, 
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unit volume from all directions is equal to the rate of emission in all 
directions: this gives 

2n n 

4nkpB = kp J d<f> J / sin 0 dO 


0 0 


7 T 

2nkp j I sin 0 dd , 


i.e. 


2B — f /smfl 

j 

0 


(11 19.2) 


Putting 

(11.19.1) becomes 


ju 

J dx , 


= sec 6(1-B). 

CT 


(11.19.3) 


Hence 


/ = e TBec9 


|aT- J B(t)sec6e-‘*° C <> dt 


The boundary condition is that the incident radiation is zero, i.e. 
that 1 = 0 for x = 0 , \rr < 0 < 77 . Hence 

T 

J = — e ~ TBecB J H(<)sec 0 e -« ,ec0 <£< (Jit < 6 < tt). 

0 (11.19.4) 

For 0 < 0 < we choose K so that I is not exponentially large as 
t -> oo, i.e. we obtain 

CO 

I = e TBeo0 J J3(<)sec 6e~ ,a6ce dt (0 < 6 < \ir). 

T 

Inserting these results in (11.19.2), we obtain 

|ir oo 

-B(t) = J j e T8ec0 sinfl dd J B(t)aecde-***° e dt - 

0 T 

rr r 

— J J e T 8 OO 0 sin 0 d 0 J B^wscOe-*** 09 dt 

itr o 

oo ftr 

= Jj B(t) dt J d T ~ i > eoc9 t&nd d6 — 

T 0 

T W 

— J J B(t) dt J e < T -« eeo9 tan 6 dd 


Z 
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where 


J B(t)k(r — t) dt, 

o 

in 

m = hje 


c -!f;«ec 0ta n 0 dO 


CO 


We can now appeal to the theory of § 11.17. We have, if v < 1, 

00 00 ^ 00 00 


oo 

if. 1 

<J(2n)w J a: ^(2^ 


arctan w 
) w * 


so that 1 -J(2tt)K(w) - 1 - 

w 

This has a double zero at the origin, and no other zeros in the strip 
— 1 < v < 1. Hence, with the notation of § 11.17, we put 


arctan w 


x /. arctan w\w 2 +l 

m=[i — 

no additional factor being needed. Hence 

<y+® 

»*■>-£ J *■<* 

iy—oo 

Also P(u>) = oi+j3w», where a and /3 are constants, and the solution is 


ia+ 

= V<>). j 


ot-hf hve-i-rw+xt(w). 


11.20. The limiting form of Milne’s equation.f Writing 

X 

J B(r)dr = /(*), (11.19.5) may also be written 


00 00 

m = ifm# f ~dy 

0 la:—<1 

<o X+V 

-» It* S m1 


0 max(0,x~y) 

f E. A. Milne (1), Hardy and Titchmarsh (1), (2). See also Hopf (2). 
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x 

— if j{/(*+j)-/(*-!/)} % +£ 

« * (11.20. 

For large values of x this approximates to the form 


J —/(*+*) d y- 


/'(*) = £ J ^{/(*+2/)-/(*—y)} dy. (11.20.2) 

0 


Theorem 155 . If f(x) = 0(efi «), wAere 0 < c < 1 , and both sides 
of (11.20.2) are finite and equal for every x, then f(x) is a quadratic. 

The formal argument is similar to that of § 11.2. We have 


idVao 


id 4- a> 


/{z)= m J FMe ~‘"' dw+ jk J 

(11.20.3) 


trt — oo id— oo 

where 1 > a > r, — 1 < 6 < — c. Hence 


f^+y)—f{x—y) = —-j ~^y J I\(w)Bmywe~ ixw dw —.... 

ia-oo 

oo 

J e -y{f( x +y)-f( x ~y)} dy 


ia -l-oo 


—j F + (w)e~ ixw dw J ~”$myw dy 

ia— oo 0 

ia + ao 

2 i f 

- j-- F + (w)&Tct&n w e~ ixw dw 

V(2tt) J 


(11.20.4) 

the dots indicating in each case the corresponding term involving 
FJw). Also 

v ' ia+oo 

* f FJw)we~ ixw dw — .... (11.20.5) 

VW. J 


/'(*) 


Hence (11.20.2) gives 

ia+oo 

f F + {w)(w—&rcta,nw)e~ ixu> dw -f... = 0. 

ia— oo 

Hence, by Theorem 141, p. 255, f + («>) and F_(w) are regular for 
6 v < o, except possibly for a triple pole at the origin corre- 
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sponding to the triple zero of w— arctanw; and F+(w) = —F_(w). 
Evaluating (11.20.3) by the calculus of residues, it follows that f(x) 
is a quadratic. 

To justify the process we shall first prove that e-^'^f'ix) belongs to 
L 2 (— 00 , 00 ) if c' > c . For (11.20.2) gives 

m - j (•' /(*+!'>—■«*—!» » + 

j y 
0 

oo 

{f(x+y)-f(x-y)) dy + f ~J{f{x+y)-f(x-y)} dy 

y J y 

= £<£(*)+£<A(z), 



say. If |/(x)| < Ae 51 * 1 , 

1 oo 

\tlt(x)\ < A J (e clx+1,l -f e c|2_!/1 ) dy + J e - y (e dz+yl +e c|x -''!) dy < KeF |jr| . 

0 1 
x +1 

We may write <£(x) = f eft, 

J r—# 

x—1 

where the integral is a principal value at t = x. We now appeal to 
the theory of conjugate functions. Let 

^>= J {^ dL 

f-2 

f + l oo f + 2 

Then J \<f>i( x )l 2 dx < J \4>i( x )\ 2 dx = 7r 2 J |/(<)| 2 

f-l -oo f-2 

by (5.3.3). Also, for £— 1 < x < f+l, 
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Altogether it follows that 


ffl f-2 

) \<f>(x)\ 2 dx < A f \f(x)\*dx < Ke**'. 

r- 2 

Hence f x 

f lf'(x)\ 2 dx < Ke™*\ 
f-i 
ft 1 

| e _2c ' ixl |/'(z)| 2 dx < 

f-i 


and the result stated follows. 

It now follows that the integrals (11.20.5) exist in the mean-square 
sense, wF + (w) being L 2 (ia— oo,ta-foo) if a > c. Also the inversion 
of (11.20.4) is justified by absolute convergence; for sin yw is 0(e av ) 
for all y, and 0{\yw\) for small \yw\, and so is 


O^yw^e^) 

for all y and w; and 

ia+ oo oo 

J \F + (w)w* dw | J y-\d a - l)v dy 

ia— oo 0 

is convergent. This completes the proof. 

It has been proved by a more complicated methodf that the result 
holds under less restrictive assumptions. 


11.21. Bateman’s equation. J Suppose that a function f(x) is 
represented by Fourier’s single-integral formula (1.1.7), not merely 
in the limit, but for some value of A, A = a say, exactly. Then 

/M = ± (ii.!...) 

tt J x—y 

— oo 

for a given a and all x. 

This is an integral equation of the form (11.2.1), but the conditions 
if § 11.2 are not satisfied, and the solution takes quite a different 
form. 

Suppose that f(x) belongs to L 2 (—oo,oo). Let 

g{x) = si nax/x, 0(x) = % /(i 7r ) (1*1 < a )> 0 (1*1 > «)- 


t Hardy and Titchmarsh (9). 

t Bateman (1), Hardy (2), Hardy and Titchmarsh (1), (2). 
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Then (2.1.8) gives 



— oo 

—a 

(11.21.2) 

Hence 

/*«*■*'* 

(11.21.3) 


—a 


i.e. f(x) is a finite trigonometrical integral. Conversely, if f(x) is of 
the form (11.21.3), where F is L 2 , (11.21.1) follows from (11.21.2). 
Hence 

Theorem 156. A necessary and sufficient condition that a function 
f(x) of L 2 should be a solution of (11.21.1) is that it should be of the form 
(11.21.3), where F is L 2 (—a,a). 

There are, however, simple solutions of (11.21.1) not belonging 
to L 2 ; for example, cos bx and sin bx are solutions if —a < b < a, 
though not if |6J > |a|. The next theorem includes these solu¬ 
tions. 

Theorem 157. Let f(x)/(l+\x\) belong to L 2 (— oo,oo), and lei 
Tco^A*) f 

J sm x J sm x 

—►—00 

exist. Then , if f(x) satisfies (11.21.1 ), it is of the form 

a 

fix) =f(0)+x | x(tt)e- lxu du, 

—a 

where x(^) belongs to L 2 (—*a,a). 

It is easily verified that 

f (e ivu_ e iya^u )e - iX u du = 2yjs m«(*-y) _8m«y| 

J X [ x—y y ) 

—a 

Hence 

M-m-l f 

w J \ x—y y ) 

—► — 00 

-►oo a 

— J fly) dy J (e iuu —e iuaBgnu )e~ ixu du 
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ft —>oo 

— ^ J e~ ixu du J ((y}(e<liu_ e ivaegnu) fly 


if we can invert the order of integration. This is obviously per¬ 
missible for the part with \y\ < 1, and for the part involving e ivaBgau 
and \y\ > 1. Also f(y)/y is L\— oo, — 1) and L 2 (l,co), and the 
integrals _! „ 

f SSI/) e iv« dy, f e ivu dy 

j y j y 

— 00 1 

exist in the mean-square sense. The inversion for these is a case of 
Parseval’s formula in L 2 theory. The y-integral represents a function 
of L 2 (—a, a), and this is the result stated. 

Theorem 158. Let 

a 

/(*) = /( 0 )+* J x( u ) e ~ ixu du, 

—a 


where x(«)/(a 2 —«*) 28 L(—a,a). Then 

f(x) = - lim f ^yf(x-y) dy. 
7T J y 


We may suppose /(0) = 0. Then 

A A a 


\^-f { x-y)dy= \»^(*-y)dy f 
j *7 j y j 

—A —A -a 


X ( u ) e -i(x~v)u du 



A 

x(u)e~' xu du J sin aye ivu dy. 


The first term tends to nx J e~ ixu x(u) du = nf(x), by the bounded 

—a 

convergence of the inner integral. The second term is 


a A 



—a o 


= -i f e -ixu (M) (^(«-«)A_s in(a+ M )A l 
J A \ a—u a+u j 

—a 

which tends to 0 as A^oo with the given conditions. Hence the 
result. 
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The function f(x) = sinix (|6| < o) is a case of both these 
theorems;/(x) = sin ax is not a solution of the equation. 

Also, if 0 < m < n, x~ m J n (x) is a solution of the equation with 
o=l. For 


J n (x) _ x n-m 
~x” ~ 2 n \ / 7rT(n+t) 


*n-m 


1 

J 

-1 

1 


(1— y 2 ) n -le ix * dy 


1 

-1 


2»Vtrr(n+£) 


11.22. Kapteyn’s equation. f A Neumann series (for an odd 
function) is an expansion of the form 

( 11 . 22 . 1 ) 


f(x) — ^ °2»+l *4n+l( a: )- 


n**0 


If/(x) is given, the coefficients a 2n+1 may be obtained formally as 
follows. We have (e.g. from (7.10.1)) 

j4.««W.„(0f- 1/(4 ® +2) <»•««> 

Hence, multiplying by and integrating over (0,oo), we 

obtain „ 

®2m+i = (4 w+2) J /(<)4s±|W dt. (11.22.3) 

0 

The series formed with these coefficients is 
00 00 
2 (4n+2)J 2n+1 (x) f m+sf®. dt 

n —0 J 1 


00 00 

- f t( 2 (4ra+2)J *» +l(a:, * / *» +l(<) ) dt 

(provided that we may integrate term-by-term) 

= * f m « j * 

0 u 

- i j •'•<*-»> * J M{-£r+-rpir) * 

0 0 

t See Watson, § 16.4, Hardy and Titchmarsh (1). Also Sears and Titchmarsh (1). 
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by § 11.12. The inner integral is 


00 00 

f /(tt+v)-^^ dtt + I* /(it— du 
J u J u 

— V V 

00 V 

= f {/(ti+v)+/(w—v)}dw +2 f /(v—u) du, 

J u J u 

0 0 

and the last term gives 

XV XX 

J J 0 (x—v) dv j ~ du = J f(u) du J —— dv 

0 0 0 u 

X X 

= J fWJ^x—u) du = f(x)— J f(u)J 0 (x-u) du 

o o 

on integrating by parts. The sum of the series is therefore f(x) if 

X X CO 

J f(u)J 0 (x—u) du = l j J 0 {x-u) du J {/(£+w)+/(f- u)}-±jP df, 

0 0 0 

and, by Theorem 150, this implies that 

00 

/'(«) = i J {M+u)+At-u)}-f- d£. (11.22.4) 

0 

This is Kapteyn’s integral equation. 

11.23. Before proceeding to rigorous analysis, we shall prove the 
following lemma. 

Lemma. For x > 0, t > 0, 


2(4?i+2)|J 2n+1 (x)J r 2ll+1 (<)| = 0{min(^x»)min(< 3 , H)}. 

n»0 


We have 


J n (x) = 0(x~*) (n < \x), 

= 0(1) (all n and x). 


(11.23.1) 

(11.23.2) 


and J n (x) = oJK] = 0{^(g)”) (all n and x), (11.23.3) 


so that in particular 


J n (x) = 0(2-") (n ^ ex). 


(11.23.4) 
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2 n+l 


= 0{xH-l)+0{t-*)+0(e- A ‘) = 0(x 2 t~t). 


For 1 < x < t < 2ex it is 


f 0(»)+ f 0(£\ = 0(x 2 ) = 0(xH-i). 

2n + l-3 ex ' ' 


For x ^ 1 < t it is 


- 0$)+0i**r*) - <>g). 


2W+1-3 


For * ^ 1, t < 1 it is 


i 


Theorem 159. Let f(x) be an odd function of x, and let f(x)/( 1 + |x|)* 
belong to L(— oo,oo). Then a necessary and sufficient condition that 
f(x) should be expressible by the Neumann series (11.22.1), with the 
coefficients (11.22.3), is that f(x) should satisfy (11.22.4). 

Suppose first that f(x) is expressible by the above series. 

It follows from the lemma that, for a fixed x, 

2(4»+2)|J 2n+1 (a:)J 2n+1 (0| = 0{min(l,H)}, 

0 

and the inversion of the above summation and integration is justified 
by absolute convergence. 

It is also clear from (11.23.3) that, if/(x) is expressible by (11.22.1), 
it is (like the sum of a power series) differentiable any number of 
times within the range of convergence of the series (here 0 to oo). 
The final integration by parts is therefore justified. Hence Kapteyn’s 
equation holds. 

Conversely, if (11.22.4) holds, then f'(u) is continuous, by the 
uniform convergence of the integral. The argument can therefore be 
reversed. 
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11.24. Solution of Kapteyn’s equation. Since, in § 11.22, f(x) 
is odd, (11.22.4) may be written 

00 

/'(«) = i J di, (11.24.1) 


00 

/'(*) = — J f /(*- 2 /)-~sgnydy, (11.24.2) 

j y 


or 


and in this form f(x) is not necessarily odd. 

Theorem 160. Let f(x) belong to L 2 (— 00,00). Then a necessary and 
sufficient condition that (11.24.2) should hold for all values of x is that 


L 

f(x) = | <j>(u)e~ ixu du, 
-1 


where <f>(u) belongs to L 2 (— 1,1). 

The Fourier transform of g(x) = ^-^(xjsgnx is 


0(x) = i /{-) --sin xydy 


= i Rx (\x\ ^ 1), 


^ / _ r : . v . 


sgnx 


7t) \x\ +yl(X 2 -l) 


Hence, if F is the transform of/, 

J --JQ j O'OtO * 

‘J Si 


+* 


tF(t)e~ M dt +i l- 


( 1*1 > 1 ). 

+ 

Fit)*-** 


rIJ <+V(< 2 -i) 


dt; 


—J of the integral of this with respect to x is 


-1 

“V(2^j / 


Fit)*-** dt 

4 * 


\t\+J{t 2 ~l) t 
1 


+ - 


Fit)e~** dt 

T)t’ 


__L. f F ( t )e-**<U+- 1 ~ (JV *— 

V(2w) J V( 2w ) J *+V( <2— ] 

and, by the theory of § 3, the necessary and sufficient condition 
that this should equal fix), or differ from it by a constant, is that 
F{t) = 0 for |<| > 1. This proves the theorem. 
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Theorem 161. If 

i 

f(x)=f(0)+x j X (u)e-™du, 
-1 


where x(«)/V(l —M *) belongs to L(—l, 1), then f(x) is a solution of 
(11.24.1). 

The term /(0) is a solution, so may be omitted. We then have 
00 

0 

oo 1 

= \ J (x+t) d£ J X (u)e-M« du - 

0 -1 

oo 1 

J (*-f) df J x (u)e-«*-fi« du 
0 -1 


1 oo 

= — ix J x( u ) e ~ ixu du J* —sin £u d£ -(- 

-1 o 

« 

1 00 

+ J x( u ) e ~ ixu du j Jx&coagu d£ 

-1 o 


= — ix J + J x(u)e~ ixu du = f'(x) 

-1 -i 

(Watson, § 13.42) if the inversions are justified. 

The repeated integral with the factor x outside is absolutely 
convergent; the inversion of the other is justified by dominated 
convergence provided that 

T 


J J^cosfttdf 


< 


K 


for all T. 


V( 1 -" 2 ) 


Here the leading term in the asymptotic expansion gives terms like 

T T 

f COS?cos__ f cos?(l -u) M L __ nl 1 ) , 

J —? r~ d( - J —vf~-« +■•■ - 0 fei=i) 

11 

and the result follows. 
f(x) = sin* is an example of this theorem. 
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Theorem 162 . Let f{x)l(l+\x\) belong to L 2 (— oo,oo), and 
/( a? )/(l + M)* to Xf(—oo,oo). Then , i//(a;) satisfies Kapteyn's equation , 

i 

/(#) = a; J x(w)e- teu dw, 

-i 

where x(u) belongs to Z 2 (— 1,1). 

The formal argument here is that, if f(x) satisfies Kapteyn’s 
equation, it is expansible in the form (11.22.1); and then 

'jL ( ~ x »-• ' -l ( ~ x 

— 2 a 2n+1^2n+l(£) ~ 

ti“0 

Thus/(x) satisfies Bateman’s equation (with a = 1), and so is equal 
to a Fourier integral with limits (—1,1). Owing to convergence 
difficulties we have to apply the argument indirectly. We have 
instead 


1 f f{x)~a 1 J 1 (x) sin(|—a;) dx = y « 2 »+i f sin (g—s) J in+l {x) dx 

IT J x? £— x 4 t J i~ x 

— 00 n^l —00 

^ M 2n+1 £3 

n«l 

This inversion is justified by absolute convergence, since the lemma 
of § 11.23 shows that 


2(4„+2,Jf^ 1 (0UJ| Si f : -- i:) 

is convergent. 

It now follows from Theorem 156 that 

-1 

where </>(u) belongs to L 2 (—1,1). Hence 

Mu) = — f e ixu dx (-1 < u < 1), 

' 2n J x 3 


^2n+ l( X ) 

/j'3 


dx 
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and, since {/(£)— a iJi(x)}/x belongs to L 2 (— 00 , 00 ), <f>(u) is the integral 
of the integral of a function of L 2 . Integrating by parts twice, we 
obtain 


/(g)—0^(3?) 
X 


1 

= g(ae lx +6e- te )+(ce te +de- te )+ J x(u)e-** u du, 

-1 


where x is i 2 (—1,1); since the left-hand side is L 2 (— 00 , 00 ), a, 6, c, 
and d must vanish. This proves the theorem. 


11.25. A differential equation of fractional order. The 
integral equationf 00 

/(*) = J (y-*)“ -1 /(S/) dy (11.25.1) 

X 

may be regarded as a differential equation of order a. Suppose, for 
example, that a is a positive integer p, that f(x) tends to 0, as x -> 00 , 
with sufficient rapidity, and that 


/i(*) = J f(y) dy, / 2 (g) = J /1 (y) dy . 

X X 


Then, if we integrate repeatedly by parts, and write z for f p (x), 
(11.25.1) becomes 

3- = (-l)*»Az. 

dxv v ' 


The only solutions of this are finite combinations of exponentials. 
The general equation (11.25.1) is of the form (11.2.1), with 

*(*) = (* > 0), 0 (g < 0). 

The theory of §11.2 is not applicable, since k(x) does not satisfy 
(11.2.3). But the equation still has exponential solutions. The 
conditions that /(g) = e~“ should be a solution are that R(o) > 0 
and A = a®, where a“ means e“ lOB °, and log a has its principal value. 
If A > 0, a may have any of the values 

\V<x e tnil0i (r = 0,±l,...) 

for which |2rjr/a| < fa. If a < 4, and in particular if a < 1, the 
only admissible value of a is A v “. We shall prove that in this case, 
at any rate, the solution is unique. 


f Hardy and Titchmarsh (7). 
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Theorem 163. Let f(x) be integrable over any finite interval 
0 < x x < x < let A > 0, 0 < oc < 1, and let 

/(*) = f£j J dy (11-25.2) 

-*£ 

for every positive x. Then 

f(x) = Ce~ ax , 

where a — X lla , and C is a constant. 

If g(s) is the Mellin transform of f(x), we have formally 

00 oo 

3(«) = p|-) J a;*" 1 dx J (y-x)“-V(y) dy 

0 x 


00 y 

= J f(y) dy j x* _ 1 (y—a ;)® -1 dx 


ai» . . 

I (S + a) 

We shall prove that this is in fact true, and base our solution on it; 
but we cannot justify the inversions as they stand, and we have to 
proceed indirectly. We require the following lemma. 


Letf /<?(*) = J* f(y){y-*)°‘- 1 dy 

-*■£ 

for every positive x. Then , if 1 3 > 0, 

r c 

pjgj J /?(*)(*—£) P_1 dx = —L j* /(y)(y—£)°‘ + £“ 1 dy, 

ie. = ( 11 . 25 . 3 ) 

To prove this, we have to justify the inversion 

c c r y 

J (*— W' 1 dx J /(ytty-x)*- 1 dy = j f(y) dy J (x-^- 1 (y—x) a - 1 dx. 
■>( —*■£ ( 
a c c y 

Clearly J ... /...= / ... / .... 

f + 8 f + S f^8 

and it is sufficient to prove that 

( » 8 y 

1 = f /(y) rfy f (^—^)^ _ 1 (y— o 

-U l 

t Soo Bosanquet (1) for a proof undor much more general conditions. 
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as 8 -> 0. Now 


c {+« 

J = f f(y) dy f (x—£)P- 1 (y—x) c ‘- 1 dx-+ 0 

(l& ( 

° w f+8 

i f{y){y -t )a+f! ~ idy ’ 


and the result for this follows from the second mean-value theorem 

and the existence of f f(y)(y—i;)*" 1 dy. 

-if 

Also „ f+8 

J= J f(y){y-zr~ x dy J dx, 

f+S f 

and the inner integral is steadily increasing with y , and its value 
when y = c is 0(8^). Hence the result for this part also follows from 
the second mean-value theorem. 

Proof of Theorem 163. Let c > 1, 0 < x ^ \c, and write 

C —>oo 

/(*) = J Miy-x)*- 1 dy +—. | f(y){y-x)«~ l dy 

= tfX(x)+*g{x), 
say. Then „ 

fZ(x) = p J [fZW+giyfiiy-x)*- 1 dy 

->x 

= tf* a (x)+*gt{x) 
by (11.25.3). Hence 

fix) = Wx)+Kgtix)+\*ft(x). 

Repeating the argument, we obtain 

/(*) = A?(x)+A 2 g£(x) -f... +X n gf n _ 1)tx (x)+X n fZ x {x), (11.25.4) 

C 

where f*,{x) = J fiy^y-x)™- 1 dy. 

X 

By taking n large enough, in particular not > 1, we obtain 

c 

|/(*)| < <f>(x)+~ J l/(y)l dy, (11.25.5) 

X 

where <j>(x) is bounded as x -+ 0. Hence /(x) is bounded as x -> 0; 
otherwise there would be a sequence of values of x such that 
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l/(*)l >f(y) (* ^ y ^ c), |/(#)|-> oo, which is inconsistent with 
(11.25.5). It then follows that/* a (#) is continuous for 0 ^ x ^ c, and 
hence so is f(x). Denote its limit as x -> 0 by /(0). 

We can also differentiate (11.25.4), and it follows that f'(x) is 
bounded near the origin. The argument could be carried on in¬ 
definitely, but all we require is that 

/(*)-/( 0) = 0(x) 

as x 0. i 

Now 5(a) == J {/(a;)— f(0)}x t ~ 1 dx + J f(x)x*- 1 dx 
0 1 

primarily for 0 < a < a, and then, as an analytic continuation of 
g($), for —1 < <r < a. Since 


J /(0)**- 1 dx = (a < 0), 


s 


—oo 

we have g(^) = J {f(x)—f(0)}x 8 ~ 1 dx (—1 < a < 0). 

o 

Inserting values of f(x) and/(0) given by (11.25.2), we obtain formally 

—►00 —►00 

5(«) = j" s’* 1 dx J {(y-x)“- 1 -i/“- 1 }/(y) dy + 

0 a: 

—►oo x 

+ J dx J 2/“-V(y) dy 
0 0 

—►oo y 

= J f(y) dy J x»- 1 {(y—x)*-'—y«- 1 } dx + 

0 0 —» —30 

+ p^y J y*- l f(y) dy J x’-'dx 


= - x - + 

r(«) J JW \r («+<*r s j 


—oo 


AT(a) 

r(a+ 


AI» 


i) J ^ 8+ “ _1 ^ = 1 >+l ) 5(s+a) - 


We shall show that this process is valid if —a < a < 0. 

a a 



302 


INTEGRAL EQUATIONS 


Chap. XI 


For the first term, the integral over y < N can plainly be inverted, 
and it is sufficient to prove that 

{(y-x)«-'-y«-'}S{y) dy (11.25.6) 


N 


and 


f afi-'dx j {(y-x)«-'-y*-'}f(y)dy (11.25.7) 

N x 


tend to 0 as N ->oo. Now by the second mean-value theorem 

J {(y-x)«-'-y*-'}I(y) dy = j(i--|j —*} J 2/“ _ 1 /(y) d r> 

N N 

the last integral is bounded, and 

.V 1 

j* a; a_1 ||l — 1J dx = N ° f {(1—w)“ -1 —1 }m ct_1 du = 0{N°), 

0 0 

giving the result for (11.25.0). Also (11.25.7) is 

—*•00 CO —*oo 

J x*-'f(x) dx — J X s - 1 dx j* y^-'fiy) dy, 


i» 

A 


X N 

which plainly tends to 0. 

The inversion of the second term is equivalent to integration by 
parts: 


J X s - 1 dx J y“ _1 /(y) dy = j J y a ~ l f(y) dy — 1 J x a+a ~ 1 f(x) dx, 

0 0 L 0 J 0 0 


and the integrated term tends to 0 at each limit. 


Let 


x(«) = 


ms) 

!»• 


Then the above result is equivalent to 

X(*+“) = x(«). 

Thus x( s ) has the period a, and is regular for — 1 < a < 0, and so 

—*00 

everywhere. Also, if h(x) = J/(y)*/ 0 *” 1 dy = o(l), 

X 

—*oo 

3r(s) = 0(1)+ J f(x)x 8 - 1 dx 
1 

00 

= 0(l)+A(l)+(s-a) j h(x)x’- a ~ 1 dx 
= 0(1*1) (—1 < o < 1 Q). 
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Hence x (s) = 0(\t\ A e^) 

for — 1 < a < 0, and so on any line parallel to the imaginary axis. 

Hence . , 

/a log 2 

X \ 2ni 

is one-valued, and 0(log A rr la ) as \z\ — r-> oo, and 0(log^(l/r)r-*“) 
as r -»> 0. Hence x( s ) is a constant, 

W») = cr(8) 

and, by Theorem 32, 

Af + 

/(x) = ^ J ds (0 < k < <x) 

fc-ioo 

= 

11.26. A probability problem .f A function /(x), such that 
/(x) ^ 0 and „ 

| /(x) da; = 1, 

— OO 

defines a Zaw o/ errors, which asserts that the probability that the 
error in making a certain measurement lies within the range (x v x 2 ) 

is | f(x) dx ; or that, for small 8x, the probability that the error lies 

Xi 

in (a;,a;+8a;) is to a first approximation f(x) Sr. 

Suppose that we observe two quantities P and Q , and that the 
errors in observing them, p and q , are distributed according to laws 
f(x) and q(x). It is required to find the corresponding law for P+Q. 

If p and q are capable of taking integer values only, and the j>ro- 
portion of times that p is x is f(x), and that q is y is g(y), then the 
proportion of times that p+q is £ is 

2 1f(x)g(y) = 

i.e. the ‘resultant’ of / and g. 

In the continuous case, a similar argument with /(x) 8x and 
g(y) by leads to «, 

J f(x) f A£-x) dx 


t Polya (2). 
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as the law for p+q. We can prove this rigorously as follows. Strictly, 
p and q run through sets of points E x and E 2 such that 

X X 

mEy(p < x) = J f(u) du, mE 2 (q < x) = J g(u) du. 


— 00 
X 


Let f x {x) — J f(u) du, g x {x) — J g(u) du. 

— 00 — OO 

Consider the sum 

£ = 2 fl r 1 (^-n 8 )[/i{(n+l)S}-/ 1 (w 8 )]. 

71“ —00 

The term in n represents the probability that p is in (nS, (n-f 1 ) 8 ) and 
g is < £—n 8 . For such p and q , < £+ 8 . On the other hand, 

if p+q < f, then w 8 < p < (w+l )8 and g < 718 for some n. 

Hence toJS?(p+? < £) < S < m^(p+g < £+ 8 ). 

Since / is L, and g x is continuous and tends to 0 as x -> —oo and 
to 1 as x -> oo, it is easily seen that 

00 <*V )S 

lim J f /W&itf— 0 ——** 8 )} * = 0 , 

3—►O n= — oo A 


i.e. that 
Hence 


nS 

ou 

UmS = f /(Ofl'i(l-t) 

5->o J 


mJS?(p+g < f) = J 0 d« 


— 00 


J /(<) d< J sr(ar) da; = J /(<) d< J g(u—t) du 


— 00 


= J du J f(t)g(u—t) dt, 

— oo —00 

which is equivalent to the result stated. 

If f{x) gives a law of errors, so does -/(-). We now ask for what 

a \a) 

law of errors the resultant of two laws of this form is also of the same 
form. 

Theorem 164. Let f(x) ^ 0 , letf(x) and x 2 f(x) belong to L(— oo,oo), 
and let «, 

/«A //»»_«A 

(11.26.1) 


MfK/#(?)* 


for every x , where a, 6 , c, are given positive numbers. 
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Then the conditions are consistent only if c 2 = a 2 +& 2 ; and in that 

case 1 

fix) =- —«-!*■/* 

almost everywhere , where h is a constant . 

The integral «, 

J x m /(z) da: = A' m 

— ao 

exists for m = 0, 1, 2. Now, for m = 0, 1, 2, 

‘ / ^" k j ^ J * 

— 00 — 00 — 00 

- 3 / /(!) * j (9+“)"/(l) **• 

— 00 — 00 

and, in the three cases m = 0, 1,2 this gives 

A'q = Kl (11.26.2) 

cK x = oA 1 A 0 +6A' 0 A 1 , (11.26.3) 

c 2 A 2 = a 2 AT 2 A 0 + 2abKl+b*K 0 K 2 . (11.26.4) 

Assuming that /(a;) is not null, (11.26.2) gives K 0 = 1. Hence 


(11.26.3) gives ( 0 + 6 —c)Aj = 0, 

and (11.26.4) gives (c 2 _ a *_ b 2 )Ki = 2abKl 

But by Schwarz’s inequality 

*?< Jf 0 A 2 = tf 2 , 

so that (11.26.6) gives 

c 2 —a 2 —6 2 < 2 ab, 
c < a+6. 

Hence (11.26.5) gives K x = 0 , and (11.26.6) gives 

c 2 = o 2 +6*. 

T . O 6 _ ft 

Let - = «, - = p. 

c c 

Then, putting x = c£, y = crj, (11.26.1) becomes 


(11.26.5) 

(11.26.6) 


f (I1 - 26 - 7) 


a 2 +j3 2 = 1. 


where 


(11.26.8) 
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Let <J>(z) = J(2tt)F(x) = J f(t)e ixi dt. 

— 00 

Then, by Theorem 41, (11.26.7) gives 

<b(x) = Q>(ax)Q>(fix). (11.26.9) 

Using (11.26.9) for each term on the right, we obtain 
<D(x) = 0(a 2 x') <t(/3cix) O(apx) ®(/3 2 .r), 

and so generally 

where m = 2 n , and the m numbers y ml ,..., y m m are the 2 n terms 
obtained by expanding 

Hence Y}n,\+YmA+-+Ym,m — (« 2 +0 2 ) n = !• 

Also y 7n/A is of the form (x p fi q , where p+q = n\ and hence, supposing 
oc^p.we have ^ ^ a » (/x = l, 2,..., m). 

Hence maxy m /x -> 0 as m ->co. 

/* 

Now since/(x), :r/(a;), and z 2 /(a;) belong to L,<!>(x), ®'(a;), and<t>"(a;) 

are continuous; and 

1 00 

0(0) = j f(t)dt = K 0 = 1, 

— 00 
oo 

<D'(0) = J /(<)i< = 0, 


O"(0) = - J t*f(t) dt = -k, 


say. Hence, in the neighbourhood of x = 0, 
logO(a;) = w^+u^a;), 
where u(x) and v(x) are continuous, and 

u( 0) = v(0) = u'(0) = t/(0) = 0, 
and w"(0) = —k, v"(0) = 0. 

Hence 

m 

log<D(:r) = ^ nYm^x)+iv(Ym,n*)} 

n=i 

m 

— Ym .M *)+ iv "( e ™.r Ym.r*)}> 

where 0 < d m fl < 1, 0 < 0' m ^ <1. As m -> oo, each y m>ft -► 0, and 
hence so does each 0 m il y mii , and uniformly with respect to y. 
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m 

logO(a;) = ix z 2yl{~k+o(\)} 

= — \kx 2 -\-o (1), 

logO(x) = —\kx 2 , <b(x) — e~l kx \ 

and so (by Theorem 27) almost everywhere 

oo 

M-S S *-&*>***• 

— oo 

i.e. the law is Gauss’s law. 


11.26, 11.27 

Hence 

i.e. 


11.27, A problem in statistical dynamics.f Consider an 
assemblage of atoms moving in one dimension in such a way that the 

v 4 8v 

fraction of them with velocities between v and v+8v is J f(x) dx. 

w -I Sir 

At a subsequent instant let a fraction J <f>(v, x) dx of those with 

w 

velocity v have acquired increments of velocity between w and w+8w. 
Then, by an argument similar to that used in the previous section, 
the fraction of the whole which finish with velocities between v’ and 

if+ Sv' 

v'-\-W is j g(x) dx y where 

V ' 

oo 

g(v’) = J f(v)<f>{v,v'—v)dv. (11.27.1) 


For a steady state g — /, so that / satisfies the integral equation 

oo 

/(»')= J f(v)<f>(v,v'-v)dv. (11.27.2) 

— 00 


Suppose now that the motion is defined as follows. The centre of 
mass of atoms moving with velocity v moves according to the 
equation ^y 

dt 


-AF (A > 0), 


so that after time t its velocity is ve~^. Superimposed on this motion, 
the atoms are given increments of velocity u in time £, the proportion 
of those with increment between u and u-\-hu being tp(u) 8u\ and this 
increment is uncorrelated with v , so that the proportion of those 


t E. A. Milne (2); Fowler, Statistical Mechanics , §19.5. Milne’s original method 
requires heavier restrictions than those assumed here. 
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with velocity v having the additional increment between u and 
u+hu is also \p(u)hu. It follows that 

<f>(i\ ve-**—v-\-u) = 

where is independent of v, but of course depends on t. Putting 
v' = ve-^+u, this is 

<f>(v, v'—v) = iftiv'—ve-**). 

The condition for a steady state is therefore 

00 

/( v’) = J dv, 


where, as in the last section, 

00 00 
J f(x) dx = 1 , J tp(x) dx = 1 . 

— 00 — 00 

Let F and Y be the transforms of / and ip. Then 

00 00 

F(€) — J ei(v dv> J /(*#(«'—dv 


S Mdv J 

— oo —oo 

We now show that a certain assumption about the limiting behaviour 
of ifi(x) as t ->■ 0 actually determines all the functions completely. We 
assume that positive and negative increments u are equally likely, so 
that tfi(u) = ip(—u); and also that, as t -*■ 0, for any fixed positive 8, 

8 oo 

J x 2 ip(x) dx ■—■ at, J tjt(x) dx — o ( t ), 

where a is a constant. It follows that, as t -*■ 0, for a fixed £, 

00 00 

V(2w)TO-l = J $(x)(e { t*-l)dx = 2 J ip(x)(coB$x—l) dx 

— OO 0 

5 8 

= — J x*t[i(x) dx + J tfi(x)0(x*) dx +0 
0 0 

= -^{a<+o(<)}+O(S 2 <)fo(0, 



—ve-^e 1 ^' dv' 

dx 
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and by choosing first 8 and then t sufficiently small it follows that 

- ?al. 

Hence 

F(t)-F(£e±) F(Ze-*M2nm£)-l} a^F($) 

€-&-* ~ (-(e-* A 

as t -+ 0; i.e. F'(£) = -o{\-'F(Z). 

Hence F(£) = Ce-WV\ 

and C = jF(0) = (2ir)-t. Hence 


*■>“5 /•***♦*-(£) 


i p-iXx*la 


i.e. the distribution is ‘Maxwellian' 
Hence also 

1 m __ 


and hence 


) « __i_ JT«L = _^exn l-tPa-e-*)] 

V(2 it) F(£e~M) \ 2A /’ 
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